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(1) generalized PCAF. Let (WN
0 ,Ft, P ) be the N dimensional standard Wiener space,

i.e., WN
0 = {Wt = (W 1

t ,W 2
t , . . . , WN

t ) : [0,∞) → RN |Wt is continuousand W0 = 0},
Ft = σ{Ws; 0 ≤ s ≤ t} and P is the standard Wiener measure. Let Dγ

2 be the Meyer-
Watanabe’s Sobolev space. Let RN

A be a subset of RN satisfying |RN \ RN
A | = 0. We

consider A = {A(t, x; W·); t ≥ 0, x ∈ RN
A} ⊂ Dγ

2 .

Definition 1. (i) Let γ < 0. A is called a Dγ
2 additive functional of the N dimensional

Brownian motion if and only if (a) A(t, x) = A(t, x; W·) is Ft measurable, (b) A(0, x) = 0
and

(c) A(t + s, x; W·)− A(t, x; W·) = A(s, x + Wt; (θtW )·)

in Dγ
2 , where (θtW )s = Wt+s −Wt.

(ii) A(t, x) is positive if 〈F,A(t, x)〉 ≥ 0 for all F (∈ D−γ
2 ) ≥ 0.

Remark 1. A(s, x + Wt; (θtW )·) is defined by
∫

A(s, x + y; (θtW )·)31δ(Wt − y)dy, where
31 denotes the Wiener product (see [1]). If we assume Condition 1 below, then A(s, x +
Wt; (θtW )·) =

∑
IθtW
n (an(t, x + Wt)), where A(t, x; W·) =

∑
In(an(t, x)).

Condition 1.
∫ ‖A(t, y)‖2

2,γe
−δ|y|2dy < ∞ for all δ > 0, where ‖ · ‖2,γ denotes the norm

of Dγ
2 .

Proposition 1. We assume A(t, x) is continuous w.r.t. t in Dγ
2 . Let ∆ = {0 = t0 <

t1 < · · · < tn < tn+1 = t} be a partition of [0, t], and put |∆| = max |ti+1 − ti|. Then we
obtain

lim
|∆|→0

n∑
i=0

a0(ti+1 − ti, x + Wti) = A(t, x)

in Dγ
2 .

(2) Revuz measure associated to generalized PCAF. Let A be a Dγ
2 positive continuous

additive functional (abbreviated Dγ
2 PCAF). For all f ∈ D

∫ t

0

〈f(x + Ws), dAs(x)〉 = lim
|∆|→0

n∑
i=0

〈f(x + Wti), A(ti+1, x)− A(ti, x)〉

is well defined. Moreover, under Condition 1,

f(∈ D) 7→
∫

RN

∫ t

0

〈f(x + Ws), dAs(x)〉dx ∈ D′.

1



Definition 2. Assume Condition 1. The Revuz measure νA associated to Dγ
2 PCAF A

is the measure on RN such that∫

RN

f(x)νA(dx) =

∫

RN

∫ 1

0

〈f(x + Ws), dAs(x)〉dx

for all f ∈ D.

Proposition 2. Under Condition 1
∫

RN

f(x)νA(dx) = lim
|∆|→0

n∑
i=0

∫

RN

f(x)a0(ti+1 − ti, x)dx,

∆ denoting a partition of [0, 1].

(3) Local time representation of generalized PCAF.

Condition 2. For all η > 0 small enough and for all δ > 0,∫
|y − x|2−N−ηe−δ|y−x|2µ(dy) < ∞.

Theorem 1. Let A = {A(t, x; W·); t ≥ 0, x ∈ RN
A} be a Dγ

2 PCAF satisfying Condition
1. Assume νA satisfies Condition 2. Then it holds that

∫
L(t, y − x)νA(dy) exists in Dα

2

(α < 1−N/2) and that

A(t, x) =

∫
L(t, y − x)νA(dy),

where L(t, z) denotes the local time of W at z.

(4) generalized PCAF corresponding to Radon measure. Let T ∈ D′ be a positive distribution
and µT be the corresponding Radon measure. Let α < 1−N/2. Then we obtained a Dα

2

PCAF AT (t, x) corresponding to T under Condition 2 ([2]). Applying Mehler’s formula,
we have the followings:

Theorem 2. Assume µT satisfies Condition 2. Then AT (t, x) ∈ D−β
2 if and only if

∫ ∞

0

∫∫ ∫ t

0

∫ s

0

e−rrβ−1pN(s− e−2ru, y − e−rz − (1− e−r)x)

× pN(u, z − x)dudsµT (dz)µT (dy)dr < ∞.

Theorem 3. Assume µT satisfies Condition 2. If∫∫
|y − z|2−N−η|z − x|2−N−ηe−δ|y−z|2e−δ|z−x|2µT (dy)µT (dz) < ∞,

then AT (t, x) ∈ L2(P ).
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