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Hamilton-Jacobi 00 OO OOOOMO
000 Sobolev DO OOOOOONO

O0 00 (0oooogooooo*

0000,R* 00 Lipschitz 00000000, 00 Lipschitz 000000
obolev 0000000000000 O0D. 00000 Sobolev 0000
0oooodg 00,0

U
ood s U

000000 Hamilton-Jacobi O guo. ,0bobooogn
)}

Lip,(R") = {f € Lip(R") | ¢/ € L*(R™;dx)}, a >0,

n—1
ooooOooooono R,

Ent(f):/flogfdx—/fdx log/fda:,

11 = ([ 1rora) "

D flloo = [[D £l Loo (mrin).-

1 1/n
ky = (ﬁ) (Wae1 = 27/2/T(n/2) 0 R*O000000D0D0),
Wn—1 :

a>00000, f € Lip,(R") OO0O. 0DOOO,
, 000 Sobolev O OO0

THEOREM 1 OO
fe Lipﬂ(R") (6>a)O

kEn Bl D flloo
Ent(eﬁf)gn/eﬁfdaz log(M), g > a. (1)
e
00000. 000 ()0, f(2)=C—fllz—a| (CER, {>0,acR* 0000
0000000000 000000 optimal O OO
THEOREM 2 00 o > 00000, f € Lip,(R") D0O0. 0000,
feLips(R") (8>a)0,000

lelly (kI Dflloo)™™ < lle?lls (kaBIDf )™, a<p<y ()

00000.000 20, fz)=C—fllz—a| (CeER, {>0,acR* 0000
0000000000000000 optimal 000,

000 ()0 (2) 0000000000, 000 (1) O, Gentil [4 0000
p>10000 L,-000 Sobolev 000D0D0D000 p—»oo00000000O
00000000, 00,00 L-000 Sobolev 00000, Hamilton-Jacobi
000

ur(z,t) + %|Du(:c,t)]p =0 inR" x (0,00), u(,0)=f onR" (3)
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On conservativeness of symmetric jump processes

gboo obooboboooobooon

1 0Oo0Oo0

goobooooboooboboooboooboboobooboooboooooobooooooboboooobooaoon
obooobOobobooobobooooboboooooboooooboOobooon

oO00oo0ooODOOo0O000o0ooO0O0000DO0O00000o00O0O0000D0O0O00000n sharp 00O
gooboooooboooobobooboobboobooboobooobooboooboobooooboooboooon
O [MU11]0O [GHM11)000O0O0O0O0OO0OO0O0OO0OO0OO0OOOO0O0OOO0OOO0OOO0O0OCOO0OOOOOOOOo
00o00o0o0oo0o0oooUooooooDoO MUIOODOO [GHM11) OOO0OoOO0OO0OoOoOooooo
O0000000000O000 Léw O (jumprate)10 000000000 OOOOOOOOOOOOO
oooooooo

O00000000[SU1]) 00000000000 Lebesgue00000O0OO0OLéwODOOOOOODO
0000000000000000000000000RY00000000000000000 2 — oo
gooooOoboooobobooooobooooon

2 OQUuobobooboood

X 000000000 00000000m 0000000 XO0000000 Radon 00000000
(6,F)0 L*X;m) 0000000 Dirichlet 000000{T;,¢t>0}00000 L200000000
000

00000(,F) 0000 {Th,t>0} 0000 (conservative) 100000

T:1=1 me-ae.,, fort>0

O000000000O0DIirchlet 0000000000000 DOOshima [092]00000000000O
000 (see also [FOT11, Theorem 1.6.6])0

00 2.1 000000000000
() (6,/)00000000

(i) 00000000 {u,}CcFOOOOODO

0<u,<1, lim u,=1m-ae, lim E(u,,v)=0 foranyve F.

n—oo n—oo

O000weF (DOO (€,F7) 000 Dirichlet OO (extended Dirichlet space) 0000000 )0000
O0ul<ocom-ae. 00000000000 D0OO {u,}CcFODOOOOODOOODOO

lim u, =u m-a.e., Hm  E(up — U,y Uy — Upy) = 0.

n—oo n,m— o0

M=(Q,M, X, ¢P,)0 (£,7) 0000000 Hit 0000000(E,F) 0000000000

P,(§=00)=1, qezeX



00000000000000000000£000000000000000 (0000)000000
0000000000000000000000000000
(A,D(A) 0 (£,7/)00000 L2000000000000

E(u,v) = —(Au,v), YueDA), veF
0000000000 OshimaOOOOODODOODOODOOOODOOODOOODOOODOOOO

0 2.1 ([IU04, Lemma 3.2]) (A, D(A)) O Dirichlet form (£,7) 000000000000000000
0 {pn}CDA)ODODDO0DOOOO

sup ||@nllee < 00, lim @,(x) =1 for m-a.e x € X,
n>1

n—oo

sup [[Apnlleo <00, lim Ap,(z) =0 for m-a.e. z € X.
n>1

n—oo

ooOoooE,F)oooooooo

3 00000

3.1 Casel

(X,m) 000000000000 u(z,dy) 0 X xB(X)0O00O00000000
) =5 [ (@) ~uw) (o) ), i)

gbooobodbtbw,o000000DO0DOO0ODOODODOODOOODOOO
oboooooooo

Assumption (A):

(1) pu(z,dy)ym(dz) 0 X x X\diag ! 0000000000 p(x, dy)ym(ds) = u(y, dz)m(dy).

(2) M= jgg /y#w (1 A d(x,y)2>u(:£,dy) < 0.

Assumption (A) 0000 (&CSP(X)) 0 L*(X;m) 00000 Markev 0000O0DODOO0000OO

&1 (u,v) = E(u,v) —|—/ u(x)v(x)m(dx)

X

00000000000 CP(X)0000 £O0000(E,F)0 L3(X;m) 0000000 Dirichlet 000

0002 000 Fukushima's existence theorem 0000 (E,7) 00000 m-00 Hunt OO M = (X4, P,)

00000o0ooooD HitOODODODOODOOOoDoooOooobOooobooooooooo
oboooooboooooobooog

ldiag 0000000000 diag = {(z,z):x € X}

200000000000(2)000000000000M(e) ;:/ (lAd(o,y)Q)y(o,dy) € LL (X;m).
yFe



00 8.1 ((GHM11, Theorem 1.3)) 0 z € X, r > 0 0000 V(z,r) := m(B(z,r)) 0000000
B(z,r)={ye X: d(z,y)<r}. 0000000 zpeX OO0OOOO

i ing PV (@0, 7)1
r—00 rinr 2

DDDDDDD(E,}—)DDDDDDDD
oo 3.1 [MUII}DDDDDDDDDDDDDDDDDDDDDDDD
e_”i(gco")eLl(X;m)7 vV r>D0.

O 3.1 (symmetric stable-like process) X = RY m(dr) = dx (Lebesgue 00) 0000 ODDOODODO
a:RI—RODODOO

E(u,v) = ;//#y (@) = @) (@) =0 ) 4 e cliorey

|z — y|dte@

ooo0boo0oo0obo0o0obUoU e 000000
O<a<a(x)<a<?2 for ae zeR?

1

000000000000, F) 0 L2(RY 00000 Dirichlet 000000000F :=CiP(RY) . O
00 Assumption (A)00003100000000000000000000000000000

3.2 Case 2

O00D00X =RY00000000 Lebesgue 00 de 0000000000000 O0O00OLévy O
w(x,dy) 0000 RadonO0O nOOO0OO

w(x, dy) = k(z,y)n(dy)
000000000 0000000000000D000g.
Assumption (B):
(1) Radon 00 n 0000000000000
n(A) =n(—A), A e B(RY).
O000-A={-z:2¢€ A}.
(2) y(z):=|z>+4, zeRI00000O000 M;,M3€ L2 (RHODOO Mp e L*RY) 00000

— Mi(x) ::/O o |h|?ks(z, 2 + h)n(dh),
<|h|< Y2

—Mx::/ ks(x,x + h)n(dh),
@)= [ Rl )

2

_ — . — — d
M (x) - /O<h<m B - ke (2,2 + B) — kol 2 — B)| n(dh), @€ RY.



00 3.1 Assumption (B) OO OO
1
E(u,v) = 3 /]Rd /hio (u(z) — u(y)) (v(z) —v(y))k(z, x + h)n(dh)dz
DE) := {u € L2(RY) : E(u,u) < oo}

0 L2(R%) OO Dirichlet 000 000D(E) > CPRY) 00O00ODO(EF) DO (E,CPRY) 0000000
00 (A,D(A) O (£,7) 0 (L2)-000000000

E(u,v) = —(Au,v), ueD(A), veF.
O0000DA)DC3RY) 000000 C3RY) 0000 ADDDODDDOODODOODOO

Au(z) = /h ) (u(x 1) — u(e) — Vu(z) - th(x))k:s(:v, x + h)n(dh)

1
+—

(x,x 4+ h) — ks(x,z — h) )n(dh), zeRY  we C3RY.
0
2 F(z)

)-h{k
\/7} z € RE

DDDF(z):{heRd. 0< |h <

gbooooobooooooobooooboobooon

Assumption (C): Assumption (B)(2) D0O000O000 M;,M,,M; 00000000

e su Ml(m) =
p su

p —— |h“ks(z, 2 4+ h)n(dh) < oo
zER ’Y(I) zere V() Jo 0<|h|< X2

e sup M. —sup/ ks(z,z 4+ h)n(dh) < oo
sup 2(2) e o ( )n(dh)

Mg,(,f) 1
e sup = sup
cekd \/V(2)  werd \/7(7) Jo<|n|< L

|| - [ks (2,2 + h) = kg(z, @ — h)| n(dh) < 0o

g210000000000000000000O00O0O0DO00O0

00 3.2 Assumption (B)(1) 00 Assumption (C) J00O000OODirichlet00 (£,F7) 00000
gdd
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A remark on the uniqueness of Silverstein extensions of
symmetric Dirichlet forms

oooobboooooob 0ooob
oooobboooooon ooob

Frank-Lenz-Wingert ([2])) 0, 000000000000 Dirichlet 0000000000
OO00000. 00000, 00b0b0b00ofb0000g Dirichlet 0D OO Silverstein O O
gbobobooooboboogoon.

E0000O0ODO00OO0OO0O000O00,m0 EFEOOOO Radon OO0 supp[m]=FE O
O00000000. C(F)0 FOODOOOOOOOOOOO,Cy(F)O EODDDOODODODO
0000000000000000. (6,F) 0 L¥(E;m) 0000 Dirichlet 000000,
O00 ue FNCy(F)OOOO

&l = &)+ [ (1)~ )T dy) ¢ [ wtw) stao)

E

0000000002000 E9 ExE\d000000 Radon 00 J(dzdy), EO000O
0 Radon 00 000000000 (Beurling-Deny 00). 000, d:= {(x,z) | z € E}.
O0,ueF (=FNL®E;m) 0000

/Efdu<u> = 2g(uf7 u) —5(U2,f), f € Fﬂc’()(E)

00000000 u (0000000)00000000. DDD,M@D My OO OO0

oobodb,ue A, 0OOO0OO M@DDDDDDDDDDDDDDDD.DDD

Froo ={u:E—=R|VGCE: 0000000, Jug € F s.t. u=ug m-a.e. on G}.

D000 ueFoe 0000, E000000 p, O pf, 00000

paB =2 [ () ) Sy, iy (B) = [ uw? i

00000. 0000, FC L¥E;m) 00 5, 0 Radon 00O000O, 4, 00000

(u) (u)
Radon 0000D00. 000, %, 0000000.

Floi={u € Fie | “gw 0 Radon 0D ODO }.

00.(2) E0ODODO p:ExE—[0,00]0,00000000000, L¥E;m) 00
0O Dirichlet 00O (£,F) 000000 (intrinsic metric) 000000: m.+m; <m
(0o0O00,me+m; 0 mOO0O00O0O00 d(me+m;)/dm <1 m-ae.) 0000 20000



Radon OO m.0 m; 0000,000 ACEOT>0000000 pa(x) :=inf ecap(x,y)
goog 30ooogag.

(i) panT e FL.NCE) (i) pl,, g <my () g, g < mes
L?(E;m) OO0 Dirichlet 00O (£, F) O,
FOF, Euu)=~Ewu,u), YueF
000000, (6,F) 000000000, (6,7 000000 A€, F)O0Ooooo,
Ag(E, F) = { (E.F) e AE,F) |u-veF, Yue Fp Yo e ﬁb}

0000 (E,F) 0O Silverstein 00000 ([5], [6]).
(&, Ffy 00O Dirichlet 00000 ([1]). 0000

Fref .= {u e LA2(E;m) | u™ € Foe,¥n>100 supuiz(ﬁf(E) < oo}
n>1

1 .
& (u,u) i= lim SpfI(E), we P

000,F0000 «0000 nO0O000 u™ :=(-n)VuAn. 00, Dirichlet 0000
O00D0D0 <O000000: Dirichlet 00 (£Y,FY) 0 (€2, F2) 0000

(ELF)<(EF) «= FlcF 00 (uwu) <& (uu), Vue F.

000,00 Dirichles 00 (&, F*) 0 (As(€,F),<) 0000000 ([4, Theorem 5.1]).

O00. L*E;m)0000 Dirichlet 00 (¢, /) 0000000 EOOOOOOO. OO0,
oboobobobobooboob00o rpODbOOO0ODOODODbDODDbDODO.

O0. D000, 00 Dirichlet 0O (£,F) O Silverstein 000000000, 0000,
(E,F)= (&<, Feyononooo.

O0. (i) Silverstein 0000000, 00000000000000O [3]0000000O.
(ii) [4, Theorem 6.1] 0000, 000000 Dirichlet 00O Silverstein 00000000
gboboogdbbodgbbogbob.ooobog,boobobooobooob,ogboo
goboboogoobbooood.

(i) 0000 Dirichlet 00O Silverstein 00000000 ([4, Theorem 6.3]), 00 OO
O000000000000000.00,00000000 Dirichlet 00000 [3]000
OO0000.000,000 Dirichlet OOOOO0ODOOODOOODOOODOODOOODOOO.

Ooog
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The probability distributions of
the first hitting times of Bessel processes

000000ooooooooo (moono)

1 d? 2v+1 d
00 000 =—s + — O00Qo0ooouoono 1 goooooogno
2 dx? 2¢ dx

0 v000000000000002»+20000000000002v4+2000
0000000000000000000000000 00 co00co00000
0000000v<-1000000000-1<rv<0000000000v200
00000000000000000v<-10000000-1<v<00000
000000

00000000 »00000000000 b00000000 7% 0000

T(gf'b)DDDDDDDDDDDDDDDD)\>ODDDDDDDDDDDD

(bV2)\)¥ 1
2vI'(v + 1) I,(bv/2))
0000<a<bh v>—10000Ee ) = & Tvlav2d)
b1, (bv2X
a="1_,(av/2))
b1, (bV2))
2y+1
I(|v])(av2A)”
VKV(CL\/_)
b=V K, (bV2))
0000 0000000000000K, 0000000000000000

Ciesielski and Taylor (1962) 002 +200000000+) 000000

000b>0,v>-10000E[e 0] =

(v)
DDD0<a§aV§—1DDDDE@*%qz

5
9

D00a>0,v<00000Efe 0] =

(v)
0000<b<a,veRODO0DOEfe o] =2

-v+1 .2

1 juk 73" t
E e 2b2
2T (v + 1)b? Jy+1(Gu k)

oobooodooooooooooboodd v>—-1000000000000v>0

00 O O O Borodin-Salminen (Handbook of Brownian Motion, Springer) O O 0O O

O0000000000O000000000
O<e<bOOOOOODOOOOOOOO

000. 000000000 J, 0000000000 {4k, 0000
idbv>-10000

v o0 3 j2
P&%%sw:1—a(é) ;&E@ﬁﬁif—;ﬁ
o =1 vk Jv1 (v, k)

2v v oo . 2
P(Ta(qyb) § t) = (é) _ 2(9) Z : J_y(a]_y’k'/b) e_ g;,th

=1 j—V,kJ—V+1(j—V,]€)
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DDO<b<aDDDDDDDDDy<ODDDD#”DDDDDDDDDD

000
21/
I(lv])a?
0000000D00<b<a0000Byczkowski et al (2006, 2007) D 000000
00000000000000000000000000000000000000
0000000000000000000000000000000000000
000
00000000000 K,0000 {2,,}0% 000000000 N(v) OO
v—1/200000000Jy-1/2000000000000 |v|—1/200000

000000000Re(2,) <00000000000000F, FM, F¥ 00
0ooooO0o

, b v+|v| b "2
F( )( t) = (_) Cl27r83 _la=b) s

t 2 o0 xr(a
F ( ) a—b {/ L|y\,a/b($) Copt |
\/27rs3 0 x

VN(V) t 2 2 (a— t
(1) ( ) K, (az,;/b) a—b _tegn? ooV
= Zv,j Z/—l—l(zl/,j) 0o V2ms3
cos(mp){I,,(cx) K, (x) — I,(z) K, (cx)}
(K, (2)}? + 72{1,,(2)}? + 2m sin(mp) K, () L, ()
ooo. 0<b<aDDDDDDDV:il/2DDDD
P( (V) ) F(V)( )

000y <3/2, v#+1/20000

P(rly) <ty = F (1) + BV (1)
O00v—1/2€Z,v#£+1/20000

P(rly) <ty = F () + BV (1)
O00v—1/2¢7Z, |v|>3/20000

P(r") <t) = B () + () + 5V (1)

2
tl/—l —%T

0000L,(z) = 0000

D000000P(RY) >4)0t—co00000000000000000000
F(t) = gt) + hO{1 +o(1)} (t — 00) O f(t) ~g(t) +h(t) D0DOODODO

O.0<b<el000O0Ot—o00o DO0OOoooooono
O00v=00000
2log(a/b)

logt
O00v<0O0OOO0O

P(rly) > t) ~ CL0)t”
O00Ovr>00000

, b 2v
P(Té’b) >t)~1-— (5) + Co(v)t™
0000 Ci(v), Co(v) 000000000000 0000



Stein method for invariant measures of diffusions via Malliavin
calculus

Seiichiro Kusuoka
Research Fellow of the Japan Society for the Promotion of Science (PD)
(Joint work with Ciprian A. Tudor)

Nourdin and Peccati showed that by applying Stein’s equation and Malliavin calculus we can
measure the distance between the standard normal law and the distributions of random variables in
D2 (the Sobolev space with respect to Malliavin derivative). This method is called Stein’s method.
And now, many mathematicians consider Stein’s method with respect to other distributions instead
of the standard normal law. For example, the Gamma distribution and the Pearson distribution.
In this work, we consider the generalization of the method to more general distributions by using
one-dimensional stochastic differential equations.

Let S be the interval (I,u) (—oo <1 < u < o0) and i be a probability measure on S with a
density function p which is continuous and strictly positive on S. Consider a continuous function
b on S such that there exists k € (I,u) such that b(z) > 0 for x € (I, k), b(z) < 0 for « € (k,u), bp
is bounded on S and

/l“ b(x)p(z)dx = 0.
Define

Then, the stochastic differential equation:
dXt = b(Xt)dt + a(Xt)th, t Z 0

has a unique Markovian weak solution which is ergodic with invariant density p (see [1]).
For f € Cy(S) (the set of continuous functions on S vanishing at the boundary of 5), let
my = flu f(z)p(xz)dx and define gy by, for every x € S,

Gp(x) == % /l ") — mp)p(y)dy = —% / "(F) = mp)p(w)dy.

a(x)p a(x)p

Then, g¢(z) == fom gy (y)dy satisfies that f —my = Agy and by the definition of my we have

1 . .

f(z) = B[f(X)] = a(2)3}(z) + b(x)gs (x)

where X is a random variable with its law p. This equation is called Stein’s equation. When u has

the standard normal distribution, S, a and b can be chosen as (—o0, 00), 2 and —z, respectively.
We can estimate the bounds of gy and g’f as follows.

Proposition 1. Assume that there exist I',u’ € (I,u) such that b is non-increasing on (1,1') and
(w',u). Consider f : S — R such that gy is well-defined and || f|o := sup,eg|f(z)| < co. Then
we have

Ngrlle < Cillflloo
lagyllee < Collflle

where Cy and Cy are strictly positive constants.

Proposition 2. Assume that if u < oo, there exists u' € (I,u) such that b is non-decreasing and
Lipschitz continuous on [v',u) and liminf, ,, a(z)/(u —x) > 0; if u = oo, there exists u' € (I, u)
such that b is non-decreasing on [u’',u) and liminf,_,, a(x) > 0. Similarly, assume that if | <
00, there exists I' € (I,u) such that b is non-increasing and Lipschitz continuous on (I,1'] and



liminf, ,;a(x)/(x—1) > 0; if | = —o0, there exists I’ € (I,u) such that b is non-decreasing on (I,1']
and liminf,_,; a(z) > 0. Then we have

13%1l00 < Cs ([ f1loe + 11110
for f € C4(S) where Cs is a constant.

We are now able to derive Stein’s bound between the probability measure p and the law of a
random variable Y in a certain class. Let D be the Malliavin derivative, D* be the adjoint operator
(the Skorohod integral operator) and L := D*D (the Ornstein-Uhlenbeck operator).

Theorem 3. Assume X ~ p and let Y be an S-valued random variable in DY? with b(Y') € D%2.
Then for every f: S — R such that gf,g} are bounded,

[B[f(Y) - f(X)]]

< 3511 || B | 3a(v) + (DL ) = B} DY) || + Nl DO

The bound in Theorem 3 is optimal in the following sense.

Theorem 4. A random wvariable Y € D%? with its values on S has probability distribution u if
and only if E[b(Y)] =0 and

E [;a(Y) +(DL™b(Y), DY)H’ Y} = 0.

Consider a distance between distributions of random variables F' and G on S defined by

dy(L(F), L(G)) := s [E[f(F)] - E[f(G)]], (1)

where L£(F) is the distribution of F' and H is a set of functions on S. By Theorem 3 we obtain an
estimate for the distance between X and Y as follows:

Ay (L(Y), 1) < sup ||G7]|E Hla(ﬂ + (DL HB(Y) —EB(Y)]}, DY>HH
feF

2
+ sup ||g|oc [E [b(Y)] ] (2)
fer

There are many kind of distances between distributions defined by (1). For example, by taking
H = {14,232 € (I,u)}, one obtains the Kolmogorov distance; by taking H = {f : [|f|[z < 1},
where || - ||z denotes the usual Lipschitz seminorm, one obtains the Wasserstein (or Kantorovich-
Wasserstein) distance; by taking H = {f : ||f||pr < 1}, where ||-||gr = || ||z + || - ||co, OneE obtains
the Fortet-Mourier (or bounded Wasserstein) distance; by taking #H equal to the collection of all
indicators 15 of Borel sets, one obtains the total variation distance.

By (2) and Propositions 1 and 2, we have estimates for the distances above. When inf,cg a(x) >
0, by using Proposition 1, we have estimates for all the distances in the example above. When
inf,es a(z) = 0, by using Proposition 2, we have estimates for the Wasserstein distance and the
Fortet-Mourier distance. Note that estimates for the Kolmogorov distance and the total variation
distance are failed when inf,cg a(z) = 0. If Y is expressed as an explicit function of some Gaussian
random variables, the bound in Theorem 3 can be calculated. Hence, we can apply these results
to obtaining the order of convergence for sequence of functions of Gaussian random variables.

References

[1] B.M. Bibby, .M. Skovgaard and M. Sorensen, Diffusion-type models with given marginals
and auto-correlation function, Bernoulli, 11(2), 2003 , 191-220.

[2] Seiichiro Kusuoka and Ciprian A. Tudor, Stein method for invariant measures of diffusions
via Malliavin calculus, arXiv:1109.0684v1.



Short time kernel asymptotics for Young SDE driven by fBm by
means of Watanabe distribution theory

Yuzuru Inahama (Nagoya University)

B N—AMEBH> 120777 a2tV 779 EEIC K> THEIS NS Y > 72 (1) Mo
HRRARDOME, REBR 7 PV 218 () /MM % RO A I BRI pe(a,a’) 2RO 2 LIS LT
W3, BIZIE[N]) t\0DEE, TDpa,a) OWHERE) 2GS L E L RVEMEEOD T, &
L CHAL, BISHAOEA (1] T FERADEEIZ (2] THAEERZFHRSTWwIEY, ) 7T 7y
fERTIC 81T 2 PN OMBIBOWNL G [3] Z 21X, Do LR, o LIOERIRE 2, &K (1, 2]
ElFEY, ZOmXTIEFARA () ICFY 7 MHEZLRALDT TS, BA»L LWL, FY 7 ME
D3H B L, WHLIEFH B ICEMEIC R 2,

Let (wg)i>0 = (w},...,wl);>0 be the d-dimensional fractional Brownian motion (fBm) with Hurst
parameter H € (1/2,1). Let V; : R™ — R™ be Cf°, that is, V; is a bounded smooth function with
bounded derivatives of all order (0 < i < d). We consider the following stochastic ODE in the sense of

Young;
d

dy, =Y Vi(y)dw] + Vo(y)dt ~ with  yo=a € R™. (1)
i=1
We will sometimes write y; = y:(a) = y:(a, w) ete. to make explicit the dependence on a and w.
First, we assume the ellipticity of the coefficient of (1) at the starting point a € R™.

(A1): The set of vectors {Vi(a),...,Vy(a)} linearly spans R™.

Under Assumption (A1), the law of the solution y; has a density p;(a,a’) with respect to the Lebesgue
measure on R" for any ¢ > 0. Let H = H¥ be the Cameron-Martin space of fBm (w;). For v € H, we
denote by ¢Y = ¢? () be the solution of the following Young ODE;

d
dg? = Vi(@))dyi  with ¢ =a€R".
=1

Set, for a # a’, )
Kg ={yeH|¢i(y)=d}.
If we assume (A1) for all a, this set K gl is not empty. If K g, is not empty, it is a Hilbert submanifold

of H. Tt is known that inf{||y|j3 | v € K¢} = min{[|7|/+ | v € K*}. Now we introduce the following
assumption;

(A2): ¥ € K¢ which minimizes H-norm exists uniquely.

In the sequel, ¥ denotes the minimizer in Assumption (A2). We also assume that || - ||,/2 is not so
degenerate at 4 in the following sense.

(A3): At 7, the Hessian of the functional K% 3 v+ |v/|2,/2 is strictly larger than Idys /2 in the form
sense. More precisely, If (—gg,0) 3 u — f(u) € K¢ is a smooth curve in K¢ such that f(0) = 7 and

£'(0) #0, then (d/du)?|u—ollf(w)lI3,/2 > II/"(0)]13,/2.

Now,we introduce several index sets for the exponent of the small parameter ¢ := t¥ > 0, which will
be used in the asymptotic expansion. Unlike in the preceding papers, index sets in this paper are not (a
constant multiple of) N = {0,1,2,...} and are rather complicated. Set A; = {n1 + %32 | n1,n2 € N}. We
denote by 0 = kg < k1 < Ko < --- all the elements of A; in increasing order. Several smallest elements
are explicitly given as follows; k1 = 1, ko = %, Ky =2, ky=1+ %, Ks = 3 A %, As usual,



using the scale invariance (i.e., self-similarity) of fBm, we will study the scaled version of (1). From its
explicit form, one can easily see why A appears.

We also set Ap = {r—1| ke A \{0}} ={0, - —1,1, % (3A %) —1,..}and A, ={s—2 |k €
A N{0,1,1/H}} ={0, & —1, (3A %) —2,...}. Next we set

A3 :{a1+a2—|—--~+am ‘ m€N+ andal,...,am €A2}.
In the sequel, {0 =1y < 11 < 1o < ---} stands for all the elements of A3 in increasing order. Similarly,
Ay={a;+as+ - +an|meNy and ay,...,a, € AL}

In the sequel, {0 = py < p1 < pa < ---} stands for all the elements of A% in increasing order. Finally,
A=A+ A, ={v+p|ves pe AL} We denote by {0 =Xy < A\ < A2 <---} all the elements of Ay
in increasing order.

Below we state two main results of ours, which are basically analogous to the corresponding ones in
Watanabe [3]. However, there are some differences. First, the exponents on the shoulder of ¢ are not (a
constant multiple of) natural numbers. Second, cancellation of ”odd terms” as in p. 20 and p. 34, [3]
does not happen in general in our case. (If the drift term in Young ODE (1) is zero, then this kind of
cancellation takes place as in [1, 2]).

The following is a short time asymptotic expansion of the diagonal of the kernel function. This is
much easier than the off-diagonal case.

Theorem 1 Assume (Al). Then, the diagonal of the kernel p(t,a,a) admits the following asymptotics
ast ™\, 0;

1
p(t,a,a) ~ tTH(CO et et )

for certain real constants cq,cy,,Cuy,.... Here, {0 = vy < vy < g < ---} are all the elements of Az in
increasing order.

We also have off-diagonal short time asymptotics of the kernel function.
Theorem 2 Assume (A1)—(A3). Then, we have the following asymptotic expansion as t \, 0;

1713 B 1
p(t,a,a’) ~ eXp(i 21;2;1{ + tzH—1>tr71{aAo + ax, M a2 4 )

for certain real constants B,ax; (j =0,1,2,...). Here, {0 = Xg < A1 < Ao < ---} are all the elements of
Ay in increasing order.
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Density of stochastic differential
equations driven by gamma processes
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Let a, b > 0 be constants, and fix T > 0. Let J' = {J}; t € [0,T]} (1 <i <
d) be (a,b)-gamma processes, that is, the process J* is a one-sided pure-jump
Lévy process without Gaussian component with the Lévy measure

v(dz) = g(2)dz, g¢(z) =az"te ™, 2z (0,+0),

and its characteristic function of the marginal for time ¢ € [0,T] is

E[eVT1] = (1 —v/=1¢/b) ™",

Suppose that the processes J', ..., J?% are mutually independent. The marginal
Ji at time ¢ € [0, 7] has the density function in closed form:

i

pi(y) = 0"yl D(at), y € [0, +00).
Let A; € Cp°(R?%; RY) (0 < i < d) with the invertible condition:

inf inf |det (I + 0Ai(y) z)| >0 (1 <i<d).

yeER? z€(0,4+00)
For a non-random point z € R we shall consider the R%valued process
{X:;t €]0,T]} determined by the stochastic differential equation of the form:

dXt == AO(Xt) dt + A(Xt_) djt, XO =, (].)

where A = (Al, .. .,Ad) and J; = (Jtl, e Jtd). Then, there exists a unique

solution {X;;t € [0,7]} to (1) such that, for each ¢ € [0,T], the function

R¢ 5 2 — X; € R? has a C*°-modification, and its Jacobi matrix is invertible

a.s. In this talk, we shall focus on the sensitivity, and the error estimate on the

densities between the solution and the driving gamma process. This is based

upon joint work with Vlad Bally (Université Paris-Est Marne-la-Vallée, France).
Let C; > 0 be a constant, and = € C°(R? @ R?; [0, 1]) such that

2(B) =0 (0 < |det B| < C1/2), E(B) =1 (|det B| > C).

The Girsanov transform leads to get the integration by parts formula for X.

*E-mail address: takeuchi@sci.osaka-cu.ac. jp.



Theorem 1 For ¢ € C} (R%: R), the following equality holds:
E[0kp(Xr) E(V7)] = E[p(Xr) O4(Xr, E(V7))]
for 1 <k <d, where VTX 1s the Malliavin covariance matrix for Xr.
Suppose the uniformly elliptic condition on A4; (1 < i < d):
infeega—1 infycra ¢ Ay) A(y)*y > Co,

under which there exists a C'°°-density for Xt with respect to the Lebesgue
measure on R¢ via Theorem 1. Using Theorem 1 also enables us to see that

Theorem 2 It holds that

E [H(XTGdy) E(ij()]

=E
dy

d
Zade(XT —y) Ok( X1, E(VY))
k=1

)

where Qq is the fundamental solution to the equation AQq = dgp.

We shall rewrite the equation (1) as follows:

T T
Xr = A(x)J Ao(Xs)d AXs)— A dJ
r= o+ A} +{ [ Ao+ [ (Ao - a@)ar,)
=: Gt + Rr.
Let C3 > 0 be a constant, and v ; € Cp°([0,+00); [0,1]) (1 <4 < d) with
Y,i(ui) =1 (u; > C3),  ¥1i(w) =0 (u; < C5/2).

Define v (u) = H?:l ¥14(u;) and pi(u) = H?le%i (u;) for uw = (uy, ..., uq).
Theorem 3 It holds that

where
P7(y) = 1 (A(x) " (y — w))}?%(A(w)jl(y — 1)),
Er = Ca(|Relp + IVE o + 1 HElp)-
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Local Smoothness of the Densities of Solutions of SDEs with
Singular Coefhicients *

Go Yuki
(Ritsumeikan University and Japan Science and Technology Agency)

Joint work with Arturo Kohatsu-Higa Tand Masafumi Hayashi *

1 Introduction

Consider the following one dimensional SDE of the form
t t
X, = 0 +/ (X,)dB, +/ b(Xs)ds (0 <t < T, (1)
0 0

where zp € R and (B):>0 is a one dimensional Brownian motion.

Note that if we assume that the coefficients of a hypoelliptic SDE are bounded functions
with bounded derivatives of any order, then the solution of (1) has a smooth density (see, for
example, Nualart[4]). In recent years, one of the directions in this area is to develop tools to
deal with the case of non-smooth coefficients.

Some related results have already been obtained for this problem, for example, Fournier and
Printems [1] proved in the case that o is a-Holder continuous with o > % and b is at most linear
growth then the density of X; exists for all ¢ > 0. In that case, they showed the existence of the
density on the set {x € R;o(z) # 0}. A careful analysis of their method shows that it is not
amenable to obtain any further properties of the density (such as Holder continuity).

For the multi-dimensional SDEs whose coefficients depends on time, Kusuoka [2] introduced
some special space denoted by V}, which is larger than Sobolev space and showed the relation
between the space V3, and absolute continuity. According to [2], one can show that the existence
of the density of X; on the set {x € R;o(z) # 0} when the coefficients are bounded, ¢ is twice
continuously differentiable on {z € R;o(x) # 0} and b is Lipschitz continuous on R.

2 Main Result

Definition 1. Let yo € R and € > 0. The law of X has a density function pyy on Be(yo) =
{veR;ly —wo| <e} if
BUCOL= | F5)pn()dy

for any continuous and bounded function f whose support in B:(yo).

Our main purpose is to prove the local smoothness of the density of the solution of (1) under
the following assumptions.

*This research has been supported by grants of the Japanese government and it profited from fruitful discussions
with Stefano de Marco.

fRitsumeikan University and Japan Science and Technology Agency.

fRitsumeikan University and Japan Science and Technology Agency.



Assumptions
There exists some yy € R and € > 0 such that

(Al): o and b are bounded on the open ball Bg-(yp). Moreover, énf( )|a(x)] > oo > 0 for
T€DB6e (Yo
some constant oyg.

(42) o € Cfo(f;’)ﬁa(yo))-
(A3): 071b:= — is a-Holder continuous on Bg. (o), where a € (0,1).

To prove the local smoothness of the density, following lemmas are useful.

Lemma 1. Let X be a R-valued random variable and ¢ be its characteristic function. Assume
that the following inequality holds for some positive constant C and 0 < o < 1.

p(0)] < 1A (ClO]1HY) (V0 € R).
Then the density function of the law of X exists and is v-Holder continuous for any 0 < v < a.

Lemma 2. Let X be a R-valued random variable, ¢ > 0 and ¢. be an element of Cp° which
satisfies that

1B.(0) < ¢ < 1B, (0)-

Fiz yg € R. Set mg := E[¢-(X — yo)] > 0 and consider Ly, the probability measure on R such
that

/R £ (dy) = - BF(X)0:(X — o),

for all continuous and bounded function f. If Ly, possesses a density py, then py, = mopy, s
the density function of X on Be(yo).

Thanks to Lemma 1 and Lemma, 2, if for ¢ > 0,
|E[eX 6o (X; — yo)]| < 1A (C10]70H) (v]6] > 1) (2)

holds for some positive constants C' and ~, then for any 7" € (0, ) the density function of the X;
exists and is 7/-Holder continuous on Bc(yo). Here, ¢, is an element of Cp°(R) which satisfies
the conditions of Lemma 2.

The main tool of our approach is Malliavin calculus which is well known as a method to
prove the regularity of a solution of a SDE. However, in general the above solution X is not
differentiable in Malliavin sense. To solve this problem, we use Girsanov’s theorem and localize
X by using some stopping times in order to deal with the local smoothness of the diffusion
coeflicient.

In our method, we consider a localization method for o together with Girsanov’s theorem in
order to treat the regularity of the density. The localization allows to change the process X by a
regularized version X for which Malliavin Calculus is applicable. The remaining problem is how
to deal with the change of measure which contains the non-smooth function b. At this point,
we use a similar argument as in [1], approximating the random variable X; by a corresponding
approximation. Then the change of measure is also approximated by its value at t—e. This allows
the use of the integration by parts formula. Finally, one needs to consider the approximation
error which will finally lead to the following result.

Theorem 1. Assume (Al),(A2) and (A3). Then for any initial value xo, any 0 <t <T and
any 0 < v < a, the law of X; has a y-Holder continuous density on Be(yo).

For examples of applications of the results obtained here, see [1] and [3].
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