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Uniqueness of Gibbs measures on C(R → R)∗

Ichiro Shigekawa† (Kyoto University)

We consider the uniqueness problem of Gibbs measures on C(R → R). Suppose we are given
a potential function V : R �→ R. We assume that V is continuous and non-negative. In this
talk, a Gibbs measure associated with V is formally expressed as

ν(dx) = Z−1 exp

{
−1

2

∫ ∞

−∞
|ẋ(t)|2 dt −

∫ ∞

−∞
V (x(t)) dt

}∏
t∈�

dx(t). (1)

Precise characterization is fomulated through Dobrushin-Lanford-Ruelle equation as follows.
For I ⊆ R, we set FI = σ{x(t); t ∈ I}. Let P t,y

s,x be the pinned Brownian motion with
x(s) = x and x(t) = y. Then a probability measure μ is called a Gibbs measure if it satisfies

μ( · |F[s,t]c)(x(·)) = Z−1 exp

{
−

∫ t

s

V (x(u))du

}
P t,y

s,x ⊗ δx[s,t]c
. (2)

Here Z is a normlizing constant. In this talk, we only deal with Gibbs measures satisfying
the tightness condition: we set

G = {μ satisfies DLR equation (1) and the family {μ ◦ x(t)−1} is tight}. (3)

This type of measures, or more general classes, were discussed by many orthors, e.g.,
[1, 2]. We are interested in the uniqueness of G. This measure is closely related to an
operator H = 1

2
	− V . H is a self-adjoint operator in L2(R) and we deonote the spectrum

of −H by σ(−H). Now define

λ0 = inf σ(−H). (4)

λ0 is called a principal eigen-value in general. It is not always an eigenvalue but we can always
find a positive solution φ such that −Hφ = λ0φ. If φ ∈ L2(R), then λ0 is an eigenvalue. Our
main theorem is the following:

Theorem 1. If λ0 is an eigenvalue then �(G) = 1, i.e., the uniqueness holds.
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Large deviation for stochastic line integrals as
Lp-currents

Kazumasa Kuwada∗†

Department of Mathematics, Ochanomizu university

In this talk, we consider the large deviation principle for stochastic line integrals of
Brownian paths on a compact Riemannian manifold. We regard them as a random map
on a Sobolev space of vector fields. We show that the differentiability order of the Sobolev
space can be chosen to be almost independent of the dimension of the underlying space
under stronger integrability condition than L2. The large deviation is formulated for the
joint distribution of stochastic line integrals and the empirical distribution of a Brownian
path. As the result, the rate function is given explicitly.

Let M be a d-dimensional closed Riemannian manifold with the normalized Rieman-
nian measure m. Assume d ≥ 3. Fix a constant L > 0 satisfying that the Ricci curvature
is bounded below by −(d − 1)L. Let ∆ be the Laplace-Beltrami operator and ¤ the
Hodge-Kodaira Laplacian acting on differential 1-forms. For p ∈ [1,∞], let Lp, A 0,p and
X 0,p be the Lebesgue space of scalar functions, that of 1-forms and that of vector fields
respectively(with respect to m, otherwise stated). For r > 0, we define (r, p)-Sobolev
spaces by

• W r,p := (1−∆)−r/2Lp,

• A r,p := (L + 1−¤)−r/2A 0,p.

For f ∈ W r,p, ‖f‖r,p := ‖(1 − ∆)r/2f‖Lp . In the same way, we define the Sobolev norm

‖·‖r,p (use the same symbol) on A r,p. For p ∈ (1,∞), let X −r,p =
(
A r,p′

)∗
be the

Sobolev space of vector fields of negative differentiability orders for 1/p + 1/p′ = 1. Let
us introduce the following condition on a pair of indices (r, p):

(I) p ∈ (1, 2) and r > 2 + d− d/p.

Let ({Xt}t≥0, {Px}x∈M) be the Brownian motion, or the Markov process generated by ∆/2.
For α ∈ A , we can define the stochastic line integral

∫
X[0,t]

α along {Xs}s∈[0,t]. We regard

the stochastic line integral as a Random map Rt : A → R given by Rt(α) =
∫

X[0,t]
α.

Let C −r,p := C([0,∞) → X −r,p) with the compact uniform convergence topology.

Theorem 1 [1] For each pair (r, p) satisfying (I), R is realized as a C −r,p-valued random
variable by taking a suitable version.

We denote the space of the probability measures by M 1
+ and the space of the signed

measures on M of finite total variation by M . We consider the weak topology on M 1
+

and M . Let Rλ
t := λ−1Rλt and Lλ

t := λ−1
∫ λt

0
δXsds. Then (Rλ

1 , L
λ
1) is an X −r,p ×M 1

+-
valued random variable.

∗joint work with S. Kusuoka(Tokyo) and Y. Tamura(Keio)
†email: kuwada@math.ocha.ac.jp



Definition 1 For (ζ, µ) ∈ X −r,p ×M , we say (ζ, µ) ∈ G if and only if it satisfies the
following:

(i) µ ∈ M 1
+, µ ¿ m and hµ :=

√
dµ/dm ∈ W 1,2.

(ii) div ζ = 0 in the sense of distribution, i.e., X −r,p〈ζ, du〉A r,p′ = 0 for each u ∈ C∞(M).

(iii) Let ζ̄ be given by

ζ̄(x) =





1

hµ(x)2
ζ(x) if hµ(x) > 0,

0 otherwise.

Then ζ̄ ∈ X 0,2(dµ).

We define a rate function I on X −r,p ×M by

I(ζ, µ) =





1

2

∫

{hµ>0}

|ζ|2
h2

µ

dm +
1

2

∫

M

|∇hµ|2 dm if (ζ, µ) ∈ G ,

∞ otherwise.

Note that ζ is regarded as a measurable vector field.

Theorem 2 [1] For each pair (r, p) satisfying (I), {(Rλ
1 , L

λ
1)}λ>0 satisfies the large devi-

ation principle in X −r,p ×M 1
+ as λ →∞ with the convex good rate function I. That is,

for each E ∈ X −r,p ×M 1
+,

lim sup
t→∞

1

t
log

(
sup
x∈M

Px

[
(Rλ

1 , L
λ
1) ∈ E

]) ≤ − inf
(ζ,µ)∈Ē

I(ζ, µ),

lim inf
t→∞

1

t
log

(
inf
x∈M

Px

[
(Rλ

1 , L
λ
1) ∈ E

]) ≥ − inf
(ζ,µ)∈E◦

I(ζ, µ),

where Ē is the closure of E and E◦ the interior of E.

In [2], the large deviation principle in the case of p = 2 is studied in a bit different
formulation. We use this result for proving Theorem 2 via (inverse) contraction principle.
The key estimate for both of Theorem 1 and Theorem 2 is the following exponential
integrability:

Proposition 1 Let Gr(ζ) := sup‖α‖r,∞≤1 |ζ(α)|. Then, for r > 2, there exist constants

γ > 0 and C > 0 so that for each η ∈ (0, 1],

sup
x∈M

Ex

[
exp

(
γη−1/2 sup

0≤t≤η
Gr(Rt)

)]
< C.
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Conditioning Quadratic Wiener functionals and Plücker
coordinates — with a new example

Setsuo Taniguchi (Kyushu Univ.)

Let T > 0 and (W, µ) be the d-dimensional classical Wiener space over
[0, T ], i.e., W is the Banach space of all Rd-valued continuous functions
defined on [0, T ] starting at the origin, and µ is the Wiener measure on
W. Denote by H the Cameron-Martin subspace of W. Thinking of a
symmetric Hilbert Schmidt operator A : H → H as a constant Wiener
functional with values in the Hilbert space of Hilbert-Schmidt operators of
H to itself, we define the quadratic Wiener functional associated with A
by QA = (∇∗)2A, where ∇∗ stands for the adjoint operator of the Malli-
avin gradient ∇. For linearly independent η1, . . . , ηM ∈ H and N ≤ M ,
set η(N) = (∇∗η1, . . . ,∇∗ηN ). Investigated in this talk is the conditioned
stochastic oscillatory integral

IN (ζ) =
∫
W

eζQA/2δ0(η(N)) dµ, ζ ∈ C

where δ0 is the Dirac measure concentrated at 0 ∈ RN and δ0(η(N)) denotes
the pull-back due to S. Watanabe. The exact expressions of the above
integrals IN (ζ), 1 ≤ N ≤ M , will be given in terms of the Plücker coordinate
of a point in the (M, 2M)-Grassmannian. Such correspondence was firstly
pointed out and investigated by Hara-Ikeda [1] in the case of the classical
and generalized Lévy areas. In this talk, we extend their observation to
general cases with the help of the Jacobi field approach to quadratic Wiener
functional introduced by Ikeda-Manabe [2].

We shall testify our generalization in a new quadratic Wiener functional
which is obtained as the Malliavin derivative of the square norm of Brownian
sample path. The Wiener functional attracts us since it determines the
stationary point of the square norm. Some more detailed observations on
the Wiener functional will be presented in the talk.

The talk is based on two recent papers [3,4].

Bibliography
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Wiener functional associated with the Malliavin derivative of the square norm of
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Generalized positive continuous additive functionals of
multidimensional Brownian motion and

their associated Revuz measure

Hideaki Uemura

Department of Mathematics Education,
Aichi University of Education

(1) generalized PCAF. Let (WN
0 ,Ft, P ) be the N dimensional standard Wiener space,

i.e., WN
0 = {Wt = (W 1

t ,W 2
t , . . . , WN

t ) : [0,∞) → RN |Wt is continuousand W0 = 0},
Ft = σ{Ws; 0 ≤ s ≤ t} and P is the standard Wiener measure. Let Dγ

2 be the Meyer-
Watanabe’s Sobolev space. Let RN

A be a subset of RN satisfying |RN \ RN
A | = 0. We

consider A = {A(t, x; W·); t ≥ 0, x ∈ RN
A} ⊂ Dγ

2 .

Definition 1. (i) Let γ < 0. A is called a Dγ
2 additive functional of the N dimensional

Brownian motion if and only if (a) A(t, x) = A(t, x; W·) is Ft measurable, (b) A(0, x) = 0
and

(c) A(t + s, x; W·)− A(t, x; W·) = A(s, x + Wt; (θtW )·)

in Dγ
2 , where (θtW )s = Wt+s −Wt.

(ii) A(t, x) is positive if 〈F,A(t, x)〉 ≥ 0 for all F (∈ D−γ
2 ) ≥ 0.

Remark 1. A(s, x + Wt; (θtW )·) is defined by
∫

A(s, x + y; (θtW )·)31δ(Wt − y)dy, where
31 denotes the Wiener product (see [1]). If we assume Condition 1 below, then A(s, x +
Wt; (θtW )·) =

∑
IθtW
n (an(t, x + Wt)), where A(t, x; W·) =

∑
In(an(t, x)).

Condition 1.
∫ ‖A(t, y)‖2

2,γe
−δ|y|2dy < ∞ for all δ > 0, where ‖ · ‖2,γ denotes the norm

of Dγ
2 .

Proposition 1. We assume A(t, x) is continuous w.r.t. t in Dγ
2 . Let ∆ = {0 = t0 <

t1 < · · · < tn < tn+1 = t} be a partition of [0, t], and put |∆| = max |ti+1 − ti|. Then we
obtain

lim
|∆|→0

n∑
i=0

a0(ti+1 − ti, x + Wti) = A(t, x)

in Dγ
2 .

(2) Revuz measure associated to generalized PCAF. Let A be a Dγ
2 positive continuous

additive functional (abbreviated Dγ
2 PCAF). For all f ∈ D

∫ t

0

〈f(x + Ws), dAs(x)〉 = lim
|∆|→0

n∑
i=0

〈f(x + Wti), A(ti+1, x)− A(ti, x)〉

is well defined. Moreover, under Condition 1,

f(∈ D) 7→
∫

RN

∫ t

0

〈f(x + Ws), dAs(x)〉dx ∈ D′.

1



Definition 2. Assume Condition 1. The Revuz measure νA associated to Dγ
2 PCAF A

is the measure on RN such that∫

RN

f(x)νA(dx) =

∫

RN

∫ 1

0

〈f(x + Ws), dAs(x)〉dx

for all f ∈ D.

Proposition 2. Under Condition 1
∫

RN

f(x)νA(dx) = lim
|∆|→0

n∑
i=0

∫

RN

f(x)a0(ti+1 − ti, x)dx,

∆ denoting a partition of [0, 1].

(3) Local time representation of generalized PCAF.

Condition 2. For all η > 0 small enough and for all δ > 0,∫
|y − x|2−N−ηe−δ|y−x|2µ(dy) < ∞.

Theorem 1. Let A = {A(t, x; W·); t ≥ 0, x ∈ RN
A} be a Dγ

2 PCAF satisfying Condition
1. Assume νA satisfies Condition 2. Then it holds that

∫
L(t, y − x)νA(dy) exists in Dα

2

(α < 1−N/2) and that

A(t, x) =

∫
L(t, y − x)νA(dy),

where L(t, z) denotes the local time of W at z.

(4) generalized PCAF corresponding to Radon measure. Let T ∈ D′ be a positive distribution
and µT be the corresponding Radon measure. Let α < 1−N/2. Then we obtained a Dα

2

PCAF AT (t, x) corresponding to T under Condition 2 ([2]). Applying Mehler’s formula,
we have the followings:

Theorem 2. Assume µT satisfies Condition 2. Then AT (t, x) ∈ D−β
2 if and only if

∫ ∞

0

∫∫ ∫ t

0

∫ s

0

e−rrβ−1pN(s− e−2ru, y − e−rz − (1− e−r)x)

× pN(u, z − x)dudsµT (dz)µT (dy)dr < ∞.

Theorem 3. Assume µT satisfies Condition 2. If∫∫
|y − z|2−N−η|z − x|2−N−ηe−δ|y−z|2e−δ|z−x|2µT (dy)µT (dz) < ∞,

then AT (t, x) ∈ L2(P ).
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APPLICATIONS OF THE MALLIAVIN CALCULUS OF BISMUT TYPE WITHOUT PROBABILITY.
Rémi Léandre.
The talk is divided in 4 parts:
-)In the first part we translate in semi-group theory Bismut way of the Malliavin Calculus.
-)In the second part, we translate in semi-group theory our proof of Varadhan estimates, lower bound, got a lot

time ago by us by using the Malliavin Calculus.
-)In the third part, we translate in semi-group theory Wong-Zakai approximation of a diffusion and the proof

of the positivity result got by using Bismut’s procedure a long time ago by Ben Arous and us.
-)In the fourth part, we translate in semi-group theory the division method and the results got a long time ago

by us by using the Malliavin Calculus.

1



Witten Laplacians on pinned path groups

Shigeki Aida
Osaka University

Let G be a simply connected and connected compact Lie group. Let a ∈ G. We denote
the unit element of G by e. We consider a pinned path group

Pe,a(G) = C([0, 1] → G | γ(0) = e, γ(1) = a). (1)

Let λ > 0 and νλ,a be the pinned Brownian motion measure on Pe,a(G) such that

νλ,a ({γ ∈ Pe,a(G) | γ(t1) ∈ A1, . . . , γ(tn−1) ∈ An−1})

= p
(
λ−1, e, a

)−1
∫

Gn

n−1∏
i=1

p
(
λ−1 (ti − ti−1) , xi−1, xi

)
1Ai

(xi) · p
(
λ−1 (1− tn−1) , xn−1, a

)

dx1 · · · dxn−1,

where 0 = t0 < t1 < · · · < tn−1 < 1, x0 = e and Ai ⊂ G. p(t, x, y) denotes the heat kernel
of e(t/2)∆.

We are interested in the following Witten Laplacian.

Definition 1 Let d be a exterior derivative on Pe,a(G). Let d∗νλ,a
denote the adjoint

operator of d on L2(∧T ∗Pe,a(G), dνλ,a). Set ¤λ,a = −
(
dd∗νλ,a

+ d∗νλ,a
d
)
. For an open set

Ω in Pe,a(G), set

EDir,1(λ, Ω) = inf

{
(−¤λ,aα, α)L2(νλ,a)

∣∣∣α is a smooth 1-form and α|∂Ω = 0

}
.

Definition 2 For γ, η ∈ Pe,a(G), define

d(γ, η) = max0≤t≤1 d(γ(t), η(t)). Also let E(γ) = 1
2

∫ 1

0
|γ̇(t)|2dt and

ΩL =
{

γ ∈ Pe,a(G) |
√

E(γ) ≤ L
}

(2)

Bε(η) = {γ ∈ Pe,a(G) | d(γ, η) < ε} (3)

ΩL,ε =
{

γ ∈ Pe,a(G) | there exists η ∈ ΩLsuch that γ ∈ Bε(η)
}

. (4)

Also we define for 0 < α < 1,

‖γ‖α = sup
0≤s,t≤1

d(γ(t), γ(s))

|t− s|α . (5)

1



Remark 3 Let R > 0. Set

Dα,R = {γ ∈ Pe,a(G) | ‖γ‖α < R}.
Then for any small ε > 0, there exists L > 0 such that Dα,R ⊂ ΩL,ε.

The following is one of our main result.

Theorem 4 Suppose that a is outside the cut-locus of e. We denote the all geodesics
connecting e and a by {ci}∞i=1 ⊂ Pe,a(G). Also we denote the all eigenvalues of (∇2E)(ci)
by {ξj(ci) | j = 1, 2, . . .}. Let Ω be an open subset of Pe,a(G). Assume that there exists a
sufficeintly small ε > 0 and positive L such that Ω ⊂ ΩL,ε and ∂Ω does not contain any
geodesics. Then it holds that

lim
λ→∞

EDir,1(λ, Ω)

λ
= min {θ1(ci) | ci ∈ Ω} ,

where

θ1(ci) = inf
j≥1


max(ξj(ci), 0) +

∑

{k 6=j,ξk(ci)<0}
|ξk(ci)|


 .

Further, it holds that θ1(ci) > 0 for all i ≥ 1.

Remark 5 When G = SU(n,C), SO(n), it holds that

θ1(ci) ≥ l(ci)

2π dim G
− C1 → +∞ (i →∞). (6)

where l(ci) denotes the length of the geodesic ci and C is a constant.

The main theorem can be proved by applying the following log-Sobolev inequality
(with a potential function). Below, a is not necessarily outside the cut-locus of e.

Theorem 6 There exist constants C1, C2 > 0 such that for any sufficiently large λ > 0
and f ∈ FC∞

b (Pe,a(G)), it holds that

∫

Pe,a(G)

f 2(γ) log

(
f 2(γ)

‖f‖2
L2(νλ,a)

)
dνλ,a(γ) ≤ 2

λ

(
1 +

C1

λ

)
Eλ,Vλ,a

(f, f), (7)

where

Eλ,Vλ,a
(f, f) =

∫

Pe,a(G)

|(∇f)(γ)|2Hdνλ,a +

∫

Pe,a(G)

λ2Vλ,a(γ)f(γ)2dνλ,a,

(8)

Vλ,a(γ)

=
1

4

{
|b(1)|2 +

2

λ
log

(
λ−d/2p(1/λ, e, a)

)}
+

C2

λ

{
1 + |b(1)|2 +

(∫ 1

0

|b(s)|ds

)2
}

.
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