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Laplace approximation for rough differential equations
driven by fractional Brownian motion

Yuzuru Inahama (Nagoya University)

In this talk, we prove the Laplace-type asymptotics for the solution of a rough differential equation
driven by (the lift of ) fractional Brownian motion of the Hurst parameter H (1/4 < H < 1/2). This
is an "FBM version” of the well-known result for SDEs driven by the usual Brownian motion. In this
talk. (stochastic or ordinary) differential equations are understood in the sense of the rough path theory.
Unlike the BM case (i.e., H = 1/2), the third level paths (the triple integrals) of FBM also play a role
when 1/4 < H <1/3.

A real-valued continuous stochastic process (wf!);>o starting at 0 is said to a fBm of Hurst parameter
H if it is a centered Gaussian process with

1
E[wfws | = §[t2H +s2H — [t — s|2H], (s,t >0)

H
s

This process has stationary increments E[(w —w!)?] = |[t—s|?H (s, > 0), and the scaling properity, i.e.,

for any ¢ > 0, (¢c" 7wk );>0 and (w]);>0 have the same law. Note that (wtl/Q)tZO is the standard Brownian
motion. For d > 1, a d-dimensional fBm is defined by (wf]’l, .. ,wf’d)tzo, where wl't (i =1,...,d) are
independent one-dimensional fBm’s. Its law uf is a probability measure on Cy([0, 1], Rd). (Actually, it
is a measure on C5~"*"([0,1], R%) for p > 1/H, or on C$~ " (0,1],R%) for a < H ).

For 2 < p < 4, let GQ,(R?) denotes the geometric rough path space. A R-valued finite variational
path z € C;~"*"([0, 1], R?) is naturally lifted as an element of G, (R%) by the followiing iterated Stieltjes

integral;

i o_
s,t T &z 1 2 G
X7, / doe, @ dxy, @ - @ day (1)
s<t1 <o <t; <t

We say X is the smooth rough path lying above z. In a similar way, for 1 < ¢ < 2, z € C§~ """ ([0, 1], R%)
can naturally be lifted, where the iterated integral in (1) should be understood in the sense of Young.

Let 1/4 < H < 1/2 and 1/H < p < [1/H] + 1. By Coutin-Qian’s result W (m). i.e., the lift
of the dyadic piecewise linear approximation w!(m) converges a.s. in GQ,(R%). We write WH =
lim,;, —0o W (m) and call it fractional Brownian rough path. (It is not possible to show the existence of
WH for 0 < H < 1/4 with their method. In a framework different from the original one of T. Lyons,
Tindel and Unterberger recently showed existence of the lift of w for any H. This "algebraic” framework
was proposed by M. Gubinelli and might be interesting.)

In this talk, we consider the following RDE; for £ > 0,

dYF = o(YE)edWH 4 B(e, YF)dt, Y$ =0. (2)

Here, 0 € C5°(R"™, Mat(n,d)) and 8 € Cg°([0,1] x R™,R"). Note that Cg° denotes the set of bounded
smooth functions with bounded derivatives. Note also that Y© is a GQ,(R™)-valued random variable.

Let H be the Cameron-Martin subspace of the d-dimensional fBm (w/?)o<t<1. By Friz-Victoir’s
result, k € HH is of finite g-variation for any (H + 1/2)7! < ¢ < 2. Hence, the following ODE makes
sense in the g-variational setting in the sense of the Young integration;

dy; = o(y¢)dky + 6(0,y,)dt, yo = 0.

Note that y is again of finite g-variation and we will write y = U(k).

Now we set the following assumptions. In short, we assume that there is only one point that attains
minimum of F and the Hessian at the point is non-degenerate. These are typical assumptions for
Laplace’s method of this kind. The space of continuous paths in R™ with finite p-variation starting at
0 is denoted by C}~"*"(]0, 1], R™). Note that the self-adjoint operator A in the fourth assumption turns
out to be Hilbert-Schmidt.

(H1): F and G are real-valued bounded continuous function on C{~"*" ([0, 1], R™) for some p > 1/H.



(H2): The function Fp := F oW+ - ||3,,/2 attains its minimum at a unique point y € H¥. We will
write ¢ = ¥(y).

(H3): F and G are m + 3 and m + 1 times Fréchet differentiable on a neighborhood U(¢°) of ¢° €

C{"""([0,1], R™), respectively. Moreover, there are positive constants My, Ma, ... such that
IVIF(m)(z,....2)] < M|zl
IVIG)(z, ..., 2)] < Mjl=lly,

(j=1,...,m+3)
(G=1,...,m+1)

—var?

hold for any n € U(¢°) and 2z € CJ~"*"([0, 1], R™).

(H4): At the point v € H*, the bounded self-adjoint operator A on H¥, which corresponds to the
Hessian V2(F o W)(v)|ym g, is strictly larger than —Idy s (in the form sense).

Now we state our main theorem. Under these assumptions, the following Laplace-type asymptotics
holds. (Below, Y5! = (Y¢)! denotes the first level path of Y*¢);

Theorem 1 Let the coefficients o : R™ — Mat(n,d) and § : [0,1] x R* — R"™ be C;°. Then, under
Assumtions (H1) — (H4), we have the following asymptotic expansion as € \, 0; there are real constants
c and ag, aq, ... such that

E[G(Y=") exp(—F (Y1) /e?)]
= exp(—FA(V)/gQ) exp(—c/e) - (040 +aje+ -+ ame™+ O(5m+1)),

The proof is similar to the one for Brownian rough path (i.e., the case H = 1/2). The following facts
are the keys; (i) A Fernique-type theorem for W#. (ii) A Cameron-Martin-type for W, (iii) Taylor
expansion for the It6 map or RDE (2) around the minimum point v € H*. However, (iii) was done in
the speaker’s previous paper.

For those who understand the proof for Brownian rough path, the most difficult part is perhaps how to
treat elements of the Cameron-Martin space H!, in particular, the proof of the Hilbert-Schmidt property
of the Hessian A. Thanks to Friz-Victoir’s result, those Cameron-Martin paths are of finite g-variation
for some 1 < ¢ < 2 such that 1/p+1/q > 1. Thus, we can use Young integration theory.

Consider the short time problem for the law of V4, which is a unique solution of the following RDE;
dVy = o(V)dW/ + b(Vy)dt, Yy =0.

Here, b: R" — R" is C}°, which is independent of small parameter € this time. By the scaling property
of fractional Brownian rough path, the problem reduces to studying following RDE;

AYE = o(Y9)edWH + Y Hp(YS)dt,  Y§=0

Although fractional power of € is involved, we can show that Theorem 1 above also holds for this case
since 1/H > 1/2. As a result, under certain mild assumptions, we can prove the Laplace-type asymptotics
for the law of V; as t \ 0.



Asymptotic expansion theorem of Watanabe for
Wiener-Poisson variables.

Masafumi HAYASHI !
Research Institute for Mathematical Sciences, Kyoto Universit
Y Yy

The asymptotic expansion theorem for Wiener functionals was obtained by S.
Watanabe [1]. Using this, he studied the short time behavior of the fundamental
solution to a heat equation. N. Yoshida[2], N, Kunitomo and A. Takahashi[3]
have applied this theorem to mathematical finance.

In this talk, we shall discuss the asymptotic expansion theorem on the Wiener-
Poisson space. As an application, we shall consider SDE with jumps

t t
S :xo—i—/ bosﬁ?dr+e/ a( S\ o dz,,
0 0
where € € (0,1) and Z; is a Lévy process, and give the following asymptotic
expansion formula
BI(K" — S{)4] ~ cre o -

where K(©) = 70 — ek (kg > 0).
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SPECTRAL ANALYSIS OF RELATIVISTIC SCHRODINGER
OPERATORS BY PATH MEASURES

Fumio Hiroshima

Faculty of Mathematics, Kyushu University

1 Relativistic Schrodinger operators
Relativistic Schrodinger operator with vector potential a is defined formally by
H=\/(p—a?+m?>—m+V,

where p = —iV, m denotes the mass of electron, a = (ay, ..., ag) vector potentials and

V an external potential. Let us suppose that a € (L2 (R%))% Then the kinetic term

loc
1

2(p — a)? can be defined through the quadratic form

(F.9) = 3 (s~ 4, (2 — ).

p=1

The self-adjoint operator associated with this quadratic form is denoted by h. Under
the assumption 0 <V, € L} (R?) and 0 < V_ is relatively form bounded with respect
to (1/2)p?, Then the relativistic Schrodinger operator is rigorously defined as a self-
adjoint operator on L?(R%) by

H=2h+m)?* —miV, V..

Her =+ is the quadratic form sum. It can be seen that C§°(R?) is a form core of H.
Let (T})i>0 be the subordinator such that E[e~%"t] = ¢~ #V2utm*=m) Iy addition to
condistions on a and V mentioned above we furthermore suppose that V-a € L (R?).
Then by using the Brownian motion (B;):>o independent of the subordinator the path
integral representation of (f,e ") is given by the theorem:

Theorem 1.1
(e M) = [ doBe® [FTBr)a(Br)e]

where the exponent S; is given by — fg V(Br,)ds — z'fOTt a(Bs) o dBs.

tH

From this path integral representation we can immediately see that e™*" is ultarcon-

tH maps LP to L4 for all 1 < p < ¢ < oo for Kato-class potential. This

tractive, i.e., e~
procedure includes not only relativistic Schrodinger operators, but also Schrodinger
operator with Bernstein function of the Laplacian, i.e. W(h) + V for any Bernstein

function ¥ such that ¥(0) = 0.



2 QFT version

The Pauli-Fierz model is a model in the so-called nonrelativistic QFED. This model can
be extended to a relativistic one. This model is defined on # = L?(RY) ® .Z, where

Z is a boson Fock space. Define

Hp=+/(p®1—aA?24+m2—m+V@1+1® Hpa,

where a € R is a coupling constant, A denotes the quantized radiation field given by
A, = [¥ A (z)dz under the identification # = [© Fdx and A,(z) by

) = ;/%eu(k‘,j) (a' (k. j)e** + a(k, j)e ) dk.

a’ and a satisfy canonical commutation relations [a(k, j),a' (K, j')] = 0;;0(k — k') and
{e(k,1),....,e(k,d — 1),k/|k|} forms an orthogonal base on the tangent space of the
d — 1-dimensional unit sphere at k, TSq_1. Hyaq is the free Hamiltonian defined by
Hioa = Z?;ll [ |k|at(k, j)a(k, j)dk. In the case of & = 0 the Hamiltonian is

(VpP+m?2—m+V)®1+1® Haq

and all the eigenvalues of \/p? +m2 —m—+V are embedded in the continuous spectrum
since 0(Hyq) = [0,00). Thus to investigate the spectrum of Hp but with o # 0
is a difficult issue. The boson Fock space is identified with the probability space
LX( M, o) with A = &%.7'(R?) endowed with a certain Gaussian measure p such

that E[«,(f),(g9)] = 5 [ Fk)g(k) (5/w — k“k”> dk. We can construct the functional

|k[*
integral representation of (F, e trQ).

Theorem 2.1
(F e Hrq) :/dew’O{ ~JoV(Br,)d /F(%,BT())G(%,BTt)@_ithM , F.Ges.
&

Here & is the Fuclidean version of # and <7, is the Fuclidean field with time t. The
exponent is of the form K; = fot% (p(- — Bs)) - dBs, where ¢ is the inverse Fourier
transform of ¢/|k|.

By means of this functional integral representation we can show that

1 Hp is self-adjoint on D(1/p?> ® 1) N D(1 ® Hyaq);

2 e Um/ANo—tHp (/2N g g positivity improving operator, where N denotes the
number operator ;

3 the ground state of Hp is unique;

4 the ground state is spatially exponentially decay for m > 0.

These results can be extended to more general models of the form:

1

with an arbitrary Bernstein functions.

(p@l—aA)2>+V®1+1®Hmd



A rough path as a simple object
and the problems *

Keisuke HARA (ACCESS Co.,Ltd.)
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LP-INDEPENDENCE OF SPECTRAL BOUNDS OF
FEYNMAN-KAC SEMIGROUPS BY CONTINUOUS ADDITIVE
FUNCTIONALS
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Vanishing of one dimensional L?-cohomologies of loop groups

Shigeki Aida
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DOR'O0DDOO0O0DDOOOODOOO'ORO0 DODOOODOD IformOd3=00000
oooooopooOooOOO0ObD FOOOODOOOODOOODOEF=p00000000O0O
gobooobooooboo

(i) D=ux,U;0 DO0O0O0O0OU,00000.000,D=U%,0,0000 DpNUgy1 #
gooooooooog

(i) O U;00df;=p00000000000O0O0O0O0O0OY;DODOOOO0Of/O000000O
goooobooboooobgod

(i) f;(1 + kOO0DDO0O0OO(000D0000O0O0O0O000)D, 00000000 F,00
000 Fr=fonU; (1 i kOOOO0OO0O0DDD0000,DiNUk#000000
00000 C,0000000 fu0 F, 00000000 fr 0000

(iv) D1 00000000 Fpyy 00000 Fyy = Fyon Dy, Fypq = friu 000000000

0000O0bOO00O0bOO0bOO0ObO0ObOO0O0 pPOODODODO FOdAdFP=p000000000
0o00o0.00 (G),yooooo ;00000000 (bo0oO0)oDooOooooOooooo
O0@Gv)0000000000000000DxNU, 0000000000 0DOO0O0OC, 0000
ogoooaao C’1DDDDx0€CO, rneCid00ooo fk+1($0):Fk(1'0)|:||:| fk+1($1):Fk(x1)
doooooooooobooooodooon0 pooooooOoooOoD,0OOOO00On
oo Co(t) (0 t 1), U000 oooooo Cl(t) (0 t 1)|:| CO(O) = C()(O) = oy,
aa(l)=c(1)= 000000000000000000 ¢,qO0OD0OO0OOOO0OODODOOO
c, 000000000 StokesO OO

1 1
|, sy oya [ sy Copar = ff s @, ae0) st

Odo=000000
Fy(z1)  Fi(zo) = fre1(z1)  frr1(zo)-

ooo fk+1($0):Fk(l'0) oo fk+1($1):Fk(x1)[| (iV)DDDDD.

000000000000 0000000 FrechetOOOOOODOODODOOODOODOODOO
o0oDoDo0ooo,000;0000000000.00000Malliavin000000D0O0OOO0O
000000000000 GUUOO0O00ODO0000OD0O0O000O0OD m(G)=0.0000
0 L(G) =C([0,1] = G| 4(0) =~v(1) =e) 000000000000 L(G)00000O0O0
oooboboo .00000 MalliavinOOOOOOOOOOODOODOODOODOODODODO
00000dO00000L(G)00

'HY(D,R)=0000000000000.




Theorem 1 (1) 1-form 0d =00000000000 fO0000df= OO0O.
(2) 1-formO0 0000 Hodge-KodairaODO OO O=dd*+d*d 0000 KerD=0. 000 d* O
I?’( J)O00D00000000.

00000000000000000000000000C0 [2000000000000000
0000000000000000OTheorem 1 (1)00000000000000000.
()0 (1)0D00O00000.

) GOO00D000000000 Wiener OO W¢ (d = dimG) 00 rough pathO0 0000
0 g
O00DODO0ODO0OO0O. 0000 DOO MalliavinDOODODOOOOODO closed
O 1form 0000000000000 OODOOODO ()0O@Gv)0O0O00OODOO

(II) ;000000000 roughpathOOOOO0O0O"00"000.00 0,00 1-form0O
gboobooboobooboooog.

(IIl) ODO0O0OO0OOODOOOOOO0OOO"H-OOOO"OOO. 000 L(G)Ooooooo
oo.

(IV) Malliavin 0 0 00O StokesD O OO OOO0O.

d=20000o0000000"00"0

1

Up = {w = (w',w?) € WE | max [0 o < 7, |, 0?) | < 7}

000.2/3<0<0<1,mOm(l ¢)>200000000.00 Clw',w?)s;= [l (w'(u)
wh(s))dw?(u). | |me 000000 VODODOO¢:A—-V, (A={(st)]0 s t 1}) O

od
1/m
(s, t)[™
[6lme = // | 2+' eddt} -

00w 000 w.,=w, w,00000000.0000000000000000000 20
000000000000 00D00O00000D,000000DOO0O0OODOOODODO0OD.O
U,000000000000000O00D0O.

References

[1] S. Aida, Vanishing of one dimensional L?-cohomologies of loop groups, preprint, 2009.

[2] S. Kusuoka, de Rham cohomology of Wiener-Riemannian manifolds,
Proceedings of the International Congress of Mathematicians, Vol. LII (Kyoto, 1990), 1075—
1082, Math. Soc. Japan, Tokyo, 1991.

[3] S. Kusuoka, Analysis on Wiener spaces, I, Nonlinear Maps, J. Funct. Anal. 98,(1991),
122-168.

[4] S. Kusuoka, Analysis on Wiener Spaces, II, Di erential Forms, J. Funct. Anal. 103 (1992),
229-274.



ON BEHAVIORS OF
MEASURE-VALUED MARKOV PROCESSES
WITH IRREGULAR PARAMETERS

ISAMU DOKU

Department of Mathematics, Saitama University

Let D be a domain of R% Let C:F(D) be the space of non-negative
continuous functions on D with compact support. We denote by C*7(D)
the usual Holder space with index 1 € (0, 1], which includes derivatives
of order k, and in particular we simply wrire C"(D) instead of C*"(D).
Let L be an elliptic operator on the domain D of the form

1
L= §V aV+b-V
d d
1 0 0 0
1 =3 i () 5— bi )
) PIH (eutrg; ) + by
where the matrix a(z) = (a;;(z)) is symmetric and positive definite

for x € D. Suppose that a;j(z) € CY"(D) and b;(x) € CY(D) for
1,7 =1,2,...,d. We often write

2) <wﬁ=éj@ww)

for the integral of measurable function f with respect to the measure
vonD.

We set Lo = L + 3 on the domain D. Let A\, be the generalized
principal eigenvalue for L.

Theorem 1. Let \. > 0. Suppose that the operator L = L + 3 — A\, s
subcritical. Let X = (X,,IP,) be the (L, 3, c, D) superprocess. Then we
1



2 ISAMU DOKU

have
(3) lim e *'E,[(X, g)] = 0

t—o00

for any g in the space CH (D).

Next we consider the behaviors of a class of measure-valued Markov
processes with irregular parameters. Suppose that d = 1 for simplicity.

Let X = (X, P,) be the (L, do, o) superprocess. We denote by A the
generalized principal eigenvalue for the operator £ = L + dy, and we
define C = {u > 0; (L — A)u = 0}. Suppose that C # 0.

Theorem 2. Suppose that L — X s critical. For o € C, we have

(4) lim e_’\tng (Xt,9) = K - p(z),

t—o00

for any g € Ce(R) with K = (¢, )12/l |72



Hypoellipticity and ergodicity of the Wonham filter as a
diffusion process

Takashi Tamura (Osaka University /JST PRESTO)
Yusuke Watanabe (Osaka University)

1 Introduction

The ergodicity problem of the Wonham filter as a diffusion process is discussed. We show
that an ergodic theorem of degenerate Markov diffusions is applicable to the problem even
when the Wonham equation is degenerate. Under a certain condition, the Wonham equation
satisfies Hormander’s condition and the Wonham filter has a continuous transition density.
From these results, we obtain that the transition kernel of the Wonham filter as a diffusion
process converges to a unique invariant probability measure as ¢ — oo under the condition.

2 Settings

Let us introduce a pair of continuous time stochastic processes (X, Y;), where X; and Y;
represent the signal and the noisy observation of X; respectively. X is a finite-state
continuous-time Markov chain with finite state space £ = {e;, - ,e4} and a Q-matrix
A := (Njj)1<ij<d 8s a generator. Y is a one-dimensional process defined by

t
observation Y, := / 9(Xs)ds + 0By, (1)
0

where g : £ — R, ¢ > 0. The observation noise B, is a one-dimensional Brownian
motion independent of X;. Set g; := g(e;). Let G be a diagonal matrix with Gy; := g;.
Without loss of generality, we can assume that g; < g; if ¢ < j, and that 0 < g; for each
1 <14 < d. We are interested in the asymptotic behaviour of the conditional distribution

bt = (pt17 o 7p;€1>7 p; = P(Xt - ei|yt)’ (2)

where ), := o(Ys : 0 < s < t). The dynamics of p, is described by the following stochastic
differential equation (SDE),

dpl = (A p)'dt + pi{gi — pi(g) Yo 2{dY; — pi(g)dt},

. 4 3
pazﬁz7 izl?‘”udu ()

where p;(g) = Z?Zl g(e;)pl. This SDE is called the Wonham equation. Tt is well-known that
the process

R A



is a one-dimensional Brownian motion adapted to };. Therefore we can rewrite (3) as

dp; = (A po)'dt + pi{g; — pe(g) o~ dW,
=: Ul(pe)dt + V¥ (py)dW, (4)
= U'(py)dt + V' (py) o dWy,

where U'(p) := Ui(p) — 1/2 2?21 Vi9;Vi(p). We define

Si={recR"|0< <1, 2?21 x; = 1} (simplex),
Iy ={reR'|0<z <1, Zle x; < 1} (interior).

Notice that Zle p! =1 holds and p; is a diffusion on S;. Hence we study the
d — 1-dimensional diffusion

qt -— (pi7 cee 7p:€i_1)

in Zy_ 1, and will show its ergodicity and so on. If ¢ is ergodic in Z;_ 1, we say that the
Wonham filter is ergodic. The filter ¢; satisfies the following SDE;

dg; = A'(qe)dt + B'(q;) o dW, (5)
for 1 <i<d—1, where
Ai(le s 7Qd—1) = Ui(q17 -5 4d—1, 1- Zj;ll QZ)a
Bi(fh, e >Qd—1) = Vi(Qh coyGd—1,1 — Z?:_ll Qi)~

Let Q:(q,-) be the transition kernel of ¢;. We show that the vector fields, A?, B’ satisfy
Hormander’s condition under a certain condition.

3 Main Result

Here we state our main result.
Assumption 1. Q-matriz A is irreducible. g; — g; # g1 — gx holds if (i,7) # (I, k).
Assumption 2. Q-matriz A is irreducible, \q # 0, and A\g1 # 0. g; < g; holds if i < j.

Theorem 3 (Main Theorem). Assume Assumption 1 or Assumption 2. Then q has a
continuous transition density on Ly and a unique invariant probability measure v on Ly 4.
Moreover it is exponentially ergodic on Ly 1,

1Q:(q,-) — V|| < Rie™®"  for all q € Ty 4,
i.e., the Wonham filter is exponentially ergodic.

Here || - || denotes the total variation of measures on Z,;_;.



Spectra of Non-symmetric Operators

Yusuke IKENO Ichiro SHIGEKAWA
Kyoto University Kyoto University

1 Introduction

In this talk, we discuss spectra of non-symmetric operators. We computed
the spectra of

1. generator of Brownian motion with drift,
2. Laplacian with rotation, and

3. Ornstein Uhlenbeck operator with rotation.

2 Spectrum of a non-normal operator
Let A = % + ¢ acting on L*(R, o), where
o(dr) ={(1 0)+ e “}dx, (1)

and ¢ 0. These { p}o ¢ 1 are invariant measures of A.
A is a self-adjoint operator for § = 1, and normal one for § = 0. In these
two cases, we can compute spectra of A as follows by the Fourier transform.

Theorem 1 Let o, 1 be spectra of A for 8 = 0,1, respectively. Then
Oz{z:x+iy€C;02x:y2}, (2)

and

{Z o ) .

*November 5-7, 2009, ”Stochastic Analysis and Related Topics ” in Tohoku University
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Since A is not a normal operator for 0 < # < 1, we need another way to
compute its spectrum. The relation

L*(R, 4) = L*(R, ¢)NL*R, 1) (4)
gives an idea to compute the spectrum. It is computed as follows.

Theorem 2 For 0 < 6 < 1, the spectrum of A is oU 1.

3 Perturbation by rotation

3.1 Laplacian on R?

Let L be
0? 0 0 0
=— = — oy L*(R?, dudy). 5
The spectrum of 8‘9—;2 % is R>o. There are many eigenfunctions
corresponding to a spectrum.
Using polar coordinate, we get;
Theorem 3 The spectrum of L is
{ +in; 0, ne€Z} (6)

and the corresponding eigenfunction to  +in is J‘n|(\/_7’)em9, where J,, is
the Bessel functions of st kind of order m. Here (r,0) is the usual polar
coordinate.

3.2 Ornstein Uhlenbeck operator on R?

ox?  Oy? ox y@y dy Y or

Let L be

2 2
acting on L*(R? e %da:dy).
The spectrum of Ornstein-Uhlenbeck operator L is {0,1,2,...} and cor-
responding eigenfunctions can be represented by Hermite polynomials.
For  # 0, the spectrum is clearly determined by complex Hermite poly-

nomials I\ [ 9\
7) — a5 [ il Z
H,,(z,z):=( 1)P"e (82) (02) e 2. (8)

Here, we regard R? as C. Then we have;

2



Theorem 4 The spectrum of L s

{p+a)+@ ) i}y (9)

and corresponding eigenfunctions are H, , respectively.

Let V,, := {Lof = nf}. Then by formulae of complex Hermite polynomi-
als,

V.= @ CH,,

ptq=n

This decomposition corresponds to a rotation group. H, , is rotation invari-
ant. Under the polar coordinate, H,, , satisfy a di erential equation.

Theorem 5 Complex Hermite polynomials H, , are expressed as following;

_ |2
Hyn(z,2) =cLy, - | (10)
where L, = %d%(e Tx™) are Laguerre polynomials and c is a constant.



7T MENER—T DY 7 FRRIEIC DOV T
WERE  REEKE

HERAEZEM Q = C([0,00) — R) EORIETKR TEZOND bDEEXD:

> du
W = ™ e 1
/ V21 (1)
fB L, N IIREEDBFEE~DES u DT T 748, RIZ3RITA Y 2VBREOXFME,
v) o RIZZN 6 DEZMIITENTTE DEDHHATHDH. ZOHIE # 13759 VILE
FnE]EE (see, e.g., [3]) ITH—HIRMAEZE 25 b D L LT Najnudel-Roynette-Yor 512 X5

THAINE ([2]). BIE 7 1% Wiener JIE O RFEFMREN O/ LINDED, £ONHLD
1$H HRAE CTTRBRICFEAZHTERANIZOWTOT T U BB ORI AXNTH 5:

7t on ]: —
A / - ¢ 1w o pft—w
/ V2mu ( * )

roughly > du (u)
— ——— (Y eR)=¥.
t—00 0 \ 2mu ( )

ZZT, MO IEIXPMET T U AAEREE (meander) DA T D . HERHIE T 0 M-
BILOII™ e RITTFHD X 5 REERBROSM TH S:

A
N\ )
4 . M(’o—u) ™R

N —— $ k’B\m\:‘mi an  3-dim
riwni 3
bvi&ﬂe me:Zr \ bri 3 Bess=Q

X ZEEREEL, Fi=0(X,:s<t), Fao=0(X,:5>0) B, PEVITIF. L
TN X T7~ERTHDD, Wiener HIE LR THD. —FH T, W ICAIESIRESR
Z T CESL LR E1X4 F, | T Wiener I £ & faxhiERfi Th 5.

TITOHML, #ITHTBAI AL =T 4 VAR, TRbBETRENCET S
WAREMA RTZLETHDH. EEHIILUTOEY THA.

() E-mail: kyano@math.kobe-u.ac.jp URL: http://www.math.kobe-u.ac. jp/ "kyano/



FE 1 ([4]). he = [) f(s)ds, f € LPNL EETH. ZDLE, LEOIEA F.-THIE
BFIZxL,

VIE(X +h)] =W[EX)E(f; X)] (2)

DRV Lo, AL, E(f; X)IFRTEZOND:

(i) = ([ ax.— g [ reras). )
LoEEICIENTHEND Wiener % [[° f(s)dX, 1%, [ e L*(ds) N L' (2 R DEZ,
BB BIEOR I K- THER S LD ([5]).
EE 1 OFEHIIRDOFIETRIND.
() honr = [, f(s)Ljor)(s)ds DEFE. ZDLE T W DL T ([2)):
W Z(X)F(0:.X)] = W [Z(X)Wx,[F(-)]] (4)

WA Z LT Wiener I EDOBRSICIFEINS.

(i) —fXDOHZENX, T — oo &T5. ZOLTHEENBEEE(S; X) & 0HFHEDOFHm A3
ngiﬁéi)) Wiener BANRT IR THW D TRERBMETHD. ROTEHEHNEE
B B R

EH 2 (AR-#8Yor [1]). fEED f € L? LAEEDHAMBIE ¢ IZx L,

rlo ([ renz)| <wlo( [T reax) 6

MELD SIS, BL, Wit Wiener HIEETH Y, X, = X; — RT[X,] iZhiMER v LB
LIREND.
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An upper estimate of the martingale dimension for Sierpinski carpets

HEF IEGI (Masanori HINO)  (BLHEPR:)

WRBRRIcEENDE T/ A4 X)) OFBEEZMZ2 1 2OBELLT, wAVF T =X (74 bLb—vay
DEMEE H\VH) LI HENH 5, FEREICIE L TS ICERSRZ 205, 2 CIREMRITIER
Dirichlet AU (B L 7 WEMEBOBRIC N T 2 EHE U T D X 9 152 3.

K %J&iFa >y 8 S sy Bigsei, p % K Lo oA Borel MIEE, (€,F) % L2(K, u) EOMISATFENI0HE
Dirichlet XAk L, {X,} % (€, F) ISIts 3 K LoWBoBfRE: 3%, 22 ¥ —HHROLF > 77—
WIS E M TEbT. M e M ®2REN% (M), (M) IShIET 2 Revuz MIEEZ iy 55 & &,
BB f € L2(X, poary) I L CHERRESY fo M € M2SEE %, [ e CuK) B5IE (foM), = [{ f(X,)dM,
R CRILTE %,

BE L (X} (FE(E,F) o MENBBICEIT 2) vV F v 7 — LRt eld, ROWHE %7 THRAD
PEZLU{+ool DI ETHS: 5% (MDY C MBEELT, fFED M € M & {MO} I2f¥ %0
TEDMERBETIC L 2R 2RO,

M, = Zp:(w) e M@, t>0.
i=1
E(f,f)=0 w0 ARAEAZRE, v LF v 7r—AXnd 1 M ETH2, R ED Brown B0 < LT v
T=NWRIGIE dTH 5, £ H—#IC, Riemann k2 Ko KA MICAHES % B % Dirichlet JEUCBY§ % <
NF = VRTGE (BPD RS T T) BEMOXITICHE L, F, 2 DoFfE A #)RATER Dirichlet
B (ED,F) & (E@, F) IS T v F v 7 —VRItld% L v ([4, Proposition 2.14]). T %L % — il
ZRGTR VT V7 — VRICD NI R E R TTEE D H S 1T 5 ([4, Theorem 3.4]).

INSDFEZEE R, BREM K 8777 90VD %) BBIE2F R EEDOLEEED L) RV
o TR DFHNS 2 LI, T TEROBIE L VI BERLIADTZNA D ICHIRDH 2METH 5. RAIDHG
HRAIHERA R [5] 12 & 5 (fEEXILD) Sierpinski gasket D Brown #EJIZOWTDOH DT, ZNZIHEL
7 DWRDEMTH 5.

EE 2 ([3]) peof BOMHPES K (K128) 236 2 KR 50 (x) 2R 72335, K 25ERIZ 3/
Wiz Rio & &, ZHUSHBEL CTE % % H MM Dirichlet TEX D < L F v 7 — L RIGIE 1,

Gt (%) DAELIBIZEMET 5235, nested fractal I3 IS 2 D5MFE AT, K1 DF T D Hata’s tree-like set 12
DTUE (%) DIR D VAT, R 2 1A T E s, RIS X D R ) R UKSRDSIRALT 2 ([4]).

SCHk [3] 121 2 2 DFEHICIE, B K 23HIRTINTSH Y, Dirichlet XA HRME DT {A;} D
BEoOMmRIc X hERHZINS Z L, 8 XU Perron-Frobenius DEMMNE A; ICHHTE S Z L (2 2 THM (%)
ZH2) BAERICTW S,

TIRERDEN 7 7 7 9 NVDEEIZE ) E V) OVKFHOTETH 5., WHIGEL (RSN TVWS
(LA EME—DHITH %) generalized Sierpinski carpet (X2 2H) 1>V TH Z %, Sierpinski carpet K
& % ® k@ Hausdorff JIEE p icBIL T, K OXFRMES non-diagonality %Dl 244 F <, L?(K,p) Eo

L HBIEER c1,c0 DEELT, HED fe FINLTaED(, 1) <ED(f, ) < c€D(f, f) kBT L,



1 p.cf ACOHLPEGOH, Bz TER A, 2 Sierpinski carpets

FEE W7 B CAHEL Dirichlet JTEX 237272 1 DFHEL, NPET 2 B py(x, y) 1EXOFHTi %2 4723 ([1, 2)):

_ doy 1/(dw—1)
pt(x,y)%clt_dsmexp —Ca <|xty|> > , 0<t<1, x,y€e K.

ds ZAXRY FIVRIG, dy 274 — 7 RLEWS, F7z, df 7 K O Hausdorff XoG & 9% & &, BRI

2d
duds = 2dys, dy > 2, dy < df, dy> —2—>1
1+df

DR D 37D, ST AIABORMES TR TH 2720 DRESEME d, <2 TH B, ZD L) BIRMOT,
FEHIIRD X I IR 13,

BE3 vNF VT —=NKINE dyn ETBEE, dpy < ds. FFICHABOBEED SRV T H UL, d,, =

AEADEHIEI 2 L xR s, ffHEOLD d > 2, d, < oo & L THIEEBRRS, 3 K 25 Rin
ANOROWHEEZ RO “HRGHR” PEET LI LE2RL, RICZOERICE S (E,F) Oy R Lo
Dirichlet T3\ & & 2 BEHEWRETH 2 2 L 23T, b L dy, >ds 551F, (€,F) B3A7§XE Sobolev D
AERICKT % &9 %BI%ES2, R Eo Green BB (OFAMEHRIC L 251 EHL) 2 THRTE, F
JEOHEL 5. Ok p.of HOHBEAICN L CHEMTE, T2 1BV TRIISM (x) ZHI 5T
LIRS D IO 2 EbREN D,

SEXH
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Infinitely dimensional stochastic differential equations for interacting Brownian motions
Hirofumi Osada (Kyushu University)

Let S = R? and let S be the configuration space over S. Let 0:SxS—R? and b:SxS—R? U {A}
be measurable functions. Here A means an extra point. Let a = oo!. We assume there exists a positive
constant ¢; independent of (x,x) for each (z,x) € SxS such that

d

0< D apn(@, ))& < c1lé* for all € = (&,) € R™. (1)

m,n=1

For X = (X%);eny we set (X, X ) = {(X}, X )} € C([0,00); SxS) by

J#1,jEN

We study the SDEs of the form:
dX} = o(X}, X YdB; +b(X], X! )dt (i € N). (2)

Let S = SN. Let & and b be the functions of (z, (x;)jen) defined on S x S being symmetric in

(xj)jen for each x and satisfying

(z, (z;)jen) Z Oz, )5 b(z (%) jen) Z Oz )- (3)

JEN JeEN

Then we can rewrite (2) as (4)
dX] = 6(X], (X]);2)dB} +b(X], (X]);z)dt (i € N), (4)

Let a = 56" Write a = [ag]1<k,1<a and b= (Bk)1§k§d~ Then intuitively the generator is

d
1 . o
L:=_ g E akl(sza(sj)jell,j;éz E g bk Sza 3] je]I,];ﬁz) . (5)
2 < 85 8511 0s;
€N k,l=1 €N k=1
Here s; = (si1,...,58q) € R

Our strategy to solve SDE (2) (and (4)) is to use a geometric property behind the SDE (2). We
first consider invariant probability measure p of the unlabeled dynamics associated with (2). Namely, we
consider a probability measure p whose log derivatve d* satisfies b(z,y) = {V.a(z,y)+a(z,y)d"(z,y)}/2.
Here d* is the log derivative of the measure u! given by (6), and the definition of d* is given by (12).

Note that for a given pair (a,p), b is determined uniquely. We construct the unlabeled diffusion
associated with (a, p) by using the Dirichlet space given by (a, 1) and prove the labeled process consisting
of each component of the unlabeled diffusion satisfies (2) and (4).

If there were a Dirichlet space associated with the the (fully) labeled diffusion X, we could use Ito
formula for each component X® and X°X7, and prove X satisfies (5) since all coordinate functions
2, 2%27 (i,j € N) would be in the domain of the Dirichlet space locally. We emphasize that no Dirichlet
spaces associated with the (fully) labeled diffusion X exist. So we instead introduce an infinite sequence
of Dirichlet spaces associated with the k-labeld process {((X},..., XF, Y iskOx ))} forall £ =0,1,....

This sequence of the k-labeld processes have some the consistency and satisfies the SDEs (2) and (4).



Let 41 be a probability measure on (S, B(S)). Let p* be the k-correlation function of y with respect to
the Lebesgue measure. Let ;* be the measure on S* xS defined by

pF(AxB) = /A,ux(B)pk(X)dX. (6)
Here x = (z1,...,xk) € S* and dx = dzy - - - dxy,. Moreover, lix is the Palm measure conditioned at x:
k
ux:u(ofz&ds(xi)ZIforizl,...,k). (7)
i=1

We now introduce Dirichlet forms describing the k-labeled dynamics. For a subset A C S we define
the map 4:S—Sby A(s) =s(AN-). We say a function f:S—R is local if f is o[ 4]-measurable for
some compact set A C S. We say f is smooth if f is smooth, where f ((s;)) is the permutation invariant
function in (s;) such that f(s) = f((s;)) for s = > ;i Os,-

Let D, be the set of all local, smooth functions on S with compact support. For f,g € D, we set
D[f,¢]:S—R by

).0F o
P o
Here s =}, 05,8, =34 0s;, and s; = (831, ..., 8ia) € S.
For k € N let D = C§°(S*) ® D,. For f,g € DF let V&F[f, g] be such that
0f(x,s) 9g(x,s
VaH(f, 6)(x,5) Z S a2 005) Daxs) (©)

=1 m,n=1 8I7m axl"

where x = (x1,...,73) € S¥ and z; = (z41,...,7iq) € S. We set D*F by
D*(f, gl(x,5) = V¥*[f, g](x,5) + D*[f(x,-), g(x, )](s)- (10)

Let L2(u*) = L2(S* xS, k). Let (£, D) be the bilinear form defined by

et ()= [ DL, DR {feDENI G EF () <o) ()

We assume there exists a probability measure p on S satisfying (A.1)—(A.5):
(A.1) p* is locally bounded for each k € N.

(A.2) There exists d* = (d%,)m=1,..4 € {LL.(u')}? such that
/ d* fdu' = — V,fdu' for all f € DL. (12)
SXS SXS
Here V, f(z,s) = (%fj))mzl,...,d; where z = (x1,...,24). Moreover, the column vector d* satisfies
1 1
= f{V$a}d“ + fad”, be L (uh). (13)

Here V,a is the matrix defined by V,a = [22ma(zs)]

Oxn,

(A.3) (E€2F DFY is closable on L2(p*) for each k € {0} UN.
(A.4) Cap”({Ss.i.}°) =
(A.5) There exists T' > 0 such that for each R > 0

r > 2
lim inf pt(x)dx)} - A(———=) =0, where £(t) = (2 _1/2/ e "2 qu. 14
mint{ [ o) ) M=) [ (1)



Let (£2% D) be the closure of (£2%, D) on L2(u*). It is known that (£2F, D2*) is quasi-regular
and the associated diffusion exists. Cap” in (A.4) is the capacity of the Dirichlet space (£%°, D0 L2 (y)).

Theorem 1. Assume (A.1)—(A.5). Then there exists a set So € B(S) such that
/L(So) =1, So C Ss,i‘7 (15)

and that, for all s € k=(Sg), there exists a SN_valued continuous process X = (X")ien, and RN-valued

Brownian motion B = (B%);en satisfying

dX; = o(X{, X! )dB; +b(X;,X} )dt (i € N) (16)
XO = 8. (17)
Moreover, X satisfies
P(k(X¢) €Sp, 0 <Vt <0) =1, (18)
P( sup |X}| < oo for allu € N,i € N) = 1. (19)
0<t<u

Let x:SN—S such that £((s;)) = >, 0s;- Let fpaen:C([0,00); SN)— C([0,00); S) such that kpaen(X) =
Zi 5Xti-

Theorem 2. (1) Let Sg be the subset of SN defined by So = k= (So). Let Py be the distribution of X
given by Theorem 1. Then {Pg}ses, is a diffusion with state space Sy.
(2) Let s = k(s). Let P be the distribution of X := kpatn(X). Then {Ps}ses, is a p-reversible diffusion

with state space Sq.

Example 1. Let ¥(x,y) be a Ruelle’s class potential that is smooth on {x # y}. Let ug be the associated
canonical Gibbs measures. Then (A.1)-(A.3) are satisfied. The sutablity of (A.4) and (A.5) is easily
checked.

Example 2. Let ¥ be the 2D Coulomb potential ¥(z) = —2log|z| (z € R?) with = 2. Let d = 2.
Then the associated SDE becomes
Xi - Xj

t Ot

THOO\XZ'—XfKT
Theorem 3. Let pu be the Ginibre random point field. Then there exists a set S C (R?)N such that
P2 ienOz:5% = (w3) € S}) = 1 and that (20) has a solution for all initial points x = (2;)ien € S.

Moreover, for all initial points x € S,
P(X; € SN Sgingle for allt) = 1.

Here Sgingle = {s = (s;) € (R*)N; s; # s ifi # j}. More precisely, there exist (R?)N-valued process
X = (X% ;en and Brownian motion B = (B*);en such that the pair (X,B) satisfies the SDE (20).

We remark that the DLR equation for u does not make sense. However, by (20) one can say y is a
measure with 2D Coulomb interaction potential ¥. Indeed, p is the reversible measure of the unlabeled
diffusion X; = Y7, x:, where the associated labeled dynamics X; = (X{) € (R*)" is the solution of
the infinitely dimensional SDE:



The Ginibre random point field x is a probability measure on the configuration S over R2. It is known
that p is translation and rotation invariant. Moreover, u is so called a determinantal random point field

whose n-correlation function p™ is given by

P, an) = det[K (24, 25)]1<i j<n, (21)
where K :R? x R?—C is the kernel defined by
1 2 2 B
Ke.y) = Lexp(~ 20 - W5y o (22)

Here we identify R? as C by the obvious correspondence: R? > z = (z1,22) — x1 + v/—1z3 € C, and
7 = y1 — v/ —1ly» means the complex conjugate under this identification.

The key point of Theorem 3 is to calculate the log derivative of the one moment measure pu' of the
Ginibre random point field pu.

The solution satisfies the second SDE:

Theorem 4. For each s € S, (X,B) in Theorem 3 satisfies

. , , Xi—XJ
dX! =dB! — X!dt + lim —t "t 4t (ieN 23
! R _Z_ X7 - X2 e %
|X{|<r, j#i

XO = 8. (24)
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