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§1.

§1.1. Dehn (1910 )

1. (word problem):

g ∈ G

2. (conjugacy problem):

G g, h G

3. (isomorphism problem):

(

(P.S.Novikov 1954).



( )

(X, dX), (Y, dY ):

(quasi-isometric)

⇔

∃ f : X → Y K ≥ 1, ε ≥ 0 s.t.

(1) ∀x, y ∈ X,

dX(x, y)

K
−ε ≤ dY (f(x), f(y)) ≤ KdX(x, y)+ε.

(2) ∀y ∈ Y , ∃x ∈ X s.t.

dY (y, f(x)) ≤ ε.

(

1)

2)



( : )

G S.

S = S−1

• (word) S w .

l(w)

w G w̄

• G lS :

eG lS(eG) = 0.

eG g

lS(g) = min
{w|w̄=g}

l(w).

• G (word metric)dS

dS(g, h) = lS(g−1h)



§1.2. Stallings

(

X: .

K ⊂ X.

e(X, K): X\K

X e(G)

e(X) = sup
K

e(X, K).

( )

•e(R) = 2,

•e(Rn) = 1(n ≥ 2).

•T : 3

e(T ) = ∞.



(

G e(G)

= Cayley Γ(G, S) e(Γ)

• e(G)

(

1) e(G) = 0, 1, 2, ∞(Hopf, 1943).

2) e(G) = 0 ⇔ G .

3) e(G) = 1.

: e(Zn) = 1(n ≥ 2).



J.Stallings e(G) = 2, ∞ G

.

(2 C.T.C.Wall, 1967).

1 (Stallings, 1968) .

1. e(G) = 2 ⇔ Z < G, .

2. e(G) = ∞. ⇔ :

(a) G = A ∗C B.

C , |A/C| ≥ 3, |B/C| ≥ 2.

(b) G = A∗C.

C , |A/C| ≥ 2.

( )

G G = A ∗ B.



§1.3. Mostow

2 (Mostow.1973) Rank1-

M, N : ,

3

π1(M) π1(N) .

⇒ M N

1)

2) Mostow

G = π1(M), H = π1(N)

a : G → H

f : M → N .



• : G, H ⊂ Isom(Hn)

⇒ G, H

∃f ∈ Isom(Hn) s.t. ∀g ∈ G

a(g) = fgf−1.

f ∈ Isom(Hn/G, Hn/H).

a

• G = H a ∈ Aut(G) :

f ∈ Isom(Hn/G). a → f

Out(G) ' Isom(M).

M : ⇒ Isom(M)

M 3

⇒ Out(π1(M))

(

Out(π1( ))



Mostow

3 (Ballmann-Gromov-Schroeder.1981)

M : .

Rank 2

N : .

K ≤ 0.

M, N π1(M), π1(N)

⇒

M, N

( )

N Rank 2

Mostow



Rank-1

4 (Farrell-Jones) .

∀δ > 0, ∀n ≥ 5

∃M, N : n

s.t.

1. M, N

2. M KM = −1.

N KN

−1 − δ ≤ KN ≤ −1.

( )

1) N = −1

Mostow M, N



2) 2 −1 − δ ≤ KN ≤ −1

K = −1

3) 3 ( ).

4) 4

(Gromov-Thurston).

5 (Gromov-Thurston, 1987) .

∀n ≥ 4, ∀δ > 0,

∃M :n s.t.

1) −1 − δ ≤ K ≤ −1

2) M



§1.4. Gromov

(G, S): .

• (growth function)

n ∈ N

γS(n) = ]{g ∈ G|lS(g) = n}.

• (polynomial growth)

⇔

n p(n) ∀n ∈ N,

γS(n) ≤ p(n)

• (exponential growth)

⇔

C > 0 ∀n ∈ N,

exp(Cn) ≤ γS(n).

• G



(

6 (J.Milnor, 1968) .

•

7 (Avez, 1970) .

M

≤ 0

M



•

(H.Bass, 1972).

8 (Gromov, 1981) .

G

1.

2 G

(

( )

(intermediate growth)

(R.I.Grigorchuk,1983)



Gromov :

• Stallings

)

⇔

• Gromov

⇔



(

G: , E2

⇒

F

1 → F → G → Z2 → 0.

G G = Z2

9 (Sullivan 1978-Gromov) .

G H3

⇒

g : G → Isom(H3)

Ker(g) Im(g)

1) H3 G H3

1

2) , Z2



(

G < Isom(G) G Cayley

: G H3

⇒ ∃ f : G → QIsom(H3).

• ∂Hn = Sn−1.

Isom(Hn) = Conf(Sn−1)

QIsom(Hn) = QConf(Sn−1).

(Sullivan) S2 uniform quasi-

conformal S2 conformal

a ∈ Qconf(S2)

• f :

∃ g : G → Isom(H3),

a ∈ QIsom(H3)

f = aga−1.

g G H3



§2. (Gromov, 1987)

§2.1. Gromov

(X, d): .

• δ ≥ 0: .

4:X δ- (thin)

⇔

a b, c δ-

a ⊂ Nδ(b ∪ c).

• δ ≥ 0: .

X δ- (hyperbolic)

(Gromov-) .

⇔

X δ- .

(

( )



( Gromov

• M : , K ≤ −1

⇒ M Gromov-hyperbolic.

(

2 Gauss-Bonnet M

π

n Hn

• (0-)

• 2 Euclid

R-

⇔

⇔ 0-

X:δ- , r > 0: .

⇒ X/r δ/r-

ri → ∞ X/ri → R-



I ⊂ R X

f : I → X

(

K ≥ 1 ε ≥ 0

α:

(K, ε)- (quasi-geodesic)

⇔

∀t, s :

|t − s| ≤ Kd(α(t), α(s)) + ε.

•

Euclid

1 .

δ, ε ≥ 0, K ≥ 1:

∃C(δ, K, ε) ≥ 0 s.t.

δ- X (K, ε)- α

X γ C-

α ⊂ Nδ(γ).



§2.2.

(

(G, S)

(word-hyperbolic group)

⇔

Cayley Γ(G, S) Gromov- .

•

•

3

3 Z).

3 Z2 .

Z2 < G .



G X

(properly discontinuous)

⇔

x ∈ X r > 0

g :

{g ∈ G|d(x, gx) < r}.



10 .

G X

X/G .

⇒

G , X G Cayley

(

M

π1(M)

(

2



§ 2.3.

3 H2 c

l(c).

A(c)

K c

:

A(c) ≤ Kl(c).

3 E2

2 :

c

A(c) ≤
1

4π
(l(c))2.



G

G =< S|R >

S , R

F (S): S .

N(R): F (S) R .

• G ' F (S)/N(R)

F (S) → G

N(R)

• N(R)

w ∈ N(R) < F (S)

R F (S)

w = r
a1
1 · · · ran

n , (F (S) )

ri ∈ R, ai ∈ F (S) r
ai
i = airia

−1
i

3 n A(w)



(

G

⇔

K w ∈ N(R)

A(w) ≤ Kl(w)

l(w) w

w ∈ N(R) ⇔ w Cayley

• A(w) ≤ K(l(w))2 2



11 .

G

1. G

2. G .

( )

1)

•

A(w) ≤ Kl(w)

K

• K

• 2

⇒ .

2) small cancellation

Dehn



§2.4. Out(G) R-

§2.4.1 Out(G)

Σ: g ≥ 2.

G = π1(Σ).

G = A ∗Z B ↔ σ ⊂ Σ.

c = π1(σ), < c >= Z.

dσ.

a → a(a ∈ A), b → cbc−1(b ∈ B).

dσ 6= 1 ∈ Out(G).

Out(G): dσ



12 (Bestvina-Paulin-Rips) .

G:

Out(G)

⇒

(virtually)Z

C G

G = A ∗C B G = A∗C.

222

( )

1) A

B < A

Z < C,

2) M : 3 G = π1(M)

Out(G) (Mostow).



§2.4.2 Isom(Hn)

G Isom(Hn)

(faithful, discrete)

HomFD(G, Isom(Hn))

Isom(Hn)

HomFD(G, Isom(Hn))/conj

( )

1) G 3 M

HomFD(G, Isom(Hn))/conj

(Mostow).

2) G g S

HomFD(G, Isom(Hn))/conj

S =R6g−6.



Mostow 3

M : 3

G:

13 (Thurston ) .

M

G

⇒

HomFD(G, Isom(H3))/conj

222

( )

M 1 (Mostow).



3

M

⇒( ),

⇐(Stallings )

G = A ∗C B

C = 1, Z, Z2

1) C C Dehn

HomFD(G, Isom(H3))/conj

.

2) G

G = A ∗Z B.



§2.4.3. HomFD

(Thurston ):

( 3 M :

π1(M) 1, Z, Z2

↔ ⊂ M .

14 (Bestvina-Feighn) .

G: . .

HomFD(G, Isom(Hn))/conj

⇒

G

(

222

Bestvina-Paulin-Rips:

G: , Out(G)

⇒ G 1, Z

•Out(G) ↔ Hom(G, Isom(G))/conj



222 2

(HomFD )

15 (Bestvina-Paulin) .

G: . .

HomFD(G, Isom(Hn))/conj

⇒(G Gromov-Hausdorff

G R- T

· stable.

·

· I ⊂ T

Margulis lemma).

G Hn ri → ∞

Hn

Hn/ri → T 0-

G T

HomFD = HomFD

∪{G T }



(

G

⇒ HomFD

(· · · · · · → Thurston )

(

1) {G T }

2) G

(

16 (Bestvina-Feighn) .

G R- T

stable

⇒

G H

0 → C → H → stab(I) → 1

I ⊂ T , C 1 Z.

HomFD(G)

⇒ G T ⇒ G



( 1 Thurston

3 M

⇒ HomFD

( stab(I)

( 2 Bestvina-Paulin-Rips)

Out( ⇒ 1, Z

G < Isom(G). ρ0 : G → Isom(G).

Out(G) Hom(G, Isom(G)) :

fi ∈ Out(G)

ρi = ρ0 ◦ fi : G → Isom(G).

{ρi}i Gromov-Hausdorff

ρ∞ : G → Isom(T )

G/ri T

Bestvina-Feighn :

G 1, Z



17 (Rips, 1991) .

G R- T

⇒

G

( 0) Bestvina-Feighn, 1995 G

1 Z

1) T G (Serre).

2) G 3 Morgan-

Shalen, 1988. Morgan-Shalen



§3.

§3.1. Grushko

18 (Grushko ) .

G

G = Fn ∗ G1 ∗ · · · ∗ Gm

:

1. Fn n

Gi , Gi 6= 1, Z.

2. :

n, m ≥ 0 ,

Gi G

3. G = A ∗ B :



How to show Grushko ?)

1. G = G1 ∗ G2

2. Gi

3.

(

G

r(G)=

• G = G1 ∗ G2

⇒ r(G) = r(G1) + r(G2).

(

1.

2.

3.

JSJ



§3.2 Bass-Serre

Bass-Serre 1968/69.

G

⇔

G

•

• ⇔



19 (Serre) .

SL(n, Z), n ≥ 3

SL(n, Z), n ≥ 3

SL(2, Z) = Z6 ∗Z2
Z4.

20 ( 1966) .

p

G < SL(2, Qp):

⇒ G

(Serre SL(2, Qp)

T ⇒ G T ⇒

(

G < SL(2, R):

⇒ H2 (PSL(2, R) = Isom(H2))

⇒ G



§3.3. JSJ

3

M 3

G

• ⊂ M

⇔

G 1, Z, Z2

• M

S1, · · · , Sn ⊂ M

⇔

M

M = M1]M2] · · ·

⇔

G Grushko .



(How about ⊂ M?)

M : 3

T1, · · · , Tn ⊂ M

(

M = Σ × S1.

Σ ∀ ×S1 ⊂ M .

Cone

S1



21 (JSJ :Jaco-Shalen,Johannson1977)

M :3

⇒

∃T1, · · · , Tn ⊂ M s.t.

M − {Ti}

1.

2. atoroidal)

1)

2)M

3) G Z2



atoroidal

⇒ ?

JSJ Thurston)

Thurston)

M :



(G JSJ )

G Zn

)

22 (JSJ : Rips-Sela,

Dunwoody-Sageev, Fujiwara-Papasoglu)

G: Zn JSJ

∃Zn1, · · · , Zni < G s.t.

G

G = A ∗Zn B

(

1) Out(G)

2)

Zn

3) HomFD(G, )

G Zn



• JSJ

G Tarski (Sela, 2002):

G =G

JSJ


