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1. Bakry-Emery D4 5F(ffi & I



P,: £B{EAE L £ DYE (P, “=" etb)

Bakry-Emery @ (LP-) {4 5¥h:
VP, fl(z) < e X P(|VFIP) ()P (Gp)
(p € [1,00), K € R)
[D. Bakry & M. Emery, '84]




o P, DEZRINSEHNZER: REMNICIH,
Py: i#EEGigEs, X%, Markov B on L2 ()
( = Jsymm. contr. extension on LP () >

(1 <p< o0)
o M (DIEXHE)|Vf| DEEXLVHE




o P, DEZRINSEHNZER: REMNICIH,
Py: i#EEGigEs, X%, Markov B on L2 ()
=> dsymm. contr. extension on LP ()
( (1 <p < o0) >

o M5 (DIEXIE)| VS| DEZRHVE
* B U P,: Markovian
ie.0< fF<1=0< P f<1)%5,
p<p®DEE (G,) = (G))l
(".- Holder ineq. for (f,g) — P:(fg))




Bl (R™ DEFEE ie. L = A)
f:R™” —>R

P.f(x) := / pe(z, ) F(y)dy.

™m

_ 1 z — y|?
pt(wa y) c (47Tt)m/2 exp ( At )




Bl (R™ DEFEE ie. L = A)

f:R™ - R
Pif(@) = [ pua.y)fw)dy.

1 z — y|*
Pe(®:Y) = o pymz ©XP ( 4t )

= O, P f () = P(0z,f)(x)



Bl (R™ DEFEE ie. L = A)

f:R™” —>R
Pif(@) = [ pua.y)fw)dy.

1 |z — y|°
pt(w9 y) - (47Tt)m/2 exp < At >

= Oz, P f(x) = Py(0z, f) ()
(. (PIHA7R) ZEHER (F1T8EE) )



Bl (R™ DEFEE ie. L = A)

f:R™ - R
Pif(@) = [ pua.y)fw)dy.

1 z — y|*
Pe(®:Y) = o pymz ©XP < at )

= Oz, P f(x) = Py(0z, f) ()
(.- (PIia73) ZZ i (F1Ti2Eh) )
= |VP f|(x) < P(|Vf])(x),
ie. (G1) with K = 0



W |V ICDWT:
* F7Z1ERZE (carré du champ)

1
L(f,9) := 5 (2(Fg) — gLf — fLg)
Bl:L=AonR™=T(f,f)=|Vf|?)

. I‘(f,f)_llm (Pt(f ) — (P:.f)?) > 0

e P, — (E,F): Dirichlet form on L?(p) &5,

/ hI'(f, f)dp = % (2E(hf, £) — E(h, f?))
(h, f € F N L)



UF, 20§ TR, BUTZRE:

r
o |Vf| = VI(f,f)

O




UF, 20§ TR, BUTZRE:

r
o |Vf| = VI(f,f)

O

= BIZ I (G2) 1,

L(Pf, P f) < e ?2'P(T(f, f))




UF, 20§ TR, BUTZRE:

r
o |Vf| = VI(f,f)

O

= BIZIE (G-) &,
U(P.f, P f) < e %' P(T(f, f))
* M"="att =01 ZFALTt =0 THD :
2I'(f, £F) < —2KT(f, f) + L(I'(f, f))




2T(f, LF) < —2KT(f, f) + LT (f, F))
UTa(f £) = o (E(0(F ) = 200, £))

I‘z-%#h
Fz(faf) ZKI‘(f,f) (FZ(K))




finEh
(G2) < (T'2(K))




finEh
(G2) < (T'2(K))

“SEBR"
"(D2(K)) = (G2)1 DHREIFRL.

(I)(S) e = Ps(r (Pt—sfv Pt—sf))

e (0) =T(Pf, P f), ®(t) = P(I'(f, f))

o (I'x(K)) = P'(s) > 2K P(s)
= ®(0) < e 2KiPp(t) N




2FD, FFEZEZ ¢ ICBAUL T,

V)

(Ga) : (T2(K))

=)



E
e (G2) M weak formulation:

/QF(Ptfa P f)dp

< e2Kt / gP.(T(f, f))du

(Vg > 0: “nice” test function)
ICEkNiE, 55VMRE TEZ ICREBA T RE
[cf. Gigli-K.-Ohta '10, Theorem 4.8}

o CDERICT, T A L D derivation property
(or (£, F) D strong locality) 7=




'y DFFEHI
i) V:R" >R, L=A—-VV-VonR™
F(fvf) — Vf‘zv
L2(f, f) = || Hess f|lus
+ Hess V(V £,V f)




'y DFFEHI
i) V:R" >R, L=A—-VV-VonR™
F(fvf) — Vf‘zv
L2(f, f) = || Hess f|lus
+ Hess V(V £,V f)

= I'2(K) < HessV > K



', OFFEH
i) V:R" - R, L=A—-VV - -VonR™
F(fvf): Vf‘zv

L2(f, f) = || Hess fl|ns
+ Hess V(V £,V f)

= I'2(K) & HessV > K
451C, Ornstein-Uhlenbeck BIEDIZH :

K
L=A—Kz- -V (= V(z) = ;\wlz)
= (I'2(K))



(i) £ = A on a Riemannian manifold

1
L2(f, f) = 5 (ANVEF) = 2(VF, VAS))
= H Hess f|las + Ric(Vf, V)

(Bochner-Weitzenbck DAR)



(i) £ = A on a Riemannian manifold

1
L2(f, f) = 5 (ANVEF) = 2(VF, VAS))
= H Hess f|las + Ric(Vf, V)

(Bochner-Weitzenbck DAR)



(i) £ = A on a Riemannian manifold

1
L2(f, f) = 5 (ANVEF) = 2(VF, VAS))
= H Hess f|las + Ric(Vf, V)

(Bochner-Weitzenbck DAR)

* MR MAT TRic > K1 DSRESEDZL
&, (F2(K))D5H (HRHEHET) (ES



(G2) DISF

e Poincaré inequality (for P;)

—2Kt

Pi(f?) = (Pif)? < ————Pi(T(£, 1))
e Reversed Poincaré inequality (for P;)

2Kt
P(f?) — (Bf)? > & T(P.f, Pif)

K
(;» VP f| < \/ R 05 f)




=LERA

¥(s) := Ps((Pi—sf)°)

o W(0) = (P.f)* ¥(t) = P(f?)

® \P,(S) — ZPS(F(Pt—Sf7 Pt—sf))
By (G2),
P W(s) < 2e2KE=) PP, (T(f,f))
"‘ \Il’(S) Z ZGZKSF(PsPt—sfa PsPt—sf)

—> conclusion by integrationin s B



x
o F2ZURYICIA,
Poincaré or rev. Poincaré ineq. = (I'2(K))

(8% t = 0 T 2 2RE T Taylor ERA)

o ChHDERICIE, THELT LD
derivation property [&AE




= (G1) IKD2WT
o MWMRE DH &, (I2(K)) = (G1)
+ 3C C Dom(L) dense s.t.

o C IR THUTWS IR ZER
o PBCCC LCCC
o Vp: C*R), felC = o(f) €C

¢ (G1) = log-Sobolev ineq. (for P):

P;(f*log f*) — Pi(f*) log(P(f*))

<20 pr(r. )




Derivation property
p € C2(R), ¢(0) = 0
e f € Dom(L)
= ¢(f) € Dom(f),
L(p(f)) = (HLS + " (HT(S, f)

e f € Dom(I)
= ¢(f) € Dom(T'),

L'(e(f)>g) = ¢ (FIT(f>9)




Proof of T(G1) = log-Sobolev,
(P,: Markov [3{R7E)

P(s) := P.(e(Pi—sf)) (¢ € C?*R))

=> By the derivation property,

\If,(S) — PS(SO,,(Ps—tf)F(PS—tfv Ps—tf))

1
e p(u) ;= ulogu = " (u) = —

= Goal: For f > 0, N
¥ (s) < 462K P (T (V/F, V)




By (G1) & Schwarz ineq. for (g, h) — P;_s(gh),

I'(Pi—sf, Pr—s
\P,(S):PS( ( tPtf— ft f)>

< e 2K(t=s)p. ( (Pt_s(\/r(f’ f)))z)

Pt—sf

2
< 2K p.p, | ( \/m; ) )

— 4o 2K(t—3) p, (r(\/}, \/})) =




KIZHY Poincaré/log-Sobolev
65U, K>0& lim P,f = /fdu 5,

t— 00

—2Kt

Pi(f?) — (Pf)? < ; P.(T({, f))

/f dpt — (/fdu) < — [T, au




KIZHY Poincaré/log-Sobolev

H L, K>O&tlir£10Pth fdu &5 [,
P,(f*1og f*) — P;(f*) log P,(f*)
2(1 — —2Kt
< 2= (s p)
J

[ #2108 £2du — [ f2dutog ( / fzdu>

< ° I d
_E (fvf)“



(G1) \NDERFBH X 70—F ... L
B
L:=A—-—VV . .VonR™

[
dX* = V2dW; — VV(XZ*)dt, XZ ==

RZE: Vo,y € R™,
(VV(z) = VV(y)) - (x —y) > K|z — y|°

(Tt HessV > K)



X, X7 5i#8®D SDE @ (FLED W, (39 %) B2

|
d(Xy — X{) = — (VV(X}) — VV(XY)) dt
|
d| X7 — X/|? < —2K|X7 — XY |*dt
|

| XF — X2 < e Rz — y|?



[l

[P f(x) — P f(y)| = [E[f(X) — F(X)]]
<E[|VFI(XP)IXF — XP| + o(IXF — X{|)]
< e KE[|VF(XD)]|z — y| + o(|z — y|)

U

VP, f|(z) = limsup - 2) = T (W)
y—w |z — y|

< e KE[|VFI(X])]
= e 'P,(IVf|)(x)




EEIEDAEIE, Riemann Z8R{E_EYP
EBE«JUE MEICHIBRENTWLS.

o EICK>TIE, EEMTIFEFTIIEL
(ILEURBDEIH TR VST D SDE 5F),

o TS DILERTIE, Bakry-Emery DEEiR

"(T2(K)) = (G1)1
THWE, s@WMREES L,




2. Wasserstein FEE#ED Lipschitz Y & D
BT 4



(X, d): R—5> K2R, d: HIEEsE:

o d: X FOEGLAIIERERIEK
(Bl: d = e Ktd)

o (P(x,"))acx C P(X): Markov %
Pf(z) = /X f(y) dP(x, dy),
P*u(A) = | P(a, A)u(da)

(Bl: P(x,dy) = pi(x, dy) HEBIHESR)



LP-Wasserstein FEEk
For p € [1, 00|, pu,v € P(X)

Wap(uyv) = __inf  ||d]lznm) € [0,00],

II(p,v) C P(X X X),

— ) (A X X) = p(A),
Hip,v) = { (X X A) =v(A) }

((n,v) DY TV 2T 2F)




W[V S

Vaf|(@) = limsup | L)~ S W]
Yy—x d(xay)
IVafll, = sup [Vaf|(x)

e X
o |Vaf|(x): x TD d-IHFR Lipschitz E4X

o ||Vaflloo: d-Lipschitz FEE, i.e.
| f(z) — fF(¥)| < [IVafllood(z,y)



Wa,q(P*p, P*v) < W(i,q(l’l’? V) (W)
IV iPfl(x) < P(|Vafl?)(x)'/?  (G})

(n,v € P(X), f € C'°(X))

EE|cf. K. '10]

1 1
For p,q € |1, oco| with | =1,
p q

(We) = (G,)




x

e For p' < p,
(G;,) = (G;) and (W, ) = (W)

o (W) < (G7) |FEEA
(Kantorovich-Rubinstein formula IC & %)

e Wy) = (G) & (FEMIC) BEA
t==r

o [K.'10] TRLTW, HilifHEERFE



=ik BA D B gt

(for p,q € (1,00))



[A] (Wq) = (G,):

Wa,q(P"p, P*v) < W(i,q(l’l” 2 (Wq)
ViPfl(z) < P(|Vaf|P) ()P (G?)

Goal:
|Pf(z) — Pf(y)
< P(|Vaf|P)(z)/Pd(z,y) + o(d(z,y))

7w Wap(P*8y, P*4,) D minimizer &9 %




Pf(x) — Pf(y)

= [ rap*s, - | papes,
= | (f(=) — f(w))m(dzdw)

X XX
= Lia<ry( )7 (dzdw)
X XX
+ Lia>ry( )y (dzdw)
X X X

— (I) + (IT)



G.f(z) :=

sup

| f(z) = f(w)]

d(z,w)
d(w,z)<lr

U

zdw)
z)d(z, w)n(d
<[ G

G f|P) ()Y PW 4, g (P*6,,
< P(|G,

< P(
— P(

G.f
Vaf

1 p”a3 )
P)(z)/Pd(z,y y
P)(z)'/Pd(z,y) + o(d(,y))



(II) < 2[[fllocm(d > 7)

< (d(w’y)> = o(d(z, y))

r

1
< —Waq(P*6,, P*5,)°
r

for a suitable choice of r
(i.e. d(z,y)'/? = o(r)) //



[B] (G},) = (Wy):

ViPfl(z) < P(|Vaf|P) ()P (G?)
Wa,q(P"p, P*v) < W(Z,q(l"l'? V) (Wq)



[B] (G},) = (Wy):

ViPfl(z) < P(|Vaf|P) ()P (G?)
Wa,q(P"p, P*v) < W[i,q(ﬂv V) (Wq)

e (W) & p=0z,v=20DZEEDHRT

1 1 -
= Goal: — Wy ,(P*6,,P*0,)? < —d(x,y)“
q q



Kantorovich duality

W, a o ‘
a2 _ g /fdu —/fdv
L J X X _

9 FECY™®(X)

d(xz,y)?"
q

yeX

f(a) == inf | £(y)




Kantorovich duality

W, a o ‘
a2 _ g /fdu —/fdv
L J X X _

d feC, P (X)
3 _ d(wa y)q _
:— Inf |
f@) = ot 1 fly) + —

1
* — W4 q(P*0y,, P*0,)?
q

= sup [Pf (x) — Pf (y)}



Kantorovich duality

W, a o ‘
a2 _ g /fdu —/fdv
X X _

9 FEC, (X)L
3 _ d(wa y)q _
— Inf |
f@) = ot 1 fly) + —

1
* — W4 q(P*0y,, P*0,)?
q

= sup [Pf (x) — Pf (y)}

< d(x,y)9
q

= Goal: sup | Pf(2) — Pf(y)
f



Kantorovich duality @ “>" MEIERR

m € II(p, v),

g, f € CyP(X), g(x) — f(y) <

U

sup

d(x,y)1

1 q
/gdu—/ fdv < —|ld||Lqcn
X X q

$ maximize

:/dep—/xfdu: <

$ minimize

Wd,fl(“v V)q //

q



Hopf-Lax & (Hamilton-Jacobi 3&%)

Qtf(a:) :— inf

yeX
Qof(x) := f(x)

A

X Q1 f=17f

d(x,y)?

_f (y) -

qti—1 _



Hopf-Lax &% (Hamilton-Jacobi &%)

. ) | d(aj, y)q_
Quf () = ylg.];( f(y) | qta—1
* Quf = f

Goal: Sl;p {Pf(m) — Pf(y)} < d(x,y)?



Hopf-Lax &% (Hamilton-Jacobi &%)

o - d(z,y)?
Qi f(x) 1= ;gfc f(y) | gta—1 |’
Qof(x) := f(x)
*x Q1f=f
Goal: sup [P (@) ~ Pr(y)] < T
f q

e~ :[0,1] — X: d-BhEs Yo =Y, Y1 =T



Hopf-Lax &% (Hamilton-Jacobi &%)

el -~ d(z,y)?
Quf@) = int | F(w) + = T2
Qof(x) := f(x)
* Q:f=f

~

Goal: Vf € C,"P(X),
d(x,y)
PQ1f(71) — PQof(50) < (a’qy)

e5:[0,1] — X: d-BIMR, 70 = vy, 71 := @

—




Key idea:

PQ.1f(71) — PQof (7o)
1
— / 8,(PQ.f (7)) dt
E X (#EE)



Key idea:
PQ1f(71) — PQof (Vo)

1
— /O 8, (PQ.f (7)) dt
LT (H)
IR C I,

{ — PQtf(;?t) LlpSChltZ
entBREXFTED



filiRE
For f € C;'P(X),
(t,z) — PQ.f(z): Lipschitzw.rt |- | & d

sIEH
|[Balogh & Engoulatov & Hunziker & Maasalo '09]:

‘Qtf(z) — Qtf(w)‘ < va”ood(sz)v
V D
QF(2) — Q=) < T

[t — s

. (G})) = conclusion W



4
Goal: For Vf € C.'P(X),

/0 Ot (PQ¢if())dt <

~

d(x,y)?

d q
(z,y) for a.e.t J

* T0:(PQ:f(Ar)) <
TR




By [Ambrosio & Gigli & Savaré '08, Lemma 4.3.4],

Ot PQ:f ()

- PQuinf () — PQuf ()
1111
— hlO h

—_ PQ:f(7) — PQif(~Ye—n)
+ lim
h10 h

— (I) + (IT)

(Leibniz Bl)



By the def. of |V ;- |,

(IT) = HPQJ(%) — PQ:+f(Vt—n)
"~ hlo h

< d(z,y)|V iPQ:f| (A1)
< d(xz,y)P(|VaQef|P)(5:) /P

((i(w, y): speed of )



% By [Ambrosio & Gigli & Savaré '11],

For Vi > 0, Vz € X, 30, Q:f(=).

1
0y Qi f(2) + z—)lVthfl(z)p <0 (%)



(%) DME U LY (intuitive &) 3R

FHyg s.t. Q. F(2) = f(yo) d(z,yg)?
SCI—l
forVs =~ t Vz ~ 21 &EIRE
J
0:Q:f(x) = q—1 (d(az,yo)>q
9 t
1|Vthﬂp _ 1 (d(w,y0)>p(q—1)
p D .



% By [Ambrosio & Gigli & Savaré '11],
For Vt > 0, Vz € X, 30, Q. f(2),

1
8, Q:f(z) + z—)lvdczt.i-‘\(z)ff’ <0 (%)

U
(1) = Tim PQiynf (7)) — PQef (V)

h|O h
< P(8; Q¢ f) (A1)

1
< — ]—DP(|Vthf|p)(’7t)



(I) < d(x,y)P(|VaQ:f|P)(Ae)/P

(IT) < —%P(\vdcztﬂp)ﬁt)

J
o= P(|VaQ:f|")(5:) /7 EBL &,
= 1
Ot(PQif(7:)) < d(xz,y)o — 2_)0-1?
< sup _J(a},y)u — lup_ _ d(zx,y)1

u>0 L P | q



siEEA D BEER

Wd,q(P*émv P*éy)q

q
— Sl;_:p [PQlf(a?) — PQO.f(y)]

- i
sup / Ot (PQ¢:f(7:))dt
r Lo :

d(x,y)?
q




FeEHdE, ZEEZHICEAULT,

V)

= /
(Wq) P (Gp)



E
(G7) = (W,) DEEATIE, LUTEEHR:

(G?) BV € X (or “on a. e. curves”) THUIL.
LD U, BEEBEFRFIETHE, '(G,) a.e.q DERE.
—7, LUFHRITNIIE (G)) IF v-a.e. THED,
(i) Wy, D P, (X) EDAIEERE
(ii)) po, 1 K v = Vgeod. (e)ieo, 1], me K v

(p = 2 & MCP / Sturm-Lott-Villani 54T T )
[cf. Gigli-K.-Ohta '10, Theorem 4.8(ii) = (i)]



it



it



(Xi,di): R—5> K2R, d;: BIMLEERE
d;: At PR Y £,
P;: X; L ®dD Markov 1‘;’2,
Wdi,Z(PfL’*Na Pi*’/) < Wj,i,z(ua V)
4

P := P; X Py: X7 X Xo L ®dD Markov *;'-,
d := \/d? + d3: EEEER (d bEK) T,
Wa2(P*p, P*v) < Wj,z(ﬂ’v V)




sIEAH
() = (ng),a:g)) c X X X,
o = 5:13(1)’ UV = 5:13(2) ?ﬂ—-\ﬁ‘i%ﬁ

o 7;: minimizer of Wy, 2(P*d_c1), P*d_(2))

J
71 X Ty & H(P*éw(l),P*éw@))



Wa.2(P*6,01), P*2))°

<

/ d? d(m1 X m2)
X1 XX1XXaXXo

— Hdluiz(wl) T Hd2H%2(W2)
< dl(wgl),wﬁ))z + do (w(l),w2 ))2
— d(m(l),m(2))2 B



[B] iEBIRIE



&:: subordinator, i.e. £&; € P ([0, 0)),

/ e ¢ (ds) = e
0

P;: X EDHEBHESEE K > 0,
Wd,q(Pt*Nv Pt*’/) < e_Kth,Q(N'a V)

EIRE. CDEE Pt=/ P.¢:(ds) IEDWT,
0

Wa,q(Pp, Piv) < e P aw, (u,v)



=LEER
wy € IL(P; p, PFv): min. of Wy (P, Pv)

J
/ &€ (ds) € H(Pt*u, Pt*u)
0




Wd,Q(Pt*“v Pt*’/)q
< / / d(z,w)Ims(dzdw)&e(ds)
0 JXxX

< [ e Wy (1, v) 60 ds)
0

— e—cb(qK)th,q(u’ ) B



C] BEBETD, (W,) or (G) DBk



o Lie Bf E, Hormander 2{EFHEZEDER I D ¥-EE

> (G;) (Vp > 1) or (GY)
(G,) & BE 5T/ BATHIE L TEE)

= (W) (1 <Vg<oo)or (W) [K.'10]
o (A IXY M)Alexandrov ZEfH]

> (Wz), d = e~ Kt
(FEZHET O/ HEREXER & fT)
— ((,) [Gigli-K.-Ohta '10]



3. BEY S5 * s



(1) “MR" ICDOWVWT



e Bakry-Emery DITX DER (EER)
~ |V fl = T(f, f)

o (W,) &DIXITE
«~ |V f|: FFR Lipschitz E%X

Q.

d P® intrinsic distance, i.e.

d(z,y) = Sl;p{f(w) — f(y);T(f, f) < lae}
B5iE, 2 00WMDE—HTSH?



A. [Koskela & Zhou '11]
o —fiRICIE, NO.

e (1,2)-local Poincaré ineq. & & T
volume doubling property @D T,

[Newtonnian property] < YES.



(2) (Gp) = (Gy) for p > p’



o' <pDEE, (Gy) = (G),)

Q.
BIEWDORKDILDOH ?



A.

e Bakry-Emery’s argument:
(G2) = (T'2(K)) = (G1)

e [von Renesse & Sturm '05]
X : 52{& Riemann ZH{F, P,: BVEEERS OK:

e [Wang '05]
(R™ £ SDE DRRTREIHHEELT ?)



(3) EBEFHih



X: Lie 8%
{X;}: EAREREBEMIINY MG,
Hormander SRR IL

o P, :=ct*, L := ZX?
=1

o I'(f, f) = Z X, f% |VFl = VIS, f)

Bakry-Emery BY (LP-) #8435l
VP, f|(z) < CL(t) P(IVFIP) ()P (Gp)




EX RN D5 R
e 3-dim. Heisenberg &%, C,(t) = C, > 1
o p > 1: [Driver & Melcher '05]
o p = 1: [H.-Q. Li '06] /
[Bakry, Baudoin, Bonnefont & Chafai '08]
o X: —fiZ, p > 1: [Melcher '08]
(X: BE = C,(t) = Cp)
e X: groupoftype H, p =1, C,(t) = Cp:
[Eldredge '10]
e X =SU(2),p>1,C,(t) =Cpe*:
[Baudoin & Bonnefont '09]




=
* L ICfTBEY S EEEH (Carnot-Carathéodory BEEE)
IcDWT,

(Gp)
)
Wa,q(P 1, Pfv) < Cp(t)Waq(p,v)
[K."10]

N BEDC,(t) = Cpe Bt with C, > 1
= N(G,) = “To-%&#"1 IKRESHEL



Q.
G, D (BRHBEBR) +95FMEIE?

EAIEIXEEE (Heisenberg BEDIBZE T H KAN)
o [Kendall '09]

Heisenberg 8% £, ESBEODAYTU>VYJ
o fEEEICL D (W,) DOFEEAB®, ELRDXIHR

¢ [Baudoin, Garofalo, Bonnefont]
To-SFFED—fig{E
112U, (G,) IFEHTETWLWAEL




