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ABSTRACT. In this paper, we consider a three-dimensional diffeomorphism ¢
with a partially hyperbolic point p and a hyperbolic saddle point ¢, which
has a codimension two bifurcation given by a period-doubling bifurcation at
p, and at the same time, a quasi-transverse intersection between the strong
stable manifold of p and the unstable manifold of g. We show that ¢ can
be C! approximated by open sets U and V of diffeomorphisms 1 having two
saddles converging to p and g, respectively, as 1 — ¢, such that (i) for any
¥ € U, the two saddles are homoclinically related to each other; (ii) for any
Y € V, 1 has a robust heterodimensional cycle associated with two non-trivial
hyperbolic sets containing the two saddles, respectively. The proof involves
the detection of a local blender after the codimension two bifurcation.

1. INTRODUCTION

In [24], Palis conjectured that, for » > 1, any C" diffeomorphism on a compact man-
ifold is either hyperbolic or can be C™ approximated by diffeomorphisms exhibiting
a homoclinic tangency or a heterodimensional cycle. The heterodimensional cycle
means a heteroclinic cycle of hyperbolic periodic orbits with different unstable in-
dices (dimensions of the unstable manifolds). For dimension higher than two, even
the C! case of the Palis conjecture is still open (see [26, 27] for one and two dimen-
sional cases). Inspired by the conjecture, we are interested in the dynamics and
bifurcations that appear from a common boundary of hyperbolic dynamics and the
class of diffeomorphisms with heterodimensional cycles. In this paper, we consider
the coalescence of period-doubling bifurcations and heterodimensional cycles.

1.1. A motivating example. The destruction of two-dimensional horseshoe by
local bifurcations and related dynamical phenomena were studied by many authors
[14, 2, 8, 7, 16, 10]. In this paper, we begin by considering a deformation of a three-
dimensional horseshoe in such a way that a period-doubling bifurcation occurs, say
at p, which is one of the two fixed points of a horseshoe conjugate to the full shift
of two symbols, while the other fixed point, denoted by ¢, remains hyperbolic. To
be more concrete, consider a map @ on R? given by

(x,y,2) — (A\x, F(y, 2)),
where ) is a real constant, and F is a diffeomorphism on R? having the horseshoe
as its maximal invariant set in [—1,1]%. Note that & is contracting and expanding
uniformly along y and z-axes, respectively, and has the central direction along the
zr-axis. If the absolute value of A is different from 1, @ has a uniformly hyperbolic
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maximal @-invariant set A in the box B = [-1,1]3. Note that A coincides with
a homoclinic class of @ where the homoclinic class is the closure of all transverse
intersections of the unstable and stable manifolds of every pair of periodic points
for @. Especially, every periodic point in A is hyperbolic and has the identical index
equal to one if |A| < 1, or equal to two if |A] > 1. Such a hyperbolic set A is called
a three-dimensional horseshoe with index k = 1,2, depending on the modulus of
A. Observe that #(B) N B consists of two vertical components ¢(H;) and $(Hs),
where H; and H, are disjoint horizontal subsets of B, which contain saddle fixed
points p and ¢ of index k, respectively (see Figure 1.1-(i) in the case of k = 1).

We now deform the diffeomorphism @ in such a way that it creates two kinds of
dynamical degeneracy, namely, a period-doubling bifurcation at p and a structurally
unstable heteroclinic orbit between p and q. There are basically two cases of such
a deformation:

(1) if the three-dimensional horseshoe has index one, namely, its unstable man-
ifolds have dimension one, then we assume the period-doubling bifurcation
at p to be supercritical (see in Definition 2.2). In this case, the other fixed
point ¢ remains to have index one. We also assume the existence of a
quasi-transverse heteroclinic orbit from ¢ to p (see Definition 2.6);

(2) if the three-dimensional horseshoe has index two, then the period-doubling
bifurcation at p is assumed to be subcritical (see in Definition 2.2). In this
case, we also assume the existence of a quasi-transverse heteroclinic orbit
from p to ¢, rather than from ¢ to p.

Notice that, in what follows, we may consider only the case (1) without loss of
generality, because these two cases (1) and (2) can be interchanged with each other
by inverting the diffeomorphism. We can realize the case (1) in a two-parameter
family {p,.}uver of diffeomorphisms in R*, where I is a small interval around 0,
such that, for p,v € I, if (z,y) € Hy

Puw(t,y,2) = (fulx), F(y,2)) = (=(1 + p)a + 2° + hot., F(y,2)),
and if (z,y) € Ha

(pth(‘Tayaz) = (fl/(x)’F(yaz)) = (V + Az + h.o.t,, F(y,z)),

where h.o.t. stands for higher order terms and F' is the same as that of &. Therefore,
¢u,v has two fixed points p,., = p, € Hi and q,, = ¢, € Hy satisfying that:

e if 1 increases and passes through 0, there occurs a period-doubling bifur-
cation at the fixed point p, that changes to a saddle fixed point of index
two, and creates a period-two orbit of index one;

e ¢, remains a saddle fixed point of index one under variation of v around 0.

Figures 1.1-(ii) illustrates the configuration of the fixed points and the periodic
orbit after the bifurcation.

For pu,v = 0, the diffeomorphism ¢,,, has a heteroclinic cycle v between the
partially hyperbolic point pg and the hyperbolic saddle gy, which is unfolded by the
other parameter v. The maximal invariant set of ¢g o in the box B, which we call
a period-doubling horseshoe, is no longer uniformly hyperbolic due to the period-
doubling bifurcation, while the maximal invariant set of ¢, , with p < 0 and v = 0
in B is topologically conjugate to the three-dimensional horseshoe with index one for
@. In fact, the diffeomorphism ¢g g is located on the common boundary of the class
of hyperbolic diffeomorphisms and that of diffeomorphisms with heterodimensional
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cycles, see the end of Subsection 2.2. Note that somewhat similar situations for
saddle-node bifurcations were studied in [12, 15]. Moreover, although approaches
are different from this paper, the fact that heterodimensional cycles yield saddle-
node horseshoes was presented in [5, §4.1.1].

1.2. Main results. The above example motivates us to consider the following
general situation: Let ¢ be a three-dimensional C* diffeomorphism having two fixed
points p and ¢, such that ¢ is a hyperbolic saddle fixed point with index one, while
p is a partially hyperbolic fixed point having a central derivative equal to —1. Note
that, after a suitable perturbation, p can undergo a supercritical period-doubling
bifurcation, see Section 2. We also assume that these fixed points are contained in a
heteroclinic cycle along which the one-dimensional strong unstable manifold W** (p)
and the two-dimensional stable manifold W?*(q) intersect transversely, while the
one-dimensional unstable manifold W*(q) and the one-dimensional strong stable
manifold W**(p) have a quasi-transverse intersection, namely, the tangent spaces
of W*(q) and W*2(q) span a two-dimensional space at the intersection point, see
Figure 1.2,

Woip)
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FIGURE 1.2
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Let us state the main results of this paper. The precise definitions of several
terms in the next theorems are all given in Section 2.

Theorem A. Let ¢ be a three-dimensional C* diffeomorphism having a heteroclinic
cycle between a partially hyperbolic fixed point p and a hyperbolic saddle fixed point
q as above. Arbitrarily C'-close to @, there exists two disjoint open setsU and V of
diffeomorphisms such that (i) every diffeomorphism 1 in U has two saddle points
Dy and gy converging to p and q, respectively, as ¥ — ¢, and these saddle points
py and qy are homoclinically related to each other; (it) every diffeomorphism 1
in V has a robust heterodimensional cycle associated to two non-trivial hyperbolic
sets containing two saddle points py and qy converging to p and q, respectively, as
Y=

Bonatti and Diaz proved in [5] that an unfolding of a heterodimensional cycle
associated to two saddles generates a robust cycle associated to some non-trivial
hyperbolic sets. However, the robust cycle proven in [5] may have nothing to do
with the saddles in the initial cycle, see [5, Question 1.9]. One of the contributions
of Theorem A is that, under a specific configuration considered in this paper, the
new robust cycle is shown to be related to the initial saddles.

It is well known that a homoclinic tangency can be approximated by a diffeo-
morphism with transverse homoclinic intersections, and hence by a diffeomorphism
with a horseshoe, due to the Birkhoff-Smale theorem, see [20, 22, 28]. Our second
result asserts that an analogous situation can occur for a certain heterodimen-
sional cycle, namely, it can be approximated by a certain invariant set called the
blender introduced by Bonatti and Diaz [4]. See Subsection 3.2 for the definition
of the blender. Note that similar results for a connected heterodimensional cy-
cle were given essentially by Diaz and others [9, 4, 13, 6], however, a result for a
non-connected heterodimensional cycle which is away from a connected one did not
appear explicitly in their papers.

Theorem B. Suppose ¢ be a three-dimensional C* diffeomorphism having a non-
connected transverse heterodimensional cycle associated with saddle points p of in-
dex two and q of index one. Then, arbitrarily C'-close to ¢, there exists a dif-
feomorphism 1) having a local blender containing the continuation py. Moreover,
there exists a robust heterodimensional cycle between the blender and a non-trivial
hyperbolic set containing gy .

Note that Theorem B deals with dynamics generated from a codimension one
cycle, while Theorem A does with that from a codimension two cycle, see Theorem
2.8 for a more precise formulation. However, Theorem B follows from a part of
the argument in the proof of Theorem 2.8, because the part, namely the Assertion
4.1 and related Lemmas 4.3-4.4, does not depend on the particular situation of
codimension two bifurcation.

This paper is organized as follows. In Section 2, after recalling some relevant
definitions, we give a concrete statement of Theorem A, which is described by using
the supercritical period-doubling bifurcation. In Section 3, we present a new version
of the inclination lemma adapted to heterodimensional contexts. Also a geometric
construction of the blender with its distinctive property and the C-creating lemma
will be reviewed. Section 4 is entirely devoted to the proof of Theorem 2.8, but
proofs of Lemmas 4.2-4.4 are given in Appendix A,
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2. DEFINITIONS AND SETTINGS

1. Relevant definitions. Let M be a smooth three-dimensional closed Rie-
mannian manifold, and Diff' (M) denote the set of C* diffeomorphisms on M.

2.1.1. Partially hyperbolic sets. We first note that most of discussions in this paper
are supported by some kind of weak hyperbolicity which defined as follows:

Definition 2.1. For ¢ €Diff' (M), a p-invariant set A is strongly partially hyper-
bolic, if there exists a (dy),-invariant splitting T, M = E3* ¢ ES @ EU* for each
x € A, and constants C' > 0, 0 < X\ < 1 satisfying the following conditions:

(1) The subspaces E2°, E¥* are non-trivial.

(2) For every vgs € E2%, vy, € E¥* and n > 0,

[(dp™)zvss| < CXN"[vss|,  [(do™™)aVuu] < CX* vyl

(3) There are m > 0 and 0 < K < 1 such that for every unitary vector
Vss € B, vpy € B := ES @ E¥¥,

and every unitary vector v.s € ES’ := EJ° ® Ef, vy, € EZY,
[(de™ )aves|[(dp™™ )avuu| < K,

In other words, E2* @ ES* and ES* @ E%* are both uniformly dominated (see
[13, §2.2.1)).

In particular, if a periodic orbit is strongly partially hyperbolic in the above sense,
it is called partially hyperbolic. A strongly partially hyperbolic set is (uniformly)
hyperbolic if the center tangent space ES is trivial for all x € A; in this case, we
have T, M = E? ¢ EY for each z € A, where EJ = E?® and E¥ = E*". We say that
a @-invariant set is transitive, if it is the closure of a single orbit. For any transitive
hyperbolic set A (hence, dimensions of E¥ for all € A are identical), let index(A)
denote the dimension of E¥ for any x € A.

2.1.2. Period-doubling bifurcations. In this subsection, we suppose ¢ is locally C3
differentiable in a small neighborhood U (p) of a fixed point p. Observe that, if (dy),
has an eigenvalue of modulus one, from the above definition, dimE;* = dimEj =
dimEp* = 1.

Definition 2.2. We say that a partially hyperbolic fixed point p of ¢ undergoes
a supercritical period-doubling bifurcation (see [28, §7.3]), if there exists a one-
parameter family {¢,} of C® diffeomorphisms with ¢o = ¢ such that, for any u
near 0, ¢, has a (dg,)p,-invariant splitting 7,,, M = Ej & E}* @ E}* at a saddle
fixed point p, with 1imkH0 P = po = p which satlsﬁes the following condltlons

e the map ¢, is given by a map gu( ) = g(x p) in the Ef -direction which

. ) 22 )
satisfies g(0,0) = 0, §2(0,0) = —1, 74-(0,0) + $5:4(0,0)5%(0,0) < 0,
and 4; gzg (0,0) + (%%(0,0)) > 0. For simplicity, we may set g,(z) =

—(1+4 p)x + 23 + h.o.t. (see [21, I1-4], [25, §3.2], [19, §4]);
e the map ¢, is uniformly contracting in the Ef)i -direction, and uniformly
expanding in the E;f:—direction.
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Similarly, we say that a partially hyperbolic fixed point p of ¢ undergoes the
3 2
subcritical period-doubling bifurcation, if we assume %%(0, 0)+ (%%(0, 0)2<0
and the rest of the above assumptions are satisfied.

Note that, from the above definition, if a partially hyperbolic fixed point under-
goes a supercritical period doubling bifurcation, the index of the fixed point changes
from one for p < 0 to two for p > 0, and a pair of periodic points of period-two
with index one appears for p > 0. See Figure 2.1.
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FIGURE 2.1

2.1.3. Heteroclinic cycles. For a C! diffeomorphism ¢, let W%(z) and W*(z) be the
unstable and stable manifolds of a hyperbolic fixed point z for ¢, respectively. If
z is partially hyperbolic, let W*°(2) and W**(2) be the strong stable and strong
unstable manifolds of z, which are tangent to Ef* and E¥*, respectively. All of
these are C! submanifolds and are invariant under (.

Moreover, for a partially hyperbolic fixed point z, the generalized invariant man-
ifold theorem asserts that there is a C'* submanifold W< (z) (resp. W¢(z)) called
the center unstable (resp. center stable) manifold of z, which is an invariant man-
ifold tangent to ES* := ES @ E¥* (resp. ES® := E¢ @ ES®) at z. This is not unique
but has a unique tangent space at z (see [30, Appendix III] or [25, p.158, Theorem
5]).

Definition 2.3. Let us define the followings.
e If © has two hyperbolic periodic orbits O(p) of p and O(q) of ¢ such that

WH(O(p)) N W*(O(q)) # @ and W*(O(p)) N W*(O(q)) # 2,

then we say that ¢ has a heteroclinic cycle associated with these periodic
orbits. In particular, if index(O(p)) # index(O(q)) holds, then the hete-
roclinic cycle is heterodimensional. Such a heteroclinic cycle is connected
if W*(O(p)) NW=(O(q)) or W*(O(q)) N W*(O(p)) contains a ¢-invariant
curve that connects O(p) and O(q); otherwise, it is called non-connected.
e Similarly, in case that ¢ has a partially hyperbolic periodic orbit O(p) and
a hyperbolic periodic orbit O(q), we say that ¢ has a heteroclinic cycle
associated with these orbits, if one of the following conditions holds
— W*(O(p)) N W*(O(q)) # @ and W**(O(p)) NW*(O(q)) # &;
— W*(O(p)) NW*(O(q)) # @ and W**(O(p)) N W*(O(q)) # 2.
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Sometimes it is also referred to as a bifurcating cycle. Such a hetero-
clinic cycle is connected if there exists W (O(p)) (resp. W(O(p))) such
that We*(O(p)) N W*(O(q)) (resp. W (O(p)) NW*(O(q))) contains a -
invariant curve that connects O(p) and O(q); otherwise, it is non-connected.

2.1.4. Quasi-transverse intersection and crossing bifurcation. In this paper, for
given submanifolds S7 and S of M, the set of all transverse intersections between
S1 and S5 is denoted by S1 M Sy, i.e., for all x € S1 M Sy, T,,51 + 1,52 = T, M. We
say that S1 and Ss have a quasi-transverse intersection, if S; N Se # @ and there
is an x € S1 N Sy such that dim(7,,51 + T, S2) = dim(M) — 1.

Definition 2.4. Two (not necessarily distinct) hyperbolic saddle points p and ¢
are said to be homoclinically related, if W*(p)\ {p} h W*(q)\ {q} and W*(¢)\{¢}
W#(p)\{p} are not empty. If W*(p) h W?*(p) # {p}, the closure of W*"(p) h W*(p)
is called the homoclinic class of p and is denoted by H(p).

Note that, if p and ¢ are homoclinically related, then index(p) = index(q) and
H(p) = H(q) (see [6, 28]).

Let ¢ be a hyperbolic fixed point of index one for ¢ with real eigenvalues. If the
contracting eigenvalues of (dy), are distinct in modules, there is a strong stable
foliation F*%(q) C W*(q) as in Figure 2.2 (see [25, p.158, Theorem 5] or [18]).

W) S
; p
—* v

FIGURE 2.2

Definition 2.5. Consider a non-connected bifurcating cycle associated with a par-
tially hyperbolic fixed point p and a hyperbolic fixed point ¢ of index one with
distinct contracting eigenvalues, as in Figure 2.2. The cycle is called transverse, if
(i) W (p) \ {p} h W=(q) \ W*(q) # 2;
(ii) there exists W (p) which contains a segment [ of W?*(q) such that, for any
x € 1, the strong stable leaf through « intersects transversely with W< (p);
(iii) W**(p) is transverse a two-dimensional space tangent to E{" at some y €
Wes(p) "W (gq), where {E{"},cyu(g) is a dp-invariant continuous plane field
along W*(q) with Ef* + E>® = T, M.

Definition 2.6. We say that a transverse bifurcating cycle for ¢, associated with a
partially hyperbolic fixed point p having a two-dimensional center unstable manifold
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and a hyperbolic fixed point ¢ of index one, has a crossing bifurcation (see Figure
2.3), if there exists a one-parameter family {p, },cr of diffeomorphisms with ¢y = ¢,
where I is an open interval containing 0, such that the following conditions are
satisfied:

o W=%(p) and W (¢) have a quasi-transverse intersection point sq in U(q),
where W} .(¢) denotes the local unstable manifold of g. Moreover, there
exist C! maps s : I — M with s(0) = sgp and ¢t : I — RT with #(0) # 0
such that s(v) € W (qv), dist(s(v), W**(p,)) = |v|t(v) for all v € I, and
T, M = T3, Wik (qo) ® Ts,W**(po) & N, where p, is the saddle point of
index two converging to p as v — 0, g, is the saddle continuation of ¢ with

go = ¢ and N is the one-dimensional space spanned by nonzero s'(0). See
[13, §2.1.2] for more details.

Remark 2.7. Since the g, is hyperbolic saddle for any p near 0, one has the
(dpy )g,-invariant splitting Ty, M = E; @ E;® @ EJ" at g,. Moreover, the existence
of parameter-dependent smooth linearizing coordinates around ¢, are given in [29,
Theorem 9 in §VIII] and [31, 32]. See also [5] for an affine representation along
the so-called simple cycle which is arbitrarily C*-close to a given heterodimensional
cycle.

W —— wiaw
- ((29)

s R 4
W (gy

loc

FIGURE 2.3

2.2. Precise statements. Keeping in mind the example of a breaking three-
dimensional horseshoe in Section 1, consider a more general setting of diffeomor-
phism which has a bifurcating cycle between two fixed points p and q. When q is
hyperbolic saddle, a saddle continuation of ¢ is well-defined for any ¥ close to ¢,
which is denoted by ¢,. On the other hand, when p is partially hyperbolic, it can
not be well-defined. Instead, we here consider a hyperbolic saddle point, which is
also denoted by py,, such that p,, converges p as 1) — . Such a py, is called a related
saddle to p,. In what follows, the closure of a given set A is denote by CI(A).

Theorem 2.8. Suppose ¢ be a diffeomorphism on a three-dimensional manifold
M which has a partially hyperbolic fixed point p undergoing the supercritical period-
doubling bifurcation, and a hyperbolic fixed point q of index one. If ¢ has a trans-
verse non-connected bifurcating cycle associated with p and q that has a crossing
bifurcation, for every n € N, there exist disjoint open sets U and V, C Diffl(M)

with ¢ € CL(U) N CI(V), where V = U, e Vn, satisfying the following statements:
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(1) Every ¢ € U has related saddle py and continuation gy, both of which are
index one and homoclinically related to each other.

(2) There exists 1, € Diff'(M)\ Cl(U), C*-converges to ¢ as n — oo, having
related saddles py,, of index two and py,, with period-two of index one such
that 12 has a connected heterodimensional cycle associated with the saddles
Dy, and Dy,

(3) There exists a dense subset D,, C V,, with ¢, € CI(D,) such that every
1 € D, has a non-connected heterodimensional cycle associated with the
related saddle py of index two and the saddle continuation qy of index one.
Moreover, the heterodimensional cycle is C'-robust.

Remark 2.9. To be precise, the C''-robustness in the above (3) means as follows:
there exist two hyperbolic sets I'y, and ¥, containing p, and gy, respectively, and
a neighborhood U (1) of 1) such that every bel (1) has a heterodimensional cycle
associated with continuations I'; and ¥ ;. See [5, Theorem 1.5, Question 1.9].

Remark 2.10. Analogous results to Theorem 2.8 should be obtained for non-
generic bifurcations, e.g., the pitchfork bifurcation, on the center direction of p,
instead of the period-doubling bifurcation.

The next assertion easily follows from Theorem 2.8 and [13, Theorem A].

Corollary 2.11. For every n € N, let V,, be the open set given in (3) of Theorem
2.8. Then, every ¢ € V,, has a strongly partially hyperbolic transitive set Ay con-
taining py, Py and gy given in assertions (2) and (3). Moreover, the set Ay and
homoclinic classes H(py), H(py) and H(qy) are all identical.

Closing of this section, let us apply Theorem 2.8 to the example given in Sec-
tion 1, which is given by the diffeomorphism ¢ having a period-doubling horseshoe
including a heteroclinic cycle between partially hyperbolic fixed point p and hyper-
bolic fixed point ¢ of index one. By Theorem 2.8, ¢ can be Cl-approximated by
diffeomorphisms v and 7,/; such that v has a three-dimensional horseshoe containing
the related saddle py and the continuation gy both of which are index one as in
Figure 1.1-(i), whereas 1& has a heterodimensional cycle associated to p 3 and ¢ 3
as in Figure 1.1-(ii). Such a process of destructions of (non-normally hyperbolic)
horseshoes could be more studied in general.

3. AUXILIARY LEMMAS

3.1. Heterodimensional inclination lemma. We first present an extension of
the inclination lemma. The original inclination lemma is as follows, which will be
used in some proofs of the next section.

Lemma 3.1 (Inclination lemma). Let ¢ be a C* diffeomorphism on M having a
saddle fized point p. Let ¥ be a C' submanifold of M with index(p) = dim(X)
such that ¥ and W*(p) have a transverse intersection at t # p. Then, for any disk
D c Wi .(p) containing p and for each n > 0, there exists a disk A™ C ¢™(X) such
that A™ converges to D in the C'-topology for n — oo.

Proof. The original proof was given in [23, Lemma 1.1]. O

Note that the dimensions of W*(p) and ¥ are supposed to be equal in the above
lemma. It can be somewhat relaxed as in the next result in order to apply to
heterodimensional situations of this paper.
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Lemma 3.2 (heterodimensional inclination lemma). Let ¢ be a diffeomorphism on
a three-dimensional manifold M having a saddle fixed point q with index(q) = 1
such that ¢ is linearizable on a neighborhood of q. Assume that ¥ C M is a
surface transverse to the strong stable foliation F*5 C W*(q). Then, for any curve
L C W .(q) containing g and for every n > 0, there exists a disk ¥ C ¢™(X)
such that X" converges to L in the C'-sense as n — oo. Here the convergence in
the C'-sense means that, for any sequence x, € X" converging to a point y € L
as n — 00, and for any covector w, € T M wvanishing on T, X", one has that
Wy, if appropriately normalized, converges to some covector in Ty M vanishing on
T,Wie(q) as n — oo, where the cotangent space Ty M is defined to be the dual
space of T, M, and W%(q) is the plane through q spanned by the unstable and
weak stable directions.

Proof. The eigenvalues of (dy), satisfy
0 < loss| < los] <1 < |oul.
Also, there exists a neighborhood U(q) of ¢ with C'-coordinates (&, 7, ¢) such that

(PlU(@)(&n,C) = (05, 055, Tul)-
On the coordinates, each leaf of the local strong stable foliation F2 C F** N U(q)

ocC
of ¢ is a curve parallel to the n-axis, and WS%(q) is contained in the plane 1 = 0,

as illustrated in Figure 3.1. We may suppose without loss of generality that X is
compact and contained in U(q).

cu
Woel@)

¢'(®)

Yn - Wy

Ao e
: e

FIGURE 3.1

For a given n > 0, X" is defined as a component of ¢™(X) NU(q) which contains
P (ENFE). Tt is straightforward to show that, if n is sufficiently large, ¢™ (X)NU(q)
is arbitrarily close to L N U(q) with respect to the Hausdorff metric. Hence, it
remains to check the convergence from ¢™(X) N U(q) to LN U(q) in the C'-sense.

Take any sequence x,, € X" converging to some y € LN U(q) and w, € Ty M
with the kernel Ker(wy,) = T,, 2. Let z, = (¢™) ! () and @, = (de"); (wy).
where g denotes the pullback form T;(I)M to T M. Using the dual basis, write

Wy = &nyns Cn) and Wy, = (Eny fin, Cn). From B C ¢"(2) NU(q), it is clear that
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zp € ¥ and W, € T M. Moreover, we have Ker(w,) = T, %, since

wn(”) = (d‘Pn)Zn (wn)(v) = wn((d‘Pn)zn (U)) =0
for any v € T, ¥. Observe that the sequence {z,} accumulates to XN} (¢), and
hence T3, is also transverse to the local strong stable foliation F}%. This means
that there is a constant C' > 0 such that

[iinl > € minféal, [Cal}.

*
z

Now, noticing that the dual map (d¢™)
in terms of the dual basis, we have

_ can be expressed as the transpose (de™).,,

&n 0. "En
M | = Wn = t(dsﬁn);nlwn = Us_snﬁn
Cn 0" Cn
Since . .
M_O—SSEM l oss | @_U?J nl i in
|7 o inl Clos| ' |l ot ]7n Clou|
we have
lim E—n =0, lim g—" =0.
=0 |1 n=o0 | 1],
Thus, wy,/|n,| converges to (0,1,0) as n — co. O

3.2. Blender structures. We here review sufficient conditions which give blender
structures in [4, §1] or [13, §3.5]. More general definitions of the blender are pre-
sented in [6, §6.2].

Consider a three-dimensional box D = [—z1,z1] X [—y1,31] X [—21, 21] C R?, as
shown in Figure 3.2, where x1,y1,21 > 0 are constants. Let us denote each side
face of D by

Xt={o=+42}nD, Yr={y=4m}nD, Z* ={z=4x}nD.

Let IT be either a curve or a surface in the interior of D. For any p € II and a
fixed § € (0,1), define a d-cone as

Cs(p, 1) = {v € T,R® : v = vy +wa,v1 € Tl ve € (TN, Jva| < 8lun}.

Specially, we here denote by C**(p), C*(p) and C**(p) the cone Cs(p,II) if T,II is

along the z-axis, xz-plane and y-axis, respectively. See Figure 3.2.

We say that a segment L is vertical (resp. horizontal) through D if each end-
point of L is contained in either ZT or Z~ (resp. YT or Y7), and T, L C C*“(x)
(resp. C**(z)) for any x € L. Let L be a horizontal curve segments through D in
the interior of D. Then there are two homotopy classes of vertical curve segments
in D\ L. We say that a vertical curve segment L is to the right of L if L dose not
intersect L, and L is in the homotopy class of the curve segment, {z; } x {0} x[—z1, z1]
in D\ L.

We consider a diffeomorphism ¢ on R3 satisfying the following conditions (see
[4, p. 365-366)):

(B1) There exists a connected component A of D N ¢(D) disjoint from Y+ and
©(X* U Z%). Moreover, there exists an integer n > 0 and connected compo-
nent B of DN¢"(D) such that B is disjoint from Y+, X+ and ¢"(X~UZ*).
(See Figure 3.2 for the case of n = 1.)

(B2) There exist cone fields C*°, C*, C** and a constant p > 1 satisfying as follows:



12

SHIN KIRIKI, HIROSHI KOKUBU, AND MING-CHIA LI

FIGURE 3.2

(B2.a) For every x € A (resp. x € B) and every vector v € C*(x), the
vector w = (dp~1),v (resp. w = (dp~™),v) belongs to the interior of
C**(p™ (@) (resp. C**(¢™"())), and |w| > plv];

(B2.b) For every x € p~1(A) (resp. x € p~"(B)) and every vector v € C"(x),
the vector w = (dg),v (resp. w = (d¢™),v) belongs to the interior of
C*(p(2)) (resp. C¥ (" (x))), and [w] > plo];

(B2.c) For every x € ¢ 1(A) (resp. € ¢ "(B)) the vector w = (dp),v
(resp. w = (d¢™)zv) belongs to the interior of C**(¢™(z)), and also
|lw| > plo].

Let W§ be the connected component of W#(p)N.D containing p with index(p) =

2, which is a unique saddle fixed point for ¢™ in A. (The existence of such a

unique fixed point is assured by the above (B1) and (B2), see [4, Lemmal.6].)

There exists a neighborhood U~ of the side face X~ of D such that every

vertical curve L through D at the right of W;j dose not intersect U .

There exist a neighborhood U™ of the side face X* of D and a neighborhood

V' of W§ such that, for every vertical curve L through D to the right of W,

one of the two following possibilities holds:

(B4.a) ¢(L) N A contains a vertical curve through D to the right of W§ and
disjoint from U™;

(B4.b) ¢™(L)N B contains a vertical curve through D to the right of W§ and
disjoint from V.

One can see that the maximal invariant set (,, ¢ (D) is uniformly hyperbolic,
which is called a blender containing p. It has some significant feature about seg-
ments of W#*(p) N D which are located in the right hand of W, as follows. We say
that a two-dimensional disk S C D is a vertical strip through D to the right of W,
if the tangent space of S is contained in C%, and S is foliated by vertical segments
through D to the right of W, whose tangent spaces are contained in C*". A width
w(S) of S means the minimum length of curves in S transverse to C** joining the
two components in the vertical boundary of S.
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Lemma 3.3 (blender distinctive property). Let S be a vertical strip through D to
the right of W§. Then S meets transversely W*(p) in D even if w(S) is arbitrary
small.

Proof. See [4, Lemma 1.8] or [6, Lemma 6.6]. O

3.3. C'-creating lemma for heterodimensional cycles. In proofs of the next
section, we will use a certain connecting lemma to show existence of heterodimen-
sional cycles. Note that the original connecting lemma of [17] is stated about the
creation of homoclinic points from almost homoclinic situations with respect to an
isolated hyperbolic set. See also reformulations of the lemma in [33, 3].

Lemma 3.4. Letp and q be saddle fized points of p € Diff* (R?) such that index(p) =
2 and index(q) = 1. Assume that W*(p,¢) and W*(q, ) intersect transversely
(note that in this case W*(p, p) NW*(q, ) consists of C* curves), and W*(q,¢) N
CI(W*(p,p)) # @. Then for any C' neighborhood U of v, there is a 1 € U such
that v = ¢ on a neighborhood U of p and q, W"(p,v) and W*(q,v) intersect
transversely, and W*(p, ) N W (q,v) # @.

Proof. The proof is obtained directly from [1, Lemma 2.8].") O

4. PROOF OF THE MAIN THEOREMS

4.1. Existence of local blender structures. Consider the two-parameter fam-
ily {¢u,} with oo = ¢ of Theorem 2.8 which has a transverse non-connected
heterodimensional cycle associated with pgo = p and go,0 = ¢. By some reparam-
eterization, we may suppose that if v is fixed near 0, the one-parameter subfamily
{¢u} of {¢u,} has a supercritical period-doubling bifurcation of p, , for p = 0,
while if ¢ is fixed near 0, the one-parameter subfamily {y, } of {¢,, , } has a crossing
bifurcation at s for v = 0. From the transverse condition of cycle (see Definition
2.5), there exist a small segment W C W"%(p) having a transverse intersection
with W*(g) \ W*5(¢) and a small segment W C W5*(p) having a quasi-transverse
intersection with W*(g) such that " (W) and W have no intersection in a neigh-
borhood U(q) of ¢ for any n > 0, see Figure 4.1. For such a family, we give the

FIGURE 4.1

1) The authors are indebted to Prof. Lan Wen and anonymous referee for their comments.
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following result.

Assertion 4.1. There exist an open subset O C R? with C1(O) 3 (0,0), a box D
in a neighborhood of ..., and an integer N > 0 such that, for any (u,v) € O, vu.
has a blender (¢, @L]\L(D) containing p,... Moreover, there exists a segment in
W (qy,) which is vertical through D to the right of the segment of W22 (pu..).

The proof of Assertion 4.1 will be supported by the next Lemmas 4.2-4.4, where
the crucial point is how to choose the return time N of the assertion. Note that,
from this assertion, one can immediately show Theorem B. In fact, these lemmas
still hold even if the saddle point p,, with index(p,,,) = 2 is far from the local
bifurcating situation.

When g > 0 and v is near 0, by the undergoing of supercritical period-doubling
bifurcation, there exists the hyperbolic splitting T},, , M = EC ) IESS E““U at
D, such that ¢, ,, is expanding weakly in the dlrectlon of EC“ " contractmg in the
direction of Esi _ and expanding strongly in the direction of IE““ . The splitting is
extended to U(p,,,) which in the local chart is of the form
EC Y — RC X {(OS&, Ouu)}’ Eés _ {OC} X RS& X {Ouu} Eg:;byu — {(OC’ OSS)} X Ruu

Pu Pu,v

Consider a small box D = D(§) = [-6,6]® in U(p,,) for a small 6 > 0. Let
Ao C W*(pp,») be the section containing p,, ., which is along the unstable plane
{2 = 0}, see Figure 4.2, and t,,,, be a transverse point in W% (p,...) N W*(qu,.).
We may assume that ¢, , is contained in U(p,,.). Define

ko :=min{k >0 | ¢, 3 (t,.) € D}

When 1 and v are close to 0, one get the curve segment I, ,, in W*(g,,.,) N ‘PZ?V(AO)
containing ¢, ,,. Denote by U(l,,) a small neighborhood of I, as in Figure 4.2.
Consider a two-dimensional connected subset ¥, ,, of W*(p,,,,)NU(l,,, ) containing
l

v
Ag
Ag, f D
SS .
W (pyv)
=l Wu,v
—_y
Ly "
, PuyEuy)
wy Y Zuviak g Zu
..... Zf liv
P
5 % UTRY
Fy [TRY : /

s H .
W(q!,a,,v) “~----“" U(lu,v)

FIGURE 4.2



INDEX CHANGING BIFURCATION 15

We here set v = 0. Let l}ho be a curve segment in Wi _(gu,0) such that g,
and s, o are contained in ] 1,0, Where s, g is a quasi-transverse intersection between
W**(p,.0) and W (gu0). Also, let W, o be a small curve segment in W*(p,.0)
such that s, 0 € W), 0. Since ¥, o Fpio, for any large n > 0, ¢ o(%,,0) contains
a strip X}  which is C'-close to l~u,0 in the sense of Lemma 3.2. We may suppose
ZZ,OQW;«O = & by choosing > 0 smaller, if necessary. Therefore, by the condition
of the crossing bifurcation and the intermediate value theorem, we get a large n, > 0
satisfying the following: for any n > n;, there exists a parameter interval J,, , near
0 such that ¢} ,(2,,,) and Wmu has a transverse intersection for any v € J,, ,, see
Figure 4.2, where W, is the continuation of W, .

For any |a| < §, consider a section A, of D which is along the plane {z¢ = «}
as in Figure 4.2. For any k > ko, we have a section X, .,k in @ﬁyy(Aa) NU(lw)
which is C'-close to X, ,. Hence, for any n > ny and v € J,, ,, ©h v (Zpvsak) and
W, also has a transverse intersection which is denoted by ., see Figure 4.3.

For simplicity of description, let us introduce a notion of angle as follows. For
given nonzero vector u and subspace V of T'M, one can write u = u; + uy where
uy € V and up € V+, where V* is the orthogonal complement of V' in TM. Hence,
the angle between v and V' can be defined as

o ua|/|ul, if |ui| # 0,
o= { i el
The next lemma ensures existence of strong stable cone in (B2.a) of Section 3.2.

Lemma 4.2 (existence of C**). For any u > 0 and n > ny, there exist integers
my > 0 and kv > ko satisfying the next assertion: if k > ki, m > mq, and
N*% :=k+m+n, then for any v € J,,, there exist components A C DN, (D)
and BC DnN npﬁ{f,s (D), and exists a cone field C** on D such that, for any x € A,
resp. © € B and nonzero u € C*%(x),

(4.1) (A p)ou € It(C* (¢, (), |(diy, ), )aul = pilul,

(42 resp (@Al eu € Tt(C (0N @), I(dgpy Vel 2 il
where p1 > 1 is some constant.

Since the proof of this lemma is straightforward and technical, it is postponed
to Appendix A.

Next, we present Lemma 4.3 about the unstable cone field corresponding to
that of (B2.b) in Section 3.2. For any p > 0, v near 0, k > k; and |a| < 4, the
intersection of ¥, ..o, and the component of W*(q, ) NU(l,,,) containing I, ,, is
denoted by I, .ok, see Figure 4.3. Let

¢1 := min {4(UaTy~7:;i,Su(y)) Y E€luvak VE Tyzuw;a,k} .

The next two auxiliary cones, as shown in Figure 4.3, will be applied to show the
existence of unstable cone field C* on D in the next lemma. For given p > 0, v near
0, k > k1 and y € U(l) Nk (D), there exists |a| < § such that y € Xy a.k-

For suchay € £, ,.qa.x and any z € U(l, ), define
Cl(y) = {U S TyM : Z(U,Tyzu,y;mk) < 91/2};
Co(z) = {weT:M : L(w, (B )") <1/2}.
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Ul

n !
Py Euvia)
S

FIGURE 4.3

We here set v = 0 to get a constant ns satisfying as follows. Note that the one-
dimensional space EZ;M _, dominates EZM _ for every v near zero. Therefore, there
exists an integer my > nj such that for any n > ng, y € goﬁ,g(U(iMO)) NX,,050,k and
v € C1(y),

(dei0)yv € Calws0(y))-
Lemma 4.3 (existence of C*). For any u > 0 and n > na, there exist integers
mo > my and ko > ky satisfying the next assertion: if k > ky, m > mo, and
N*:=k+m+n, then for any v € J,,,, there exist components A C DN, (D),
BcDn gofXZ(D), and cone field C* on D such that, for any = € ¢, },(A), resp.
T € ga;fj“ (B) and nonzero u € C*(x),

(4.3) (dpp)eu € t(C*(ppw (@), [(dop,)eul = paful,

(44)  resp (dels)eu € It(CH 0 (@), |(dpln)ul > palul
where ps > 1 is some constant.

The proof is given in Appendix A.

The existence of the strong unstable cone field C** for the blender structure is
shown below. Same setting as in Lemma 4.3, we also define the next auxiliary cone
fields. For given > 0, v near 0, k > kg and y € U(l,,,) Nk (D), there exists
|a| < & such that y € ¥, ,.ak. For suchay € X, .01, define

Ci(y) ={v e T,M : Z((de, k) v, Ex" ) < 6"},

where 6" is the same value in the proof of Lemma 4.3. Then,
(de,3)yCily) C C (@ ()-

On the other hand, for any z € U(iu,l,), define
Co(2) ={w e ToM : Z(w,EY ) <1/2}.

Note that Cy(y) C C1(y) and Ca(2) C Ca(2).
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From the condition around ¢, ., E¥ dominates E3° @E’ | while E?  dom-
Vs =gy qu,v qu,v’ Qv
inates E;i , for every v near zero. Hence, for v = 0, we get an integer ng > nz such

that for any n > ns, y € @;,E(U(ZMO)) N Y00k and v € Ci(y),

(depy0)yv € 52(802,0@))-

Lemma 4.4 (existence of C*"). For any p > 0 and n > ns, let mz := ma(p,n) and
k3 := ka(p,m) where mo and ko are given in Lemma 4.2. If k > ks, m > ms, and
N .= k+m+mn, then, for any v € J, n, there exist components A C DN, (D),
BcDn @ljxi"u(D), and cone field C*"™ on D such that, for any x € ga;},(A), resp.
x € go;,],yw (B) and nonzero u € C**(z),

(d(pu,l/)wu € Int(cuu((p%,,(x))), |(d§0u,u)zu| > p3|u|a
resp. (dep), )ou € Int(C* (9], (2))),  [(d)fs)sul = pslul
where p3 > 1 is some constant.

See the proof in Appendix A.

We now give the proof of Assertion 4.1.

Proof of Assertion 4.1 . Let u > 0 be small and fixed, and D be the same box
containing p, o as above. By Lemma 3.1, there exist an integer m4 > 0 and a
small segment L, o C W"(g,,0) containing the quasi-transverse intersection s, o
such that, for any m > my, ¢} (Lu0) N'D has a segment, denoted by Ly as in
Figure 4.4, containing ¢};'o(s,,0) which is vertical through D and its tangent vector
is close to EZZL‘ o

(1) (ii)
FIGURE 4.4

Let s,,, be a point in W*(g,,,) converging to to s, o as v — 0. For any given
m > my, there exists an ¢ = ¢(m) > 0 such that
e O, (su) € Int(D) for any v € (—¢,¢);

e the continuation L)', based on L}, is also vertical through D, and its

tangent vector is closed to Egﬁu.

By using the condition of crossing bifurcation and the intermediate value theo-
rem, one can find a large integer ny > 0 and subinterval J,, ,, C (—¢,¢) for a given
n > ny such that, for any v € J,, ,,, ¥, , intersects transversely with W** (Pu,v) at
the point ¢, , near s, ,. Then, Lemma 4.2-4.4 imply that <pr” satisfies conditions
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(B1) and (B2) in Subsection 3.2, where N :=m + n + k for any n > max{ns,n4s},
k > k3 and m > max{ms,m4}. From the above construction, also using the in-
termediate value theorem, one can find a subinterval J), C J,, such that the other
geometric configurations of (B3) and (B4) hold for gpfx , with any v € J/,. The proof
is now complete. (I

4.2. Proof of Theorem 2.8. To detect non-connected heterodimensional cycles,
we use the blender distinctive property in Subsection 3.2 and the C'-creation lemma
in Subsection 3.3 in the proof of next result.

Proposition 4.5. Let O be the same open subset of parameter space R? as in As-
sertion 4.1. There exist neighborhood Vo of {p,. : (u,v) € O} in Diff' (M), and
dense subset Do in Vo such that every 1 € Do has a non-connected heterodimen-
sional cycle associated with py and qy .

Proof. From Assertion 4.1, for any (u,v) € O, ¢, has the saddle fixed point g, ,
with index(g,,,) =1, and <pr ., has a blender in D containing the other saddle fixed
point p,, , with index(p,, ,,) = 2, where N is the same integer and D is the same box
as in Assertion 4.1. Moreover, we have the same continuation L), C W*(g,,,) as in
the proof of Assertion 4.1, which is vertical through D to the right of W;.(p,.,.). By
Lemma 3.3, any vertical strip along L?*,, for which tangent space is contained in the
interior of the cone field C*, has an intersection with the closure of W**(p,, ,,). Note
that the blender distinctive property in Lemma 3.3 is a C! robust property, see [6,
§6.2.2]. On the other hand, the intersection of W*(p,,,,) and W*(qg,, . ) is transverse
for any (u,v) € O, which is also C! robust. Therefore, any diffeomorphism ¢ in a
C* neighborhood V(¢,,,,,) of ¢, we have

CUW ™ (py)) "W (qp) # @, W"(pp) NW?(qy) # 2.
We now set
Vo = U V(puw)-
(n,v)€O
For any ¢ € Vo, by Corollary 3.4, one can get 1 arbitrarily C'-close to ¢ which
has saddle fixed points py = p, and gy = q,, and satisfies

Wo(py) "W (qy) # 2, W (py) NW?(qy) # 9.

That is, 1 has a heterodimensional cycle associated with p, and g,. From the
setting, it is trivial that the heterodimensional cycle is non-connected. (I

We are now ready to prove Theorem 2.8.

Proof of Theorem 2.8. Let {¢,,} C Diff*(M) be a two-parameter family with
0,0 = ¢ which is given in Theorem 2.8. For any ¢ < 0 and v € I, p,, and
qu,» are homoclinically related. In fact, p,, and g, , are saddle fixed points which
have the same indices: Index(p,,,) = Index(g,,) = 1. Moreover, the transversal-
ity holds for not only W*(p,,,) and W*(q,,) but also W*(p,,,) and W*"(q,,.).
Therefore, every heteroclinic cycle between p,, and g, is robust for p < 0. So,
there exists a C'-neighborhood, denoted by U, of {¢,,, : p < 0,v € I} such that
Cl(U) > po,0 and every ¢ € U also has two saddle fixed points py, and g, which are
homoclinically related.

From the setting, for any small i > 0, ¢, has a saddle fixed point p, , with
Index(p,,,) = 2 and saddle periodic point p,, with period-two of Index(p,,,) =1



INDEX CHANGING BIFURCATION 19

such that W"(p,,) and W*(p,,.) have a transverse intersection containing the
<piw—invariant segment connecting p,, and p,,. Moreover, W"(p, ) intersects
transversely with W#(g,,,). By Lemma 3.1, W*(p,,,,,) contains a segment which is
mapped arbitrarily C!-close to the same segment L™, C W*(qu,,) as in the proof

Py
of Proposition 4.5. Hence, same as in Proposition 4.5, we can get

CUW** () "W (Bp) # D, W (Dpw) VW (Puw) # 2.

Also, by Corollary 3.4, one can get 1 € V(g,,,) arbitrarily C*-close to ¢, which
has saddle fixed points py, = pu,, and Py = Py, and 1 has the heterodimensional
cycle which is ¢?-connected between p,, and py. By a Diaz and Rocha’s result in
[13, Theorem A], we can get an open set V(1)) C V(¢,,,,) arbitrarily C'-close to ¢
such that, for every ¢ € V (1)), the homoclinic class of p ; and that of p ; coincide
and have strongly partially hyperbolic structure. Meanwhile, since 131; and q are
homoclinically related, the homoclinic class also contains ¢ b We now get an open
set V as the union of all V(¢) with respect to 1, which contains a dense subset
D := Do NV where Dp is given in Proposition 4.5. (]

APPENDIX A. PROOFS OF LEMMAS 4.2-4.4

Before giving the proofs, we should remark that the invariant set of D for which
we construct cone fields in the lemmas contains p,, but not g, ,. That is, the
invariant set dose not contain orbits which can stay in a small neighborhood of g, .,
for an arbitrarily long time. Therefore, the proofs of lemmas are straightforward
even though these are technical. In fact, procedures for proof of Lemma 4.2 and
4.3 are essentially same. So we first give the proof of Lemma 4.3.

Proof of Lemma 4.3. Set u >0, n>ng, v € J,, and k > ky. For every x € D, as
illustrated in Figure 4.3, we define
C(xz) =C*x;0%) ={ueT,D : ZL(u, (E;i,V)L) < 0},

where 6% is a small constant satisfying the following condition: for every = €
<p;7’f,(U(lM7u)) N D and u € C*(x;60"),

(defy )z € Ci() , (2)).
Note that, from the condition of around p,,,, Ej = = {z¢ = 0} dominates Ep
when g > 0. This implies that there exists ko > ki such that if k& > ko then, for

any z € @ "2 (D)NU(l,,,) and w € Ca(2),

8%
|(depy =) w] > Jw.

Let v be the contracting ratio between u € C* and (dapz:‘;kQ)u, ie.,

u
(A1) y=7(nk2) = QSUP{—|L}|| s u€eC*(x), we = (d(ij;kz)mu
2

where z € <p;ff,2 (Uluw)) N D}'

Using this constant, we set the integer mo > my satisfying as follows: if m > maq
then

(A.2) (dep,)zw € Int(C* (), (), | (dgpt,)zw| > v [w|
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for every z € ¢, 7(D) NU(ly,) and w € C2(2).

Now, set N* :=n + k+m for k > ko, m > ms and n > ny. The above
construction implies that ¢,, ,(D)ND contains a connected component A satisfying
P, € Int(A). Moreover, gofyz (D)N D contains a connected component B such that

B = g5, (D) U (L)) N D.

For any = € go;ﬁ}j(A), we have ¢, , () € D. So, by the linearization at p,, ., (4.3)
in the lemma is trivial. On the other hand, for = € <,0;7JXU (B), by (A.2), we have
that for nonzero u € C¥(z),

(dpjil,)su € Int(CH (], (2)))

and

(o )oa| 2 v Io] = |(dight)otwa] 2 sl 2 2 ul,
where v = (dplt™),u, wy = (dpk2™)u and 2 = k2" (). The last inequality is
obtained from (A.1). This completes the proof. O

Proofs of Lemma 4.2 and 4.4. The procedure of proof of Lemma 4.2 is essentially
same as that of Lemma 4.3. Moreover, the proof of Lemma 4.4 is easier than that
of Lemma 4.3. In fact, evaluation of expanding ratio of forward images for vectors
in C** is easier than that of Lemma 4.3, because these images are away from the
center stable direction near g, ,. O
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