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1 Introduction

In this presentation, we will discuss the regularity of the density of the distri-
bution of the solution of SDEs with singular drift coefficient. In the following,
we always assume uniformly ellipticity for the diffusion coefficient.

Kusuoka and Stroock show that if coefficients of SDE are sufficiently smooth
then there exists smooth density ([3]). Also, Bouleau and Hirsch show that if
the coefficients are Lipschitz continuous then there exists density ([1]).

Recently, Fournier and Printems show that for one dimensional SDE if the
diffusion coefficient σ is α-Hölder continuous with α > 1

2 and drift coefficient is
at most linear growth then the solution of the SDE admits a density (see [2]).
Also Bally announced that this result can be extended in multidimensional case
with α-Hölder continuous σ, where α > 0.

The above results do not guarantee Hölder continuity properties of the den-
sity. However, if the diffusion coefficient is deterministic and Fourier transform
of the drift coefficient exists then we may show that Hölder continuity properties
of the density.

2 Main Result

In this presentation, we consider following d-dimensional SDE:

Xt = x0 +

∫ t

0

σj(s)dB
j
s +

∫ t

0

b(Xs)ds,

where σ : [0, T ] → Rd ×Rd and b : Rd → Rd are Borel measurable functions.
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We assume following hypothesizes to coefficients:
(A1): b is bounded.
(A2): σ is uniformly elliptic and belongs to L2

(
[0, T ];Rd

)
.

We also assume that the drift coefficient b satisfies one of the following
conditions.
(A3): There exist constants C0 > 0 and α > 0 such that

|F b(θ)| =
∣∣∣∣∫

Rd

e−iθ·xb(x)dx

∣∣∣∣ ≤ C0

(1 + |θ|)k

holds for k := d− 1 + α.

(A4): There exist constants C0 > 0 and α > 0 such that

|F b(θ)| ≤ C0

d∏
l=1

1

(1 + |θl|)k

holds for k := 1− 1
d + α.

Our approach is based on Fourier transform method. To prove the Hölder
continuity of the density, we use following classical result.

Lemma 2.1. Let X be a Rd valued random variable and φ be its characteristic
function. If there exits η ∈ (0, 1) such that∫

Rd

|θ|η|φ(θ)|dθ < +∞

then the density function of the law of X exists and is γ-Hölder continuous for
any 0 < γ < η.

Under these assumptions and by using Lemma 2.1., we have following result.

Theorem 2.1. Let t ∈ (0, T ]. Assume that (A1), (A2) and (A3) or (A4) hold
and there exist positive constants C, β and δ ∈ (0, t) such that∣∣∣∣EQ

[
exp

(
iθ ·

∫ t

s

σj(u)dB
j
u

)]∣∣∣∣ ≤ exp(−C|θ|2(t− s)β)

for any s ∈ [t − δ, t]. Then the density function of the law of Xt exists and is

λ-Hölder continuous for any λ ∈
(
0, (α+ 2

β − 2) ∧ 1
)
.
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