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1 Introduction

The fourth moment theorem was originally introduced by Nualart and Peccati [11]. The theorem gives
some equivalent conditions for a sequence of random variables belonging to a level of Wiener chaos to
convergent to the standard normal distribution. The most surprising part of the theorem is that; if
the variances of the sequence converge to 1, then the convergence to the standard normal distribution
is equivalent to the convergence of the fourth moments of the sequence to 3. After that, Nualart
and Ortiz-Latorre [10] gave another equivalent condition and made a clearer proof in their paper.
Stimulated by Nualart and Ortiz-Latorre [10], Nourdin and Peccati [6] discovered a new method to
estimate distances between the standard normal distribution and other distributions, and between
the centered Gamma distributions and other distributions. The method is a combination of Stein’s
method and Malliavin calculus. Nourdin and Peccati’s method enables us to prove a part of the fourth
moment theorem in another way. Now applications and other versions of the fourth moment theorem
and Stein’s bound are considered.

In this talk, we review the fourth moment theorem and Stein’s method mainly, give a short review
of further results and related topics.

Now we give some useful information. A textbook [7] written by Nourdin and Peccati was published
recently. This book covers from the elementary tools for this topic to the fourth moment theorem and
the density estimates obtained by Stein’s method. The latest results on this topic are found on the
webpage:

http://www.iecn.u-nancy.fr/ nourdin/steinmalliavin.htm
Many of literatures (e.g. lecture notes, articles) are listed up on this webpage.

2 Preliminary on Wiener chaos

First we prepare the elementary things on Wiener chaos.

Let (T,%) be a measurable space, pu a o-finite measure on (7T, %) without atoms, and H :=
L*(T, A, 11). We introduce the isonormal Gaussian process with respect to H. Let W = {W(h); h €
H} be a family of random variables on a complete probability space (§2,.7, P).

Definition 2.1. We call W is an isonormal Gaussian process (or Gaussian process on H) if the
following conditions hold.

(i) W is a Gaussian family (or a Gaussian system), i.e. forn € N and hq,ho, ..., hy, € H, the R™-
valued random variable (W (hy), W (hz),...,W(hy,)) has an n-dimensional Gaussian distribution.

(ii) H is the Cameron-Martin space (or the reproducing kernel Hilbert space) of W, i.e.

= 0, h € Hv
(2.2) EW(g)W(h)] = (9, ) u, g,h € H.

Let W(A) := W(Ia) for A € & and p(A) < oco. Then, the law of W is also characterized by
{W(A); A € B, u(A) < oo}, since L?-functions are approximated by simple functions (step functions,
elementary functions). The following assertions follows immediately from Definition 2.1.

(i) W(A) has the distribution N (0, u(A)) for A € A such that pu(A) < .
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(ii) W(A;1) and W (As) are independent of each other for Ay, As € {A € %; u(A) < oo} such that
ArNA; =0.

(iii) A+ W(A)is an L?(Q,.%, P)-valued finitely additive measure on (7', %).

Note that A — W(A) is not o-additive.

Now, we start with the construction of multiple stochastic integrals. Let m € N and %, := {A €
B u(A) < oo}. We define the multiple stochastic integral I,,,(f) of f € L?(T™, %™, u®™) as follows.
Let &, be the total set of the functions f such that

n

(2.3) [t ta, o tm) = Z iy yin.im LA, x Agy o Ap,, (P15 T2y )

11,82, bm =1

wheren € N, Ay, A, ..., A, are pairwise-disjoint sets in %y, and a;, 4,,...s,, € Rsuch that a;, 4. i, =
0 if iy = 4; for some k,l = 1,2,...,n. Note that &,, is a linear space. For f expressed as in (2.3) we
define
n
Ln(f) =" D Gyignin W(AL)W(As,) . W (4,).

11,82,y Bm =1
For f € L2(T™, %™, u®™), define the symmetrization f of f by

1
f(t17t27‘ .. 7t’m) = ﬁ Z f(tﬂ'(l)7t7'r(2)a s atﬂ'(m))
) TES,,

where &,, is the group of permutations of {1,2,...,m}. Note that the mapping f — ffrom L2(u®™)
to itself is linear and continuous for each m € N. We call f symmetric if f = f. Let H®" := {f €
H®™: fis symmetric}, and ||f|| gon = Vn!||f|| gon for f € HO™. Then, following properties hold.

Proposition 2.2. (i) I,, is a linear mapping form &,, to L*(Q, %, P).
(ii) For f € Em, In(f) = Ln(f)-
(i) For f € &y and g € &,
0 if m#q,
@={ i s om#
m!(f, ) r2uemy if m=q.
By the property (iii)
(2.4) E[Ln(f)?] = m|fI[72(uem) < mUIfIF2(0m)-

By (2.4) we have
BlLn(f)’] = I flfren, feH™

The following lemma holds.
Lemma 2.3. &, is dense in L?(u®™).

By (2.4) and Lemma 2.3 we can extend I,,, to a bounded linear operator from L(T™, %™, ™)
to L2(,.#, P). The extension of I, also satisfies the properties in Proposition 2.2 again.

By using Hermite polynomial, we have the following theorem. The theorem is called the Wiener-
Chaos expansion.

Theorem 2.4. Assume that F is the o-field generated by W = {W(h); h € H}. Then, for any
F € L*(Q, %, P), there exist symmetric functions {f, € H®";n = 0,1,2,...} such that fo = E[F]
and

F= Z In(fn)-
n=0

The functions {fn} are uniquely determined by F.



3 Preliminary on H-derivative

Let P be the class of the random variables F' such that; there exist n € N, a polynomial function f
on R", hy,hs,...,h, € H, and F is expressed by

(3.1) F=f(W(h1),W(ha),...,W(hy)).
Then, the following lemma holds.
Lemma 3.1. P is dense in LP(Q, .F, P) for p € [1,00).

We define the H-derivative operator D as follows.

Definition 3.2. For F € P expressed as in (3.1), define the H-valued random variable DF of F by
DF =" 0;f(W(h1), W (ha), ..., W (hn))hi.
i=1

We call DF by the H-derivative (or Malliavin’s derivative) of F.

It is easy to see that D is linear on P and D maps P into LP(Q, #, P) for p € [1,00). Moreover,
the following lemma holds.

Lemma 3.3. D is a closable operator on LP(Q, F, P) for p € [1,00).

By Lemmas 3.1 and 3.3, D can be extended to a closed (unbounded) linear operator on L?(Q2, .#, P)
for p € [1,00). We denote the extension by D again.
For F € P and p € [1,00), define ||F||1, by

IF|l1p := (EIIFIP] + | DF|5) """

It is easy to see that || - ||1,, satisfies the properties of norms, and we can consider the closure of P
with respect to || - ||1,,. We denote the closure by D'*. Note that || - ||1,, is the operator norm of D
in LP(, Z, P). The function space D!? is the Sobolev space associated with the H-derivative with
index 1,p. Similarly, we can define the Sobolev space D*® of higher orders.

Proposition 3.4. Let F € D*? such that F =" I,(fn) where f, € H®™. Then,

(DR =3 n | Batsapmontan

where f,(-,t) is the function on Tt given by

[frn(0)](81,8,2, ..., 8n — 1) i= fn(S1,82,- -+, Sn—1,t), 81,82,...,8, € T.
Hence,

HDF”H Znn'”fn”H@" Z“an”?[on'
n=1

Now we define the operator § as the follows.
Definition 3.5. Let § be the dual operator of D : L*(Q, %, P) — L*(Q, %, P; H).

The operator ¢ is called the Skorohod integral. We remark that the Skorohod integral can be
regarded as an extension of the stochastic integral (It6 integral).

Let L be the Ornstein-Uhlembeck operator on L2(2,.%, P) associated with W. There are some
ways to define the Ornstein-Uhlembeck operator. For example, in [9] the Ornstein-Uhlembeck operator



is defined by using Wiener chaos expansion. On the other hand, in [13], first we define the Ornstein-
Uhlembeck semigroup by using the explicit transition semigroup, and the Ornstein-Uhlembeck opera-
tor is defined by the generator of the Ornstein-Uhlembeck semigroup. We omit the precise definition
of L here, and only remark that the domain of L includes P and L is characterized by

(3.2) LF =" 0:0;f(W(h1), W (ha), ..., W (hn))(hi, hj)m

4,j=1

=Y 0 f(W(ha), W(ha), ... W (k)W (hi)
i=1

where F' is the random variable expressed as (3.1).
The following propositions hold.

Proposition 3.6. 6D = —L.
Proposition 3.7. For f € H®" LI,(f) = —nl,(f).

We use these facts in the proofs of the fourth moment theorem and the Stein’s bound.

4 The fourth moment theorem

In this section, we give the version of the fourth moment theorem given by Nualart and Ortiz-Latorre
[10].

First we define the contraction of functions. For f € L?(TP, %P, u®P), g € L*(T9, %%, u®9) and
r=1,2,...,min{p, q}, we define f ® g € L?>(TPT4, #®P+4 ;©P+d) and
f®,rg€ L2 (Tp+q—2r’ PBOPTa—2r, M®p+q—2f’) by

(f by g)(tlat27 oo ;thrq)

= f(ti,ta, o tp)g(tpr1s tpr2s - - s tprg),

(f r 9)(t17 ta,. .. 7tp+q—2r)

= f(tlth; s 7tp7’r7 51,825 -+, Sr)g(tp77‘+1utp77"+27 s 7tp+lI*2T7 51,825+ -+, ST)
TT

x u®"(dsy,dsa, . .., ds,),

respectively. We call the operation (f,g) — f ®, ¢ is called the contraction of f and g of order r.
Since f ® g can be regarded as f ®, g with r = 0, we define f ®yg by f®g.
The tensor product f ® ¢g and the contractions f ®, g are not always symmetric even if f and g
are symmetric. We denote the symmetrizations of f ® g and f ®, g by f®g and f®,.g, respectively.
By using contraction we can calculate the product of two random variables in some levels of Wiener
chaos as follows.

Proposition 4.1. Let f € L?(u®P) be symmetric and g € L*(n). Then,

(4.1) L(f)(g9) = Ip11(f @ 9) +plp1(f @1 9).

The proposition 4.1 is extended as follows.

Proposition 4.2. Let f € L?>(u®P) and g € L?(u®?) are symmetric. Then,

(4.2) b0 =37 ( ) (1) hratr o)

r=0



Note that Proposition 4.2 gives the explicit information of the Wiener chaos expansion of the
product of two random variables in some levels of Wiener chaos. The proposition is crucial to prove
the fourth moment theorem. In the proof of Proposition 4.2, complicated calculation in combination
is needed.

By using Proposition 4.2, we have the fourth moment theorem which is the version given by Nualart
and Ortiz-Latorre [10] as follows.

Theorem 4.3. (The fourth moment theorem) Consider a sequence {Fy, = L,(fx)} of square integrable
random variables in the n-th Wiener chaos. Assume that

(4.3) Jim B[FF] = lm [|filFon = 1.
Then, the following statements are equivalent.

(i) {Fx = L.(fx)} converges to the standard normal law in distribution as k — oo.

)
(ii) limy_ oo E[F}] = 3.
(iii) limg oo | fr @1 frllgozm-n =0 forl=1,2,. -1
v)

(i

DF.|1%, converges to n in L2 as k — oo.
l H 9

Multidimensional case of the fourth moment theorem is considered in [12], and [10]. In [6] the
fourth moment theorem with respect to the centered Gamma distribution is also obtained.

5 Stein’s method and Application of Malliavin calculus

Charles Stein considered in order to estimate the reminder term of the central limit theorem (see
[14]). He prepared the ordinary differential equation associated with the standard normal distribution
satisfies, and obtained a bound of the reminder term by using the solution to the equation. The
equation is called Stein’s equation, and the method to obtain the bound is called Stein’s method.
The large deviation principle is also well-known as a method to obtain the convergence rate of the
central limit theorem (or the law of large numbers.) The large deviation principle has advantages in
analysis to Stein’s method, because the large deviation principle is related to the spectral analysis.
On the other hand, Stein’s method has advantages in computation and in practice, because the bound
of the reminder term is obtained by explicit calculations. By using Stein’s method, one can estimate
the distances between the standard normal distribution and other distributions, where the distances
mean, for example, Kolmogorov distance, Wasserstein distance, and total variation distance.

First we give the detail of Stein’s equation and Stein’s bound. Let Z be a random variable with
the standard normal distribution and h be a measurable function on R such that E[|h(Z)]] < oo.
Stein’s equation associated with h and Z is

(5.1) h(z) — EMZ)] = f'(z) — xf(x), z€R.

The solution f to (5.1) is obtained explicitly as follows:

x

(5.2) f@ =t [ () - B2 ey, s cr

By using (5.1) and (5.2), the following proposition holds.

Proposition 5.1. (i) Let X be a random variable. Then, X has the standard normal distribution
if and only if,
BLf/(X) - XF(X)] = 0

for every continuous and piecewise differentiable function f satisfying E[|f'(Z)|] < oc.



(ii) If h(z) = [~ () where z € R, then the solution f to (5.1) ewists, f is piecewise continuously
differentiable, || f]lco < V271/4, and ||f']|co < 1.

(iii) If h is bounded by 1/2, the solution f to (5.1) exists, f is differentiable almost everywhere,
[flloe < V//2, and |[f']loc < 2.

(iv) If h is bounded and absolutely continuous, then the solution f to (5.1) exists, f is bounded
and twice differentiable, || fllec < v/7/2||R(y) — E[M(2)]|loos IIf/1] < 2||h(y) — E[A(Z)]||o, and
1/ lloe < 2017/ [l

(v) If h is absolutely continuous and the derivative is bounded, then the solution f to (5.1) exists, f
is twice differentiable, ||f']lco < 1P |loo, and || " |oo < 2|1 || co-

The proofs of the statements in Proposition 5.1 are found in the references in [6].

By using (5.1) and the bound in Proposition 5.1, we can consider the estimate for the distances
between the standard normal distribution and other distributions.

Consider a distance between distributions of random variables F' and G on R defined by

(5:3) dy (L(F), L(G)) := ;IEIEIE[f(F)] - E[f(G)]],

where H is a set of functions on R. There are many distances between distributions defined by (5.3).
For example, by taking H = Fkol := {l(—,2 : 2 € R}, one obtains the Kolmogorov distance; by

taking H = Fw := {f : ||f||lz <1}, where || - || denotes the usual Lipschitz seminorm, one obtains
the Wasserstein (or Kantorovich-Wasserstein) distance; by taking H = Fem := {f : ||fllsr < 1},
where || - || = || - ||z + || - ||co, One obtains the Fortet-Mourier (or bounded Wasserstein) distance;

by letting H = Frv be the collection of all indicators I of Borel sets, one obtains the total variation
distance. We denote the Kolmogorov distance, the Wasserstein distance, Fortet-Mourier distance and
the total variation distance by dkoi(-,-), dw(+,), dem (-, ) and dpv (-, ), respectively.

The following theorem is the result on the estimate of the distances, which is obtained by Nourdin
and Peccati [6].

Theorem 5.2. (Theorem 3.1 of [6]) Let Z has the standard normal distribution, and F € DY? such
that E[F] = 0. Then,

[(1— (DF,—DL™'F)y)?]"*,

[(1— (DF,—-DL'F)y)*]""?.

dw(F,Z) < FE

dem(F,Z) < E

If, in addition, the law of F is absolutely continuous with respect to Lebesgue measure,
dxo(F, Z) < E [(1 - (DF,~DL™'F))?]"/?,

dry(F, Z) < 2E [(1— (DF, DL F) )"/,

On the other hand, by using Proposition 4.2, we have the following Proposition.

Proposition 5.3. (Proposition 3.2 of [6]) Let n = 2,3,4,..., and F = I,(f) where f € H®™. Then,
(DF,—~DL™'F)y = n~YDF|%, and

E[(1 - (DF,~DL™'F))?]

=E[1-n"YDF|})?]

(5.4)
n—1 4

65 ==l e 4 Yoen =20t =0 (171 ) 1B s
r=1
n—1 4

60 <=l e 4 Yo en =20t =0 (171 ) I8 Sl
r=1



By using Theorem 5.2 and Proposition 5.3 we can simplify some parts of the proof of the fourth
moment theorem (Theorem 4.3).

The case of the centered Gamma distribution is also considered in [6]. They prepared Stein’s
equation associated with the centered Gamma distribution, and obtained the bound of convergence
to the centered Gamma distribution by similar way to the case of the standard normal distribution.

6 Further works on the fourth moment theorem and related
topics

In this section we introduce some further studies around the fourth moment theorem.

6.1 The case of the centered Gamma distribution

An analogue of the fourth moment theorem to the centered Gamma distribution is obtained by Nourdin
and Peccati [5]. The statement is as follows.

Let v > 0 and G(v/2) be a random variable having the Gamma distribution with parameter v/2,

i.e. G(v/2) is a random variable with density function g(z) = %H(O,o@), where I is the Gamma

function. Consider a random variable F'(v) defined by
F(v) :=2G(v/2) —v.
The following theorem is an analogue of the fourth moment theorem with respect to F(v).

Theorem 6.1. Let n € 2N and 4

w2 ()

Consider a sequence of random variables Gy, = I,,(gr) where g, € H®™ and assume that

Cp 1= 5

lim E[G7] = lim n!|gx|%en = 2v.
k—o0 k—o0

Then, the following conditions are equivalent.
(i) Gy converges to F(v) in distribution as k — oo.

)

(ii) limp_ oo (E[GY] — 12E[G3]) = 1202 — 48v.

(iii) |DGr||%} — 2nGy. converges to 2nv in L*(P) as k — .

(iv) imp—soo |98 @029k — ngrllgen = 0 and im0 |lgx @ grllgee-n =0 forr =1,2,...,n—1
except 1 =n/2.

In [6], they discuss the case of the centered Gamma distribution in a similar way to the case of the
standard normal distribution, and Stein’s equation with respect to the centered Gamma distribution
is obtained. We omit the version of Stein’s equation in this note, because more general version of
Stein’s equation is in Section 6.2.

6.2 Generalization of Stein’s bound

As we have seen in Theorem 5.2, by applying Malliavin calculus to Stein’s equation we obtain the
estimate of the distances between distributions. The cases of the standard normal distribution and
the centered Gamma distribution are considered in [6], and more general argument is also mentioned
as a conjecture in [6]. After Nourdin and Peccati [6], in [4] a general argument is constructed in view
of the invariant measure of one-dimensional stochastic differential equation.



Let S be the interval (I,u) (—oo <[ < u < 00) and p be a probability measure on S with a density
function p which is continuous, bounded, strictly positive on S, and admits finite variance. Consider
a continuous function b on S such that there exists k € (I, u) such that b(x) > 0 for z € (I, k) and
b(x) < 0 for = € (k,u), bp is bounded on S and

/l * b(a)p(a)dz = 0.

Define

Then, the stochastic differential equation:
dXt = b(Xt)dt + v/ a(Xt)th, t Z 0

has a unique Markovian weak solution, ergodic with invariant density p (see [1]).
For f € Cy(S) (the set of continuous functions on S vanishing at the boundary of S), let my :=
flu f(z)p(z)dz and define gy by, for every x € S,

muwziﬂ@jﬂﬂw—mwmw@

a(w)p

Then, we have
. “2(f(y) —my) ( /“ 2b(2) )
gr(x :/ ——————exp| — ——=dz |dy, x€S.
A O ) o)
Then, g¢(z) == fom gy (y)dy satisfies that f —my = Agy and

(61) () ~ BIAX)] = a(e)d (@) + b(w)ds ()

where X is a random variable with its law p. The equation (6.1) is a generalized version of Stein’s
equation.

To obtain the estimate of the distances between the distribution associated with p(x)dz and other
distributions, we need the bounds for the functions gy and g}}. Since we have the explicit form of g; ,
the following propositions are obtained.

Proposition 6.2. Assume that a is uniformly positive and there exist I',u' € (l,u) such that b is
non-increasing on (1) and (v',u). Then we have

197lloc < Chllflloc and [lag|loe < Col[fllo, [ € CG°(S),

where C1 and Cy are strictly positive constants.

Proposition 6.3. Assume that if u < oo, there exists u' € (l,u) such that b is non-decreasing
and Lipschitz continuous on [u',u) and liminf,_,, a(z)/(u — z) > 0; if u = oo, there exists v’ €
(I,u) such that b is non-decreasing on [u',u) and liminf, ,, a(x) > 0. Similarly, assume that if
[ > —o0, there exists I' € (I,u) such that b is non-increasing and Lipschitz continuous on (1,1'] and
liminf, y; a(x)/(x — 1) > 0; if | = —o0, there exists I € (I,u) such that b is non-decreasing on (I,1]
and liminf,_,;a(z) > 0. Then we have

194110 < Calllflloc +11flloc),  f € CG°(S),

where Cy is a constant.

The estimates in Proposition 6.2 are sufficiently good when « is uniformly bounded and strictly
positive. However, when a degenerates at the boundary of S, we need Proposition 6.3. We remark
that in Proposition 6.3 the derivative of gy is dominated by the sum of || f||oc and ||f'||oc. In view of



this fact it seems true that the case that a is uniformly positive and the case that a is degenerate are
very different. In fact, the result obtained in the case of the standard normal distribution is different
from that obtained in the case of the centered Gamma distribution (see Sections 5 and 6.1).

By using the generalized Stein’s equation (6.1) and Propositions 6.2 and 6.3, the estimate of the
distances between the distribution associated with p = p(z)dz and other distributions is obtained in
the same way as 5.

Theorem 6.4. (i) Let d be the Fortet-Mourier distance. Assume the conditions in Proposition 6.3.
Then,
AEY). 1) < CE | 5a¥) + (D(-1) (1) ~ BV} DY) |
+CIE[D((Y)]|, Y eD"?
where C is a positive constant and L(Y") is the law of Y.
(ii) Let d be the Fortet-Mourier distance, the Kolmogorov distance or the total variation distance.
Assume the conditions in Proposition 6.2 and a is uniformly positive. Then,
AEY). ) < CE | 3a¥) + (DI-1) (r) ~ B}y DY) |
+CIEDY)]|, Y eD"?
where C' is a positive constant.
The bounds in Theorem 6.4 are optimal in the following sense.
Theorem 6.5. A random variable Y € DV2 with its values on S has probability distribution p and

satisfies that b(Y') € L?(2) if and only if E[b(Y)] =0 and

E [;a(Y) +(D(—=L)"'b(Y), DY)H‘ Y] =0.

In Theorem 6.4, there is the term:
(62) | 30) + (D) 00) ~ BBV} DY

Generally it is difficult to calculate this term. However, if a and b are given explicitly, and if YV is
expressed as an explicit function of a Gaussian random variables, then (6.2) can be calculated by using
the Ornstein-Uhlembeck semigroup and its resolvent (see [4] and [8].)

6.3 Other works

There are many other works on this topic.

The analogue in free probability theory has been concerned in [3]. In free probability theory, we
also have the analogue of Wiener chaos (so-called Wigner chaos or free chaos). In [3], the analogues
of the fourth moment theorem and Stein’s bound with respect to the semicircular law are obtained.

In [2], the original Stein’s method is applied to the theory of spin glasses. In the paper, the
Thouless-Anderson-Palmer equations of the Sherrington-Kirkpatrick model is obtained. Moreover,
the upper estimate of the convergence to the Thouless-Anderson-Palmer equations is also obtained by
using the original Stein’s method. Like this, the applications of Stein’s method to statistical mechanics
are also considered and some results have been obtained recently. We remark that the argument in
the paper is away from the fourth moment theorem and the combination of Stein’s method and the
Malliavin calculus.
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