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Large deviation principle for certain spatially lifted Gaussian
rough path

Yuzuru Inahama (Nagoya University)
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In rough path theory of T. Lyons, the notion of paths is generalized to a great extent and so is
that of ordinary differential equations. They are called rough paths and rough differential equations
(RDEs), respectively. The solution map of an RDE is called an Ité6 map, which is defined for every rough
path and, moreover, is continuous with respect to the topology of rough path space (Lyons’ continuity
theorem). As a result, stochastic differential equations (SDEs) in the usual sense are made deterministic
or ”dis-randomized”.

Even though It6 maps are deterministic, the probabilistic aspect of the theory is still very important
undoubtedly. In a biased view of the author, a large deviation principle of Schilder type is a central issue
in stochastic analysis on rough path spaces. This kind of large deviations was first shown by Ledoux,
Qian, and Zhang (2002) for the law of Brownian rough path. Combined with Lyons’ continuity theorem,
this result immediately recovers well-known Freidlin-Wentzell type large deviations for solutions of SDEs.
Since then many papers have been published on this subject.

Naturally, one would like to apply rough path theory to stochastic PDEs. There have been some
successful attempts. In this paper, we focus on M. Hairer’s theory [1, 3, 4], which is based on M.
Gubinelli’s ”algebraic” rough integration theory. In Hairer’s theory, rough path theory is used for the
space variable z € S = R/Z for each fixed time variable ¢ > 0. This is surprising because almost
everyone regarded solutions of stochastic PDEs as processes indexed by the time-variable ¢ that take
values in function spaces of the space-variable x and then modify and apply infinite dimensional rough
path theory. Not only his point of view is novel, but his theory also turned out to be very powerful when
he rigorously solved KPZ equation in the periodic case for the first time [2].

Under these circumstances, it seems natural and necessary to develop stochastic analysis in this
framework. In this paper we will prove a large deviation principle of Schilder type for the spatial lift of
the (scaled) solution 1) of the stochastic heat equation on S*. This process 1 plays a crucial role in [3, 4].
To our knowledge, a large deviation principle is new in rough stochastic PDE theories of any kind.

Now we introduce our setting. Let us recall the stochastic heat equation on S'. As usual S' = R/Z
is regarded as [0, 1] with the two end points identified and A = Ag: stands for the periodic Laplacian.
Let & = £(t,z)" (1 < i < d) are independent copies of the space-time white noise associated with
L2([0,T] x S') with the (formal) covariance E[¢(t,x)'¢(s,y)?] = 6;j - O1—s - 0x—y. Let 1 = (t,x) be a
unique solution of the following R%valued stochastic PDE.

Oy = DNptp + € with ¥(0,2) = 0.

Then, ¢ = (Y(t,))o<t<T0<z<1 IS & two-parameter continuous Gaussian process. It was shown in [3]
that, (i) for each ¢, x — (¢, z) admits a natural lift to a geometric rough path (z,y) — U(¢;z,y) a.s.
and (ii) there exists a modification of ¥ such that ¢ — U(¢; e, x) is continuous in the geometric rough path
space a.s. In Hairer’s theory, a solution of a rough stochastic PDE is obtained as a continuous image of
U. Therefore, it is important to analyze (the law of) W.

Let 1/3 < o < 1/2. We denote by GQE (R?) the a-Hélder geometric rough path space over RY. The
first level path of X € GQH (R?) is a usual path in R? which starts at 0. Let GQZ (R?) 2= R? x GQH (R9)
be the a-Holder geometric rough path space in an extended sense so that information of the initial values



of the first level paths are added. For each t, the random variable ¥(t; e, %) takes values in this Polish
space GQI(RY). Let PooGOH (RY) = C([0,T], GQH (RY)) be the continuous path space over GQH (R?).
Its topology is given by the uniform convergence in ¢ as usual. The random variable ¥ takes values in
this Polish space and hence its law is a probability measure on this space.

Introduce a small parameter 0 < ¢ < 1. Let ¢V is the dilatation of ¥ by e, which is equal to the
natural lift of ), anyway. Denote by v, the law of eW on POOGQZI (R%). Our main result is the following:

Main result: For any o € (1/3,1/2), the family (ve)o<e<1 of probability measures on PopGQH (RY)
satisfies a large deviation principle as € \, 0 with a good rate function I.

Here, we give a few quick remarks. The rate function I takes the usual form. So, we omit its explicit
form. Just like in the usual rough path theory, the continuity of the It6 map and the contraction principle
for LDP immediately imply Freidlin-Wentzell type LDP for solutions of rough SPDEs as in [3].

We show the main result by developping an extended version of Friz-Victoir’s method for Schilder-type
LDP for Gaussian rough path (2007).
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Lyons’ extension theorem via fractional calculus
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Asymptotic error distributions of the Crank-Nicholson
scheme for SDEs driven by fractional Brownian motion
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ON THE MONOTONICITY OF L,-COST ALONG BACKWARD
HEAT FLOW

TAKAFUMI AMABA AND KAZUMASA KUWADA

Let M be a d-dimensional connected manifold. Assume we are given a complete Ricci
flow

dg(1) .
7 = —2R1Cg(t)

on M, that is, we are given a family (g())o<t<r of Riemannian metrics on M, satisfying
the above equation, each of which makes M a complete Riemannian manifold. When M
is closed, this (modified by a diffecomorphism) can be interpreted as a gradient flow of the
Perelman’s F-functional (see [3]) defined by

Flg, f) = / {Ry+ V9D f12} e dvol,
M

under the constraint that e=/dvol, is fixed. Here g and f are any Riemannian metrics
and smooth functions on M respectively. The quantity R, denotes the scalar curvature
with respect to the Riemannian structure g.

On the other hand, from an optimal-transport point of view, Lott [2] defined the L,
functional by

Lo(y) = %/ﬂ {17 (O30 + Roay(7(t)) }dt

where 0 <t <t <T and v : [t',t"] — M is a smooth curve in M. From this lagrangian,
a Riemannian distance-like function Lj " and the Lo-transportation cost can be defined

by

LYY (m/,m") .= inf Lo(7), m' #m" in M
v

where the infimum is taken among smooth curves v : [t/,t"] — M such that v(t') = m’
and v(t") =m”, and

CUY (W, ") = inf / LY (! "y (dm!, dm”)
me[ T .w") S avrsm
respectively, where ¢/ and p” are two Borel probability measures on M and [](x/, 1) is
the set of all couplings of them.
The Perelman’s F-functional and the Ly-transportational cost are related (see Lott [2])
by the equation

da(t")

1
lim —— T
=t " — 1 dvoly)

Co"(a(t)), at")) = F(g(t)
1

)



2 TAKAFUMI AMABA AND KAZUMASA KUWADA

where « is a curve in the space of probability measures on M satisfying the backward

heat equation

Ox
9 _ _Aa.
ot “

By using this relation, Lott [2] gave an optimal-transport theoretical proof to the mono-
tonicity of the F-functional along the Ricci flow (although this is immediate from the
Perelman’s gradient flow interpretation of Ricci flow). In fact, heuristically, he proved the
monotonicity of the Ly-transportational cost along the backward heat flow, which is valid
at least under the condition where Otto’s calculus works well.
In this paper, we investigated a probabilistic proof of the Lott’s result for a deeper
understanding. Let
0<ty<t)<T, 0<ty<t/<T
with ¢ < t; and t} —t{, = t{ —tj. It will be helpful to think that we have two worlds
governed by Ricci flows (M, g(t'))y <i<y; and (M, g(t'))u<i<er-

Theorem 1. Assume that our Ricci flow satisfies the condition

sup [Rmg ) (m)|gq) < 00
(tym)e[th 4] x M
where Rmy is the Riemannian curvature tensor with respect to the Riemannian structure
g. Then for each (m',m") € M x M, there exists a coupling of g(t| — s)-Brownian motion
X = (Xi)o<s<, —1, starting from m’ and g(t] — s)-Brownian motion Y = (Ys)o<s<er 1

starting from m” such that s — Lgl_s’t,{_s(Xs, Ys) is a supermartingale.

Remark 1. (1) This result is an analogy of Kuwada-Philipowski [1] in which they dis-
cussed an existence of such a coupling of Brownian motions fitting to the relationship
of Perelman’s W-functional and the transportation cost described by the Perelman’s L-
geometry. (2) From Theorem 1, the monotonicity of Ly-cost along the backward heat
equation follows. (3) This also gives an extension of Lott’s monotonicity result because
Lott’s framework assumed the closedness of M but we do not. Instead we assumed the
space-time boundedness of the Riemannian curvature.
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Upper escape rate of Markov chains on weighted
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Wong-Zakai approximation of solutions to reflecting stochastic
differential equations on domains in Euclidean spaces

Shigeki Aida
Tohoku University

This talk is based on a joint work with Kosuke Sasaki (SPA, 123, 2013, 3800-3827). Let
D be a connected domain in R4, We define the set N, of inward unit normal vectors at the
boundary point & € 9D by

Nx - UT‘>0NZB,T‘ (1)
Nw,T:{TLERd|‘n’:1,3($—Tn,T)ﬂD:®}, (2)
where B(z,r) ={y € R? | |y — 2| <r}, z€ RY r > 0.
Let us recall what Skorohod problem is.

Definition 1 (Skorohod Problem on D). Let w(t) (0 <t < T) be a continuous path on R with
w(0) € D. The pair of paths (&,¢) on R? is a solution of a Skorohod problem on D associated
with w if the following properties hold.

(i) £(t) (0 <t <T) is a continuous path in D with £(0) = w(0).
(i) It holds that £(t) = w(t) + ¢(t) for all0 <t <T.

(iii) ¢(t) (0 <t < T) is a continuous bounded variation path on R such that ¢(0) = 0 and
t
o) = [ n)dlolloy ®)

t
wmﬂzﬁlw@@mwm@ (4)

where n(t) € New) if £(t) € OD.

In the above, ||¢l|j0,q stands for the total variation of ¢ on [0,t]. When the solution  is unique,
we denote & = T'(w) and we call the mapping I' a Skorohod map.

In this talk, we consider domains whose boundary may not be smooth. More precisely, we
consider the following conditions (A), (B), (C) on domains following Saisho (PTRF 74, 1987)
and Lions-Sznitman (Comm.Pure Appl.Math. 37, 1984).

Definition 2. (A) (uniform exterior sphere condition). There exists a constant ro > 0 such
that

Noe =Nywy #0 for any x € OD. (5)



(B) There exist constants 6 > 0 and > 1 satisfying:

for any x € 0D there exists a unit vector l, such that
1
(lIv n) > B fOT‘ any m € UyGB(:IJ,5)ﬂ(9DNy' (6)

(C) There exists a C? function f on R? and a positive constant v such that for any x € 0D,
y € D, n e N, it holds that

(y—z,m) + i (D)), n) ly — 2 > 0. (7)

Note that the condition (C) holds locally when (A) and (B) hold. Under the assumptions
(A) and (B), Saisho proved the existence and uniqueness of the solution of the Skorohod problem
which improved the result in Lions-Sznitman* and Tanaka (Hiroshima Math.J.9,1979). More-
over, the Skorohod mapping I' : w — & is 1/2-Ho6lder continuous map in the uniform norm.

Let us explain the meaning of reflecting SDE. Let (2, F, P) be a complete probability space
and F; be the right-continuous filtration with the property that F; contains all null sets of
(Q, F, P). Let B(t) be an Fi-Brownian motion on R™. Let o € C(R? = R" @ R%), b € C(R? —
R%) be continuous mappings. We consider an SDE with reflecting boundary condition on D:

X(t):a:—l—/o a(X(s))dB(s)—i—/O b(X (s))ds + B(t), (8)

where 2 € D. We denote this SDE by SDE(c,b) simply. A pair of F;-adapted continuous
processes (X (t), ®(t)) is called a solution to (8) if the following holds. Let

Y(t) = ;E—I—/O o(X(s))dB(s) +/0 b(X(s))ds (9)

Then (X (-,w), ®(-,w)) is a solution of the Skorohod problem associated with Y (-,w) for almost
all w € Q. Saisho proved that the existence and uniqueness of the solution to (8) under the
conditions (A) and (B) and the Lipschitz continuities on o and b.

Now, we assume o € CZ and b € C}. Let N € N. We define the Wong-Zakai approximation
XN to the solution X of the SDE(a, b), where b(z) = b(z) + str(Do)lo(z)](-) as the solution to
the reflecting ODE:

t t

XN(t) = a:+/ o(XN(s))dB" (s) +/ b(XN(s))ds + N (), (10)
0 0

where B™(t) is the piecewise linear approximation of B(t) at times {kT/N | 0 < k < N}. The

following our main theorem improves the weak convergence which were proved in Evans-Stroock

(SPA 121, 2011). When 9D is bounded and smooth, the convergece in probability was proved

by Doss and Priouret (Z. Wahrsc. Verw. Gebiete 61, 1982).

Theorem 3 (A-Sasaki). Assume o € C%, b € C} and conditions (A), (B) and (C). Let X be
the solution to SDE(o,b), where b = b+ itr(Do)(0). Let 0 < 6 < 1. There ezists a positive
constant Crg such that for all N € N,

N ) T 0/6
B | max [X" (1) ~ X (1) } < Cryo <N> . (11)

«

*They assume additional assumptions “ admissibility condition on D”.



Distributions of hitting times of Bessel processes and
zeros of modified Bessel functions
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Games of singular control and stopping driven by
spectrally one-sided Lévy processes

Kazutoshi Yamazaki
Department of Mathematics
Kansai University
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Joint with Daniel Herndndez-Herndandez (CIMAT)

We study a zero-sum game where the evolution of a spectrally one-sided Lévy
process is modified by a singular controller and is terminated by the stopper. Let
(Q, F,P) be a probability space hosting a spectrally one-sided Lévy process X =
{Xi;t > 0}. Let P, be the conditional probability under which X, = z (also let
P=1Py), and let F := {F; : t > 0} be the filtration generated by X.

The games analyzed in this paper consist of two players. The controller chooses
a process ¢ € =, which denotes the set of nondecreasing and right-continuous F-
adapted processes with £,- := 0, while the stopper chooses the time 7 € T among
the set of F-stopping times Y. The controller minimizes and the stopper maximizes
the common performance criterion:

J(2:¢,7) = E, { / e h(US)dt + / e, + eI G(US) (oo |
0 [0,7]

where U¢ is a right-continuous controlled process defined by
U =X, +&, t>0.

The problem is to show the existence of a saddle point, or equivalently a Nash
equilibrium (§*,7*) € Z x T, such that

(w8 7) < S8 77) < J(3:6,77), (0. 1)

for any ¢ € = and any stopping time 7 € T; in this case we call J(z;£*, 7*) the value
function of the game.



In this paper, we consider for X a general spectrally negative or positive Lévy
process and show under a suitable condition that a saddle point is given by (£%, 7a.)
for some a < b, where we define

&' = sup (a — Xy) V0, t>0,
0<t/<t

Tap i=1nf{t > 0: Ufa > b}.

The saddle point and the corresponding value function is written in terms of the
scale function. Numerical examples under phase-type Lévy processes are also given.
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A Probabilistic Representation of Solutions to
A Class of Integral Equations

JET.5 (Isamu Doku) 5 E K% (Saitama Univ.) e-mail: idoku@mail.saitama-u.ac.jp
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Identification of a noncausal It6 process from the stochastic Fourier
coefficients
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Stochastic Coulomb systems in infinte-dimensions
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Asymptotic Expansion of A Gaussian Integral of
the Chern-Simons Lagragian

Itaru Mitoma

Let M be a compact oriented smooth 3-manifold, G a simply connected, connected
compact simple Lie group, g the associated Lie algebra and Q" (M, g) the space of g-valued
smooth r-forms on M with the inner product ( , ). We may identify A of connections on
a principal G-bundle over M with Q(M, g).

The Chern-Simons integral of the Wilson line F(A) is given by

(0.1) /A p F(A) "M D(A),

where the Chern-Simons Lagrangian L is defined by

V—1k 2
L(A) = - /ﬂ{AAdA+3AAAAA}.
™ M

Here D(A) is the Feynman measure integrating over all gauge orbits, Tr denotes the trace
in the adjoint representation of the Lie algebra g, and the parameter k is a positive integer
called the level of charges.

Then we replace D(A) by a standard Gaussian measure, which is called a Gaussian
integral of the Chern-Simons Lagrangian.

Let Q4, be a twisted Dirac operator coming from the Lorentz gauge fixing of (0.1)
and \; and e; = (ef‘, ef), it =1,2,... the eigenvalues and eigenvectors of ) 4,.

For a sufficiently large integer p, we define the Hilbert subspace H,(Q+) of L*(Q4) =
L? (QY(M, g) ® Q3(M, g)) with new inner product ( , ), defined by

((Aa ¢)a (B7§0)>p = (A’ (I + QZAo)pB) + (¢’ (I + Q?“o)p s0) ’

where I is the identity operator on L?(£),).
Now, let H = H,(Q4) and (B, H, ;1) an abstract Wiener space.
Let denote e-regularized Wilson line by F§ (z), (Mitoma-Nishikawa) and the regular-
ized determinant coming from the Lorentz gauge fixing, by detgeq(x), (Albeverio-Mitoma).
From now on, we use the brief notations such that

—p/2

Then a Gaussian integral of the Chern-Simons Lagrangian in an abstract Wiener space
setting is defined by



1 1

o 7 FAO(% z)exp [iVECS(2)]
X exp |:Z Z Z, ha> <-757 hb) <$7 hc)ﬁaﬁbﬁcTabc}u(d$)7
abc=1
where

Zg = [ exp [i%C’S(w)]u(dm),

B
FS, () = FS, () detgeg(2),

x) = Zaj<x, hj)? < 400,

L AN AN A
Tabcz—/MTr&Tea/\eb /\ec,

and (-,-) denotes the bilinear form of B and its dual space B*.
By the Fujiwara-Kumano-go method [1, 2], we obtain

Theorem. If we take for sufficiently large p of H,, in the abstract Wiener space, we have
the following asymptotic expansion up to order 2N :

(0.2) = F5,(0)

s=1 \r=1 \ 1<} <jo<js-<jr<o0 o e > 1M Mot me=s
a 1 2mq
=1 2Mamg!(1 — 2iV/ka;,)™ms g
~ 1 e
F,ZO(T\/%:L') exp [2 Z <x7 ha> <:Ea hb) <$a hc)ﬁaﬁbﬂcTabc}) (0)> ) )
abc=1

-16IN+16 ﬁJQ N+l
<(Z |1—2z‘€’/Eaj|> ’

=1

for sufficiently large k.
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