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Let G be a simply connected and connected compact Lie group. Let a ∈ G. We denote
the unit element of G by e. We consider a pinned path group

Pe,a(G) = C([0, 1] → G | γ(0) = e, γ(1) = a). (1)

Let λ > 0 and νλ,a be the pinned Brownian motion measure on Pe,a(G) such that

νλ,a ({γ ∈ Pe,a(G) | γ(t1) ∈ A1, . . . , γ(tn−1) ∈ An−1})

= p
(
λ−1, e, a

)−1
∫

Gn

n−1∏
i=1

p
(
λ−1 (ti − ti−1) , xi−1, xi

)
1Ai

(xi) · p
(
λ−1 (1− tn−1) , xn−1, a

)

dx1 · · · dxn−1,

where 0 = t0 < t1 < · · · < tn−1 < 1, x0 = e and Ai ⊂ G. p(t, x, y) denotes the heat kernel
of e(t/2)∆.

We are interested in the following Witten Laplacian.

Definition 1 Let d be a exterior derivative on Pe,a(G). Let d∗νλ,a
denote the adjoint

operator of d on L2(∧T ∗Pe,a(G), dνλ,a). Set ¤λ,a = −
(
dd∗νλ,a

+ d∗νλ,a
d
)
. For an open set

Ω in Pe,a(G), set

EDir,1(λ, Ω) = inf

{
(−¤λ,aα, α)L2(νλ,a)

∣∣∣α is a smooth 1-form and α|∂Ω = 0

}
.

Definition 2 For γ, η ∈ Pe,a(G), define

d(γ, η) = max0≤t≤1 d(γ(t), η(t)). Also let E(γ) = 1
2

∫ 1

0
|γ̇(t)|2dt and

ΩL =
{

γ ∈ Pe,a(G) |
√

E(γ) ≤ L
}

(2)

Bε(η) = {γ ∈ Pe,a(G) | d(γ, η) < ε} (3)

ΩL,ε =
{

γ ∈ Pe,a(G) | there exists η ∈ ΩLsuch that γ ∈ Bε(η)
}

. (4)

Also we define for 0 < α < 1,

‖γ‖α = sup
0≤s,t≤1

d(γ(t), γ(s))

|t− s|α . (5)
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Remark 3 Let R > 0. Set

Dα,R = {γ ∈ Pe,a(G) | ‖γ‖α < R}.
Then for any small ε > 0, there exists L > 0 such that Dα,R ⊂ ΩL,ε.

The following is one of our main result.

Theorem 4 Suppose that a is outside the cut-locus of e. We denote the all geodesics
connecting e and a by {ci}∞i=1 ⊂ Pe,a(G). Also we denote the all eigenvalues of (∇2E)(ci)
by {ξj(ci) | j = 1, 2, . . .}. Let Ω be an open subset of Pe,a(G). Assume that there exists a
sufficeintly small ε > 0 and positive L such that Ω ⊂ ΩL,ε and ∂Ω does not contain any
geodesics. Then it holds that

lim
λ→∞

EDir,1(λ, Ω)

λ
= min {θ1(ci) | ci ∈ Ω} ,

where

θ1(ci) = inf
j≥1


max(ξj(ci), 0) +

∑

{k 6=j,ξk(ci)<0}
|ξk(ci)|


 .

Further, it holds that θ1(ci) > 0 for all i ≥ 1.

Remark 5 When G = SU(n,C), SO(n), it holds that

θ1(ci) ≥ l(ci)

2π dim G
− C1 → +∞ (i →∞). (6)

where l(ci) denotes the length of the geodesic ci and C is a constant.

The main theorem can be proved by applying the following log-Sobolev inequality
(with a potential function). Below, a is not necessarily outside the cut-locus of e.

Theorem 6 There exist constants C1, C2 > 0 such that for any sufficiently large λ > 0
and f ∈ FC∞

b (Pe,a(G)), it holds that

∫

Pe,a(G)

f 2(γ) log

(
f 2(γ)

‖f‖2
L2(νλ,a)

)
dνλ,a(γ) ≤ 2

λ

(
1 +

C1

λ

)
Eλ,Vλ,a

(f, f), (7)

where

Eλ,Vλ,a
(f, f) =

∫

Pe,a(G)

|(∇f)(γ)|2Hdνλ,a +

∫

Pe,a(G)

λ2Vλ,a(γ)f(γ)2dνλ,a,

(8)

Vλ,a(γ)

=
1

4

{
|b(1)|2 +

2

λ
log

(
λ−d/2p(1/λ, e, a)

)}
+

C2

λ

{
1 + |b(1)|2 +

(∫ 1

0

|b(s)|ds

)2
}

.
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