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1 Introduction

1.1 Sobolev spaces on the Wiener-Poisson space

Probability space. We set (Ω,F) to be the product measure space (i.e., Ω = Ω1 ×Ω2,F =
F1 ⊗ F2), and denote ω = (ω1, ω2) ∈ Ω. We consider the product probability measure
P = P1 ⊗ P2 on (Ω,F). The completion of F with respect to P is denoted by F̄ . Sub
σ-fields F1 ⊗ {φ,Ω2} and {φ,Ω1} ⊗ F2 are identified with F1 and F2, respectively. We
set W (t)(ω) = W (t)(ω1) = ω1(t),N(dtdz)(ω) = N(dtdz)(ω2) = ω2(dtdz). The triplet
(Ω, F̄ ,P) is called the Wiener-Poisson space with Lévy measure µ.

The operator D(t,u). We define K := K1 ⊕ K2. Then K is a Hilbert space with the inner
product

(h1, h2) = (f1, f2)K1 + (g1, g2)K2

where hi = fi ⊕ gi ∈ K. We regard the operators Dt and D̃u as Dt ⊗ id and id ⊗ D̃u,
respectively. It should be noticed that the operators ε±u are also extended to Ω by setting
ε±u (ω1, ω2) = (ω1, ε

±
u ω2). Let us introduce the operator D(t,u) as

D(t,u) := Dt ⊕ D̃u : L2(Ω) → L2(Ω ; K);

for X =
∑k

i=1 X
(i)
1 X

(i)
2 ∈ P where X

(i)
1 ∈ L2(Ω1) and X

(i)
2 ∈ L2(Ω2), we have

D(t,u)X =
∑
i=k

(
DtX

(i)
1 X

(i)
2 ⊕ X

(i)
1 D̃uX

(i)
2

)
,

if X
(i)
1 and X

(i)
2 are in the domain of D and of D̃, respectively. The operator D(t,u) is a

closed and unbounded operator.

For t = (t1, ..., tk),u = (u1, ..., uk), let

D(t,u) = D(tk ,uk) · · ·D(t2,u2)D(t1,u1).

Let P = P1 ⊗ P2. Spaces P1,P2 are identifies with P1 ⊗ 1, 1 ⊗ P2 respectively. We
put for p ≥ 2

Dk,l,p = P̄ |·|k,l,p,

where

|F |k,l,p :=

(
|F |p0,l,p +

k∑
k′=1

l∑
l′=0

E

[ ∫
A(ρ)k′

(∫
Tl′

∣∣∣∣∣D
l′
t D̃

k′
u F

γ(u)

∣∣∣∣∣
2

dt

)p/2

M̂(du)

])1/p

. (1.1)

1 Some parts of this talk are based on joint works with M. Hayashi and with Prof. H. Kunita.
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The operator D(t,u) is extended continuously to Dk,l,p. Let

D∞ = ∩∞
k,l=0 ∩p≥2 Dk,l,p.

Among smooth functionals, we are particularly interested in nondegerate functionals
in the sense of Malliavin-Picard (functionals satisfying the Condition (ND) stated below).
An important property of a nondegenerate functional F is that for any n ∈ N there exist
k, l ∈ N, p > 2 and C > 0 such that for any ξ ∈ Rd

|E[eiξ·F G]| ≤ C(1 + |ξ|2)−q0n/2|G|k,l,p, (1.2)

where 0 < q0 < 1 is a constant independent of n. Putting G = 1, this inequality shows
that the characteristic function of F satisfies

E[eiξ·F ] = O((1 + |ξ|2)−q0n/2) (1.3)

as |ξ| → ∞ for any n. This implies that F has a C∞-density function.

Let S be the set of all rapidly decreasing C∞-functions and let S ′ be the set of
tempered distributions. Another important consequence of (1.2) is that for all s > 0 there
exist k, l ∈ N, p > 2 and a positive constant c such that for any φ ∈ S the inequality

|φ(F )|′k,l,p ≤ c|Fφ|H−s (1.4)

holds. Here (Hs, | · |Hs), s ∈ R are (weighted) Sobolev spaces on Rd such that ∪s>0H−s ⊂
S ′, and F denotes the Fourier transform. This equality enables us to extend the composi-
tion φ ◦F to T ◦F for a tempered distribution T , so that T ◦F is defined as a generalized
functional.

2 Itô type case

In this section we choose F to be Xt, where (t �→ Xt) denotes a Itô type process and t > 0.
We show the existence of the smooth density under such conditions..

A Itô type process Xt is given by the S.D.E.

Xt =
∫ t

0
b(Xr)dr +

∫ t

0
σ(Xr)dWr +

∫ t

0

∫
g(Xr, z)Ñ (drdz),

X0 = x.

Here the coefficients b, σ and g are infinitely times continuously differentialble with respect
to x. All derivatives of b, σ of all orders are assumed to be bounded.

2.1 Decomposition

We assume the function g satisfies

|g(x, z)| ≤ (1 + |x|)K0(z),
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|∇xg(x, z)|| ≤ K1(z)

for some positive functions K0(z),K1(z) such that
∫

Ki(z)µ(dz) < +∞ for p ≥ 2, i = 0, 1.

The flow condition means

inf
x,z

|det(1 + ∇g(x, z))| > C > 0.

A sufficient condition for the flow property is
Condition (D):

sup
x,z

|∇g(x, z)| ≤ 1
2
. (2.1)

We choose δ0 > 0 so that (2.1) holds for |z| < δ0.

We decompose the Lévy measure µ into the sum µ′ + µ′′, where

µ′(dz) = 1(0,δ0](|z|)µ(dz),

µ′′(dz) = 1(δ0,+∞)(|z|)µ(dz).

Accordingly we decompose N(dtdz) as N ′(dtdz) + N ′′(dtdz).

We decompose the probability space (Ω,F , P ) as follows: Ω = Ω′ × Ω′′,F = F ′ ×
F ′′, P = P ′ × P ′′

Let z′′t be a Lévy process given by N ′′(dtdz) defined on (Ω′′,F ′′, P ′′).

We denote by X ′
t the solution to the S.D.E.

X ′
t =

∫ t

0
(b(X ′

r) −
∫

δ0<|z|<1
g(X ′

r, z)µ(dz))dr

+
∫ t

0
σ(X ′

r)dWr +
∫ t

0

∫
|z|≤δ0

g(X ′
r, z)Ñ ′(drdz),

X ′
0 = x.

We write X ′
s,t = X ′

t ◦ (X ′
s)−1 for s < t. Then Xt is a solution to the S.D.E. driven by

X ′
t ⊕

∫ t

0

∫
|z|>δ0

g(x, r, z)N(drdz).

We assume, for any positive integer k and p > 1 derivatives satisfy

sup
t∈T,u∈A(1)k

E

⎡
⎣ m∑

i=1

sup
|zi|≤1

|∂ziD̃t,zX
′ ◦ ε+

u |p +
m∑

i,j=1

sup
|z|≤1

|∂zi∂zj D̃t,zX
′ ◦ ε+

u |p
⎤
⎦ < ∞. (2.2)
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2.2 Use of Malliavin calculus for small jumps

Let F ′ = X ′
t(x). Then

F ′ ◦ ε+
t,z = X ′

t,T ◦ φt,z ◦ X ′
t−(x).

Hence
D̃t,zF

′ = X ′
t,T ◦ φt,z(X ′

t−) − X ′
t,T (X ′

t−)

= ∇X ′
t,T (φt,θz(X ′

t−))∇zφt,θz(X ′
t−)

for some θ ∈ (0, 1).

This implies F ′ ∈ D1,0,p, and finally F ′ ∈ D∞.

Further we have

∂zD̃t,zF
′|z=0 = ∇X ′

t,T (X ′
t−)G(X′

t−, t).

In view of this we put for 0 < ρ < 1

K̃ρ ≡
∫ T

0
∇X ′

t,T (X ′
t−)G(X′

t−)BρG(X ′
t−)T∇X ′

t,T (X ′
t−)T dt,

and

Rx ≡
∫ T

0
∇X ′

t,T (X ′
t−)σ(X ′

t−)σ(X ′
t−)T∇X ′

t,T (X ′
t−)T dt

Then

Rx + K̃ρ =
∫ T

0
∇X ′

t,T (X ′
t−)Cρ(X ′

t−)∇X ′
t,T (X ′

t−)T dt,

where
Cρ(x) = σ(x)σ(x)T + G(x)BρG(x)T .

Definition 1 (1) We say F satisfies the (NDB) condition if there exists 0 < ρ0 such
that

(v,Cρ(x)v) ≥ C|v|2 (2.3)

holds for all x, t and 0 < ρ < ρ0.

(2) We say that F satisfies the (ND) condition if for all p ≥ 1, k ≥ 0 there exists
β ∈ (α

2 , 1] such that

sup
ρ∈(0,1)

sup
v∈Rd

,
|v|=1

sup
τ∈Ak(ρ)

E[

∣∣∣∣∣∣
(

(v,Σv) + ϕ(ρ)−1
∫

A(ρ)
|(v, D̃uF )|21{|D̃uF |≤ρβ}N̂(du)

)−1

◦ ε+
τ

∣∣∣∣∣∣
p

] < ∞,

where Σ is the Malliavin’s covariance matrix Σ = (Σi,j), where Σi,j =
∫

T
(DtFi,DtFj)dt.

Proposition 1 Assume the conditions (NDB) and (D). Then for each N ∈ N the family
{X ′

t(x)}x∈{|x|≤N} satisfies the (ND) condition.
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This implies that the estimate (1.2) is justified for F ′ = X ′
t0 . Since F ′ and N ′′ are

independent, putting ev(x) = ei(x,v), we have for any n there exist k, l, p and C > 0 such
that

E[Gev(F )] = E′′[E′[ev(F ′ ◦ ε+
q )]] (2.4)

≤ C(1 + |v|2)− 1
2
nq0E′′[{|F ′ ◦ ε+

q |nk,l,p × |Q̃′−1
ρ (v) ◦ ε+

q |nk,l,p}],
where Q̃′

ρ(v) = (v′, (R + K̃ρ)v′).

Our objective below is to show the finiteness of the R.H.S. of (2.4) under the condi-
tions (NDB) and (D).
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