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The Clark-Ocone formula is an explicit stochastic integral representation for random variables in terms
of Malliavin derivatives that turns to be central in the application to mathematical finance. In this talk,
we introduce a Clark-Ocone type formula under change of measure for Lévy processes with L?-Lévy mea-
sure ([5, 6]). As an application of the theorem, we are also preparing a paper concerning the local risk
minimization problem ([1]).

Throughout this talk, we consider Malliavin calculus for Lévy processes, based on, [4] and [2]. Let
X = {Xi;t € [0, T]} be a centered square integrable Lévy process with representation

t n
X; = oW, —I—/ / zN(ds, dz)
0 JR,

on a complete probability space (€0, F, IP; {F }c(o 1), where {Fi}ic (o 1) is the augmented filtration gener-
ated by X and ¢ is a constant number. Furthermore, we assume that {W;; t € [0, T]} is a standard Brownian
motion and that N is a Poisson random measure independent of W defined by

N(At) =) 14(AX;), A € B(Ry), AXs := X5 — X,

s<t

where Ry := R\ {0}. In addition, we will denote by N(dt,dz) = N(dt,dz) — v(dz)dt the compensated
Poisson random measure, where dtv(dz) = A(dt)v(dz) is the compensator of N, v(+) the Lévy measure of X
and A the Lebesgue measure on IR. Since X is square integrable, the Lévy measure satisfies f]RO z2v(dz) < oo.

Now we consider a finite measure g defined on [0, T| x R by
4(E) = (72/ dt + / 2v(dz)dt, E e B([0,T] x R),
E(0) E/
where E(0) = {t € [0, T]; (t,0) € E} and E' = E — E(0), and a random measure Q on [0, T] X R by

Q)= |

PRLICE /E :N(dt,dz), E e B([0,T] x R).

Let L2

Tan (R) denote a set of product measurable, deterministic functions f : ([0, T] x R)" — R satisfying

2 2
Hf||L%M = /([O,T}x]R)" [f((t,21), -+, (b 2n)) g (dte, dz0) - - - (£, 20) < oo

Forn € Nand f; € LZT/qln(]R), a multiple two-parameter integral with respect to the random measure Q
can be defined as

L(fa) = /([O,T}XR)H Fal(tn 1), (b 20))QUdty, dz1) - - - Q(dt, dz2).

In this setting, we introduce the following chaos expansion (see Theorem 2 in [3], Section 2 of [4]).
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Proposition 1 Any F-measurable square integrable random variable F has a unique representation

F=)Y L(fs),P-as.
n=0
with functions f, € L%lq,n(]R) that are symmetric in the n pairs (t;,z;),1 < i < n and we have the isometry
E[F? =Y n!||fn||%2wn.

n=0

We next define the follows:

Definition1 1. Let DV?(R) denote the set of F -measurable random variables F € L*(IP) with the representa-
tion F =Y 07 o In(fn) satisfying

[ee]
Z nn!||fn||%2 < oo.
n=1 Tgm

2. Let F € DY?(R). Then the Malliavin derivative DF : Q x [0, T] x R — R of a random variable F € D'?(RR)
is a stochastic process defined by

Di.F =Y nl,_1(fa((t,2),-)), validforg—ae. (t,z) € [0,T] x R, P —a.s.

n=1

3. Let LY2(R) denote the space of product measurable and F -adapted processes G : Q x [0,T] x R — R
satisfying
E|[  1G(sx)Pq(ds,d } < oo,
s G0 Pa(0)] < o

G(s,x) € D?(R),g—a.e. (s,x) € [0, T] x R and
2
E {/([O,T]X]R)Z |D;-G(s, x)|g(ds, dx)q(dt,dz)} < 0.

4. Let ]L(l]’z(]R) denote the space of measurable and F -adapted processes G : Q x [0, T] — R satisfying

B[ [, 166R] <o,

G(s) € D'2(R), s € [0,T],a.e. and

E D;.G(s)|dsq(dt,d .
|:/[0,T]><IR,/[0,T] 12G(s)["dsq( Z)} < 00

5. Let ]I:%’Z(IR) denote the space of product measurable and F -adapted processes G : Q) x [0,T] x Ry — R
satisfying
E / G(s,x 21/dxds]<oo,
o, G050 Pu(a)

E (/[O,T]leo |G(s,x)|v(dx)ds>21 < oo,




G(s,x) € D2(R), (s, x) € [0, T] x R, a.e.,

2
E D; ,G(s, dx)d dt,d
[/[O,T]le (/[O,T]leo| 12G(s,x)v(d) S> aldt, dz)

< 0

and

E D42 G(s, x)|*v(dx)dsq(dt,d ,
U[O,T]XR/[O,T]xRol 2G5, 2)["v(dx)dsq( 2)] <

Now, we assume the following.

Assumption 1 Let 0(s,x) < 1,5 € [0, T],x € Rg and u(s),s € [0, T], be predictable processes such that
T
/ / {|log(1 — 8(s,x))| + 62(s, x) }v(dx)ds < oo, as.,
0 JRy
T
/ u?(s)ds < oo, as.
0

Moreover we denote

Z(t) = exp <,/0t (s)dW(s) — ;.Otu(s)2d5+./(;t /]RO log(1 — 0(s, x))N(ds, dx)
+ /Ot /]Ro(log(l —0(s,x)) + 9(s,x))v(dx)ds> ,t€0,T).

Define a measure Q on Fr by
dQ(w) = Z(w, T)dP(w),
and we assume that Z(T) satisfies the Novikov condition, that is,

E [exp (; /()Tuz(s)ds+/(JT /IRO{(l—G(S,x))log(l—Q(s,x))+9(s,x)}v(dx)ds>} < .

Furthermore we denote
No(dt,dx) := 0(t, x)v(dx)dt + N(dt,dx)

and
dWq(t) := u(t)dt + dW(t).

Second, we assume the following.

Assumption 2 We denote
- T 1 /T
A(Lz) = exp ( / 2Dyzu(s) W (s) — 5 [ (2Dyzu(s))?ds
0 0

+/ /JRo {Zth x) + log (1 - ?tzzm) (1- G(S,x))] v(dx)ds
+/0 Jis NQ(ds,dx)) ,

and

/Dtou )AWo (s +// D“)G No(ds, dx).
R, 1

Furthermore, assume that the following:



1. F,Z(T) € DY2(R), with (F + Z(T))? € L?>(P),
(F+ Z(T))(DyF + D; . Z(T)),z(D; .F + D; , Z(T))* € L?(g x IP),

2. Z(T)Dyplog Z(T) € L2(A x P), Z(T)(e*Pr=1082(T) — 1) € L2(v(dz)dtdP),
3. u(s)Diou(s) € L2(A x P),2u(s) Dy zu(s) + z(Dyszu(s))? € L2(z%v(dz)dtdP), s-a.e.

4. log (1 - z?gz§(<sﬁf))) € L2 (v(dz)dtdP), 24C2) € [2(A < P), (s,x) -ae.
5. u,x log(1—6(s,x)) € L'?(R),

6. u(s)? € ILy* and (s, x),log(1 — (s, x)) € L1*(R),

7. and FH(t,z), H(t,2z)D; . F € LY(Q), (t,2) -a.e.

We next introduce a Clark-Ocone type formula under change of measure for Lévy processes.

Theorem 1 Under Assumption 1 and Assumption 2, we have
T
F = Eq [F] + 0'/0 Eq [Dt,oF — FK(t)‘ft] dWQ(t)

T & & ~
+/O /IRO Eq[F(H(t,z) — 1) + zH(t,z) Dy,.F| F— [ Ng(dt, dz).

References

[1] T. Arai and R. Suzuki, Local risk-minimization for Lévy markets. Preprint.

[2] C. Geiss and E. Laukkarinen, Denseness of certain smooth Lévy functionals in D1 5. Probab. Math. Statist.
(2011) 1-15.

[3] K. Itd, Spectral type of the shift transformation of differential processes with stationary increments. Trans.
Amer. Math. Soc. (1956) 253-263.

[4] J.L. Solé, F. Utzet and J. Vives, Canonical Lévy process and Malliavin calculus. Stochastic Process. Appl.
(2007) 165-187.

[5] R. Suzuki, A Clark-Ocone type formula under change of measure for canonical Lévy processes. Submitted.

[6] R. Suzuki, A Clark-Ocone type formula under change of measure for Lévy processes with L?>-Lévy measure.
Submitted.



