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Non-symmetric diffusions on Riemannian manifolds
and the ultracontractivity™

Ichiro SHIGEKAWAT  (Kyoto University)

1 Non-symmetric diffusions on Riemannian manifolds

Let (M,g) be a complete Riemannian manifold. We deonte the Riemannian volume by
m = vol. We consider a diffusion generated by

1

Here A is the Laplace-Beltrami operator and b is a vector field on M. We regard it as an
operator in L?(m). The dual operator is

1
A = aA —b—divb.
Associated symmetric bilinear form & is

~ 1 1
@‘"(u,v)za/M(Vu,Vv)dm—l—i/Muvdivbdm.

We take a point 0o € M and define p(z) = d(o, x) where d is the Riemannian distance.
We assume the following conditions:

(A.1) divb > 00

(A.2) There exists a non-increasing function «: [0, 00) — [0,00) with [° k(z)dz = oo so
that |Vyp| < ﬁ.

Theorem 1. Under the conditions (A.1), (A.2), the closure of (A, C§°(M)) generates a Cy
semigroup in L*(m) and the semigroup is Markovian.
The same is true for (A*, C§°(M)).

We denote the associated semigroups by {7;} and {7} }.

Theorem 2. Assume (A.1), (A.2) and that there exists a constant co so that for all f €

Dom(&) N LY (m)

LFIT < e ECF, 1) I

Then, there exists a constant c¢; so that for all f € L*

HT;ffHoo < Cltiu/QHle, Vvt > 0. (2)

*November 19-21, 2008, “Stochastic Analysis and Related Topics” in Nagoya University
"E-mail: ichiro@math.kyoto-u.ac.jp URL: http://www.math.kyoto-u.ac.jp/ ichiro/



Remark 1. Under the condition (A.2), we have
1 9 ~
— [ [Vu|*dm < &(u,u).
2/

If the Brownian motion satisfies (2), then the diffusion satisfies (2).

2 Non-symmetric diffusions on compact Riemannian manifolds

If M is compact, then there exists an invariant probability measure. We denote it by v. We
now change the reference measure to v. The operator 2 of the form (1) can be written as

Af = ~3ViVS o+ (B V)

where b is a vector field with div, b = 0. Here V¥ is the dual operator of V with respect to
v. div, is defined similarly.
The generator of the dual semigroup is

* 1 *
Arg = —5ViVg - (wj, Vg).

Further the associated symmetric Dirichlet form is given by

Et9) =5 [ (VE.Vo)iv

By Using these, we have

Theorem 3. The semigroup {T;} generated by A has a density p(t,z,y) with respect to v
and there exists a constant C' so that

sup [p(t, z,y) — 1| < Ce ™, Vt>1.

x?y

Here X\ is the spectral gap of &.
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On rough differential equations

Antoine Lejay
INRIA, Nancy, France

A rough differential equation (RDE) is the solution of a controlled differential equation
in the sense of “rough paths”, which means that the control is an iregular path. This
theory was developped in to deal with irregular paths such as Brownian path, ... and
allows one to give a pathwise notion of solution of Stochastic Differential Equation (the
main point of this theory initiated by T. Lyons is to extend the paths as paths with values
in a non-commutative tensor Lie group). During this talk, after some considerations on
rough differential equations, we will show how to drop the hypothesis of boundedness
of the vector fields which are integrated so that vector fields with linear growth may be
considered.
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Weyl type spectral asymptotics for Laplacians
on Sierpinski carpets

goonb oobod

Let {A\,}n>1 be the eigenvalues of the Laplacian associated with the
Brownian motion on a generalized (i.e. possibly higher dimensional) Sier-
pinski carpet, and let Z(t) := >22, e~*¢ ¢ > 0. B. M. Hambly has shown
that there exists a strictly positive periodic continuous function GGy such
that Z(t) — t=%/4G(logt™!) = o(t~4/4w) as t | 0, where d; (resp. d,,) is
the Hausdorff dimension (resp. walk dimension) of the carpet.

In this talk I will present the following two results closely related to
Hambly’s result above:

(1) Z(t) — =4/ G(logt™) in the above formula also admits a similar
asymptotic behavior.

(2) Even if we consider a time change (with respect to a self-similar
measure) of the original Brownian motion on the carpet, the associated
partition function admits a similar asymptotic behavior as long as the
corresponding heat kernel is subject to the Sub-Gaussian upper bound.
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Semi-classical limit of the lowest eigenvalue of
P(¢)o Hamiltonian on finite volume

Shigeki Aida
Osaka University

In this talk, we discuss the semi-classical limit of the lowest eigenvalue of a P(¢)2-Hamiltonian
on a finite volume interval. Let I = [-1/2,1/2] (I > 0) and A = % be the Laplace operator
with periodic boundary condition on L?(I,dz). Let A = (m? — A)Y/* and define

H(I,dz) = {h € D(A%) | Bl := 1A% R 2100} -

In particular set H = H/2 (I,dx). Let (W, H, u) be the associated abstract Wiener space. For
example, W = H~%0([, dz) for any positive sg. Note that W is the space of Schwartz distribu-
tions. Let A = ® o0 Ao ® ! where ®: L?(I,dx) — H is the natural unitary transformation. A
is a self-adjoint operator on H. Let —L 4 be the generator of the following Dirichlet form:

Ex(f,f) = /W |AD f (w) % dp

Let P(u) = iﬁo aru® be a polynomial function with agy > 0 and N > 2. Let ¢ be a periodic
positive smooth function on R such that g(z + 1) = g(z) for all xz. We define the potential
function on W by

B = asv () 1)

() - oo (5R) e

where A > 0 and : P(w(x)) : is defined by the Wick product with respect to p. lim, .o [; :

P (w”T()\x)) : g(x)dx exists in L?(u) and we denote the limit by : V' (%) ;. Here note that we

cannot define [, w(z)*g(z)dx for k > 2. The operator (—L4 + Vi, FCX(W)) (FCX (W) denotes
the set of smooth cylindrical functions) is essentially self-adjoint in L?(x) and we denote the
self-adjoint extension by —L4 + V). —L4 + V) is called a P(¢)2 Hamiltonian on a finite volume
interval I and is a representation of the quantization of the Hamiltonian whose classical field
equation is the non-linear Klein-Gordon equation with space-time dimension 2:

92 1 92 m2 ,
t,x) — 5@10(15, x)+ Tw(t,x) + P (w(t,z))g(z) =0 (t,z) e R x 1. (3)

Physically A is the inverse of the Planck constant A and our problem is to determine the semi-
classical limt of the lowest eigenvalue Ey(\) of —L4 + V) as A — oo in terms of the potential
function U which is given below.

prokd



Definition 1 Let U(h) = 1||Ah||% + V(h) for h € D(A) and U(h) = +oo for h ¢ D(A). Here
V(h) = [; P(h(x))g(x)dx and h € H.

It is easy to see that U(h) is a smooth functional on H*(I,dz). The following is our main
theorem.

Theorem 2 Assume (Al) and (A2).

(A1) U(h) (h € HY(I,dx)) is a non-negative function and has finitely many zero point set
N =A{h1,...,hp}.

(A2) Suppose (Al). The Hessian 1D*U(h;) € L(H'(I,dz), H'(I,dz)) is a strictly positive
operator for all 1 < i <n.

Let Eg(\) =info(—La + Vy). Then
lim Ep(\) = min E;, (4)

A—00 1<i<n
where E; is the lowest eigenvalue of —La + Qq,(w) and Q,(w) = [, : w(x)? : vi(z)dx, vi(x) =
3P"(hi(z))g(x). Ezplicitly,
1 . . . .
info(-La+Qu) = str (Af,i _ A2 - 2A*1MUZA*1) (5)

1 - ~ <
= (Af) - Az) A7 gy 21,40 o

tr denotes the trace in L*(I,dx).
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