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1 Hypercontractivity and the exponential convergence

Let (M, %,m) be a measure space with m(M) = 1. Suppose we are given a Markovian
semigroup {7;} in L*(m). We denote its dual semigroup {7}} and assume that {T}} is
Markovian and T;1 = 1 and T;'1 = 1. {T;} and {7}} define strongly continuous semigroups

in LP(m) (1 < p < 00) naturally.
We are interested in the following ergodicity:

Tif = (f) ast— oo

To be precise, define the index v,_,, by

—1
TYp—q = — hm; log ||Tt - m“PﬁlI'

(1)

Here m denotes an operator f — m(f) = [, fdm and || ||,—,4 denotes the operator norm

from LP to LY.

We recall that {7} is called hyperbounded if there exist K > 0, r € (2,00) and C' > 1

such that

1Tk fll: < Cllfll2, Vf € L*(m).
Then we have
Theorem 1. The followings are equivalent to each other:
(1) {T,} is hyperbounded.
(2) Ypsq =0 for some 1 < p < q < 0.
(3) Ypsq = Va2 for all p, q € (1,00).
Also {T;} is called hypercontractive if there exist K > 0 and r € (2, 00) such that
1Tk fllr < (£l Vf € L2 (m).
Then we have
Theorem 2. The followings are equivalent to each other:

(1) {T;} is hypercontractive.

*October 24-26, 2012, “Stochastic Analysis and Related Fields” in Nagoya University



(2) Yp—sq >0 for some 1 < p < q < oo.

(3) Tp—sq = V22 > 0 for allp, q € (LOO)

Further if we assume that the generator 2 of T; is normal, we have the following p-
independence of the spectrum.

Theorem 3. Assume A is normal. Then o(2,), the spectrum of A, is independent of p
(1<p<oo)
2 Example of LP-spectrum that depends on p

We give an example that the spectrum depends on p. Let M = [0, 00) and m(dz) = v(dz) =
e~%dx. The Dirichlet form in L?(v) is given by

&(f,9) = ) f'(@)g (z)v(dz).

[0,00
The generator is

d? d

T dr? dw
with boundary condition f'(0) = 0.
Theorem 4. For p =2, we have
o(~2) = {0} U [, o).

Theorem 5. For1 < p < 2, we have

(i) op(—20) = {0} U{z +iy; 2,y € Ry® < (2 —1)*(z — 25)}

(ii) oo(=2) = {z +iy; z,y eRy> = (2 - 1)*(z - &)}
(iii) p(—=2) = {z +iy; 2,y € Ry> > (2 = 1)*(x — )}
Theorem 6. For p > 2, we have

(i) op(=2) = {0}

(ii) on(—2A) = {z +iy; v,y €Ry* < (2 —1)*(z — 25)}
(iii) oo(—2A) = {z +iy; 2,y e Ry’ = (2 = 1)*(x — )}

fiv) p(~20) = {o +iy; 2,y € Ry? > (2— 1w — 54}



