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1 9 : ; <
Gromov =?>A@B=DCFEHG [G;hyp], [G;asymp] IKJHLNMPORQDSBTAOBUKVW =�XZY\[^]0_-`a_�Q�bZc�dfe�g�E (geometric group theory) h�i0jlk�mnDoqp O�rqs?U�=?t�u�v�w 10 xzy�{|i�=B}qh�~?�q������� ���q=q��=��� g�h?_�Q����DQHiB�H�D=?t�u\���Dg�=���jP�Dg�~���y|��y|=D�?��u?���  =�¡�[|¢�£?UKg�~HuD¤¥�D¦���§H¨?©�ªH¨�=K«?¬Hg��¥�tH®HiD¤B~H�
���?b?c�dBe�g�Ezh�t�V�kB~�k¯j°��{±� � gB=D²?³�[�b?c�d�eHu3�µ´B¶· �Ze���¸�¹º~�»Z¼�½¾��¿ZÀ0hÁk\�Z���ZÂ�=�ÃºÄ�~Zt�u Gromov Å�ÆqIº�
Â�=B�¥j±��ÇHÈ�t?i�yP@��D��£HUD�?É�s�IHÂ�ON{|=DÊ�Ë�[�bH@BÌHÍHQHÎ
�\jÏ��Ð�Ñ\[^Ò0_�Q�u�Â�Oa{�[�sÔÓ�� Õ×Ö\hÁØqÙ�T�~�Ú\�º{-O�Oº¦\h-ÛF£
QHi��|�
}�=�Ü?Ý�t Surveys in Geometry ~?=�Ð?ÑB=�Þ?Ýzh�_|Q�ßqiHQ?iq� n uà =Dá?O�[�â�� p �?i���j 1 ãH=KÐHÑ�~�t à _Kä�O���iD¿�å�[�æ�ç�~Hi

���éèqê��\�t�ë0-ßqÌ���ÌZ£�U��íì�î0_�U�ÌZ£�U�ï\��ð�ñ�ï�� ( �º���
h�iaj��qò^t�u�ó\_�ô�õZöqeZ��]Z÷0h^i0j��\jÁ��ÃºÄ�~ ) t�øq=º�\jÁ�q�
=H~?���|�

1. ù¥ú|b�czhP� � g
2. 2 ø�¡�u 3 ø?¡���§?¨�h°� � g
3. û?¿���§?¨�h°� � g�=�¿Hü
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1.1 Dehn �����
i�@¥��=�}Bh�� n Dehn =�XHY�Ì�{°r�s��|� 1910 x�� M.Dehn t
	��

S�Hg�I��½�����@B=D«H¬BeH� Õ�����
��ÙB[
���Ku��Bú
�H=D«H¬HgBI
@�iHQ����?eHIDüBiHUD�?V���=Kg�~Ht����HeHIDü�ÌKOBQ?i��  @BT�ò!�
��~qä��Hi#" (P.S.Novikov,1954) �$�%�����q=�ÃqÄ�½���}qh�['&)(qI#*�+
�KIHt�,- n
.�/ �H=H~B}?}K~?t�_��?iD�%0��DÂ?=KÃBÄ¥h�_|QHu#���He
IKü21?��h�t�3)4Be�I
����~BäH�H}Bh n `)5���h�izj6�71K~?��y±u
8H¨
eH��9):¥ä�[|`�5¥�?}�h|~��B�|�

1. ;q=��#� (word problem):S)��¡q=#<q~��q�q{POqU#=�Ãq=�¡ g ∈ G
n

>�? ¡qÌ�[@	��?ã?=�A�BB~�����½¥��¸�¹¥[����?���
2. C�D���� (conjugacy problem):G =�=HÃ�=�>�¡ g, h

n
G =B��~�C)D

~?����Ì�[@	��?ã?=�A�BB~�����½¥��¸�¹¥[����?���
3. E�F%��� (isomorphism problem): �B��{-O�U�>�@q=�g n E#F�Ìq[�	
�?ã?=#A)BB~�����5¥���

Dehn t�}�= 3 @B=����q~�uéÂH=�G 100 x�=  IHqÎ�� p 5�"�g?Eq=�»�¼
=K]H÷¥[��B�KU¥h�iNj!��1K~H��yPuHÂH=Dü�B=�JKB~Kb?@BÌ�=
L / �
MN ��O)Pz_�Q?iB�|��Â�O¥['Q�R�e?�)S��BÌ\{T*)+¥�¥j .

T
U�u�V���W�X (X, dX) h (Y, dY ) I
YN_�QHu)Z�[ f : X → Y h@��\
K ≥ 1, ε ≥ 0

n�])^ _|QDø�= (1),(2) [@_�U�½�`?u (X, dX) h (Y, dY ) t�ab�c
(quasi-isometric) h�izj �$a b�c ²�t#V?��W�X�I)E#d7�#e¥[#�?sq�|�

(1) =?Ã�= x, y ∈ X I�Y0_|QHu
dX(x, y)

K
− ε ≤ dY (f(x), f(y)) ≤ KdX(x, y) + ε.

(2) =?Ã�= y ∈ Y I�Yz_�Q x ∈ X
n�])^ _ dY (y, f(x)) ≤ ε.

ø�I�;)V?��[���f?½¥��� (G, S) [@	���S)�?g G h�u?�B��	���S)�H¡)g
� S =�HzhH_ S = S−1 h°½¥�|�); (word) h|t S =D¡�=�	���h w =B}�h
~�u�ÂZ= c M�[ l(w) h-ßayµ��; w

n�ikj I#lZ½ G =�¡Ô[ w̄ h-ß0y � G Ë
=�
\ lS [�ø�~���f�_K��j :

>�? ¡ eG I�@�iHQ�t lS(eG) = 0 h�_�u eG~H�?i�¡ g I�Y0_�Q?t�ø�~)�
f?½\�|�
lS(g) = min

{w|w̄=g}
l(w).

G Ë?I�;)V�� (word metric) [
dS(g, h) = lS(g−1h)
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h@��f?½¥���
	%��S��?gq= Cayley ����� (Cayley, 1878. 	%��gq=���� ) Γ = Γ(G, S)

[�øB=���j°I���f?½���� Γ =KÊ�ÖHt G =D¡��H¨H�?Ê�Ö v h°S���¡ s I
Y
_�u v [�r�ÖHu vs ∈ G [���Ö¥h-½¥��		��
 (v, s, vs) [�Y��zM!5\�|�\}|O
t���qäD=#	���
 (vs, s−1, v) hkCqI?u v h vs [�Ç�� 1 @q=�
\[���sq�qh
½\�^� Γ t#&���������IZ�q���#&��������fh�t���ÊºÖ�~Z= ? \ n V ��=��
����~?�����
¤\��¦���,qe?��S��?¡\[��¥��Oq¦Hu Z

n = Cayley ������t Z
n ��� u��

\ n = i�� g�= Cayley �����Dt?u�ø�\ n 2n =�&��! ����?~?���|�
��
�= c MD[ 1 h?_�Q��f�MPO�� Γ ËH=#"�$�V?��tHu�Ê�Ö  ½B� p	%

G) Ë?~�;)V?� dS I b _|iD�)=HÃ�=�S)�?¡g?� S, S ′ I�@�i?Q Γ(G, S) h
Γ(G, S ′) t�a bc ~F�B����MH{�I�a bc ²�t
	7�AS���g���¨�IE
d7��e
[
�?s��?}qh n ¿�Ì��|�

G = Γ &�= b)c B�ö¥[|ø�~)�B�?� :

(g, v) 7→ g−1v, (g, (v, s, vs)) 7→ (g−1v, s, g−1vs).

Dehn t'�!(�)�*Kg (
· ��+�* n 2 ÅBËH=�Bú��H=D«�¬?g ) h±ù�ú#,��

H2
n a b�c ~��q�H}qh�I�- n @qi�Q�u�ù\ú�b�c\[�ú#��gqI���½\�'�%���

��=Dü)��I�¬H³�e?I o £�Q?iB���¥}�O¥[�V���=#.�/BI#0!1�_�U�2�3BID@
iHQ?t�G�~#*)+��|�

1.2 Stallings �5476 8�9�:
X ;=<�>�?�@BA�CEDGF�H�I!J�K�L�M!NPORQ�SBT�U�V!W�?�@=AXC5DZY�[\^]

K ⊂ X _#`badc^e e(X, K) ; X\K W#f^g^h'JiHjI^k^['WiljmbO
QXS=T

e(X) = sup
K

e(X, K)

OBn�oEa=e X W�pP@XqRW�l�mEO=r�s�TtPu�v e e(R) = 2, e(Rn) = 1(n ≥ 2). T w�xjy!z�W�{jm!w 3 |!}�W�~�B� JP� e(T ) = ∞.�!� A � J�����M!N�W�pP@XqRW�m!�����������!F��!SBT��!��c Cayley�����
Γ(G, S) W�p�@�q�W�l�m�����k�� \�] S _�����J���T�����;�g����

k�� G W�p�@�q�W�l�m5O�r�� e(G) O¡ 5¢£T	¤¥������W�����������¦�F��
S�T e(G) � 0, 1, 2,∞ W���§���¨�F���S�¤�O�w�©ª����c���c�e e(G) = 0 W
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����� [������ G w�g�����F���S�¤!O�F���S=T	��
���J� ] � e(G) = 1

F��!S!O�� u � ���!_�[�����J���T t � e(Zn) = 1(n ≥ 2).

J.R.Stallings � e(G) = 2,∞ F��!S G W���m���[���;�� u�� T
���

1.1 (Stallings,1968[St]). 1. e(G) = 2 W ����� [����!� G w Z

;=g!����m	W�Y�[��EO�aBc����!¤!O T
2. e(G) = ∞ F���S ����� [�������{!W���§��!¨�w�k�� ��!P¤!O¡T
(a) G = A∗C B O  #"Be C ��g ��� F |A/C| ≥ 3, |B/C| ≥ 2 ;%$ � Q�T
(b) G = A∗C OR &"Be C ��g!���!F |A/C| ≥ 2 ;'$ � Q#T

1.3 Mostow (*)
Mostow ��W�+�,�n�-�_���� v e%.�/���w�021�J�32!�W ?�@�A�C5D J�<

>�`	4�M N������ F�� S¥T�¤�¤�F��65#798	: O�W<;�H�;6=2> a�c e Rank-1

W? ]A@ "CBEDXS . �F�G�E
	_je!?�@BA C D F�JX¢dcFHJI�K	w#g	�jJX�
0ML!W�I�N!w#kO� ��! (Rank-1 W� ] � Mostow-Prasad, Rank-2 |	}�W
 ] � Margulis).

���
1.2 (Mostow. 1973). M, N ; ?�@�A C D JP5Q7PR6LSI O a¥e¡{��

��O�H�_ 3 |�}�O¡Q�S�T ¤�W�O�T�eC.�/�� π1(M) O π1(N) w�0�1�J�� M

O N ������T
Rank-2 |j}iWJ ] � e Ballmann-Gromov-Schroeder[BGS] _ �iS Mostow

+�,�W2U�V�w���S�T!¤�����e Hadamard R2L�I�e����W��
�_�� CAT(0) 8
:'WMX!Fje�5Y7J8�:	¨P�d��Z��XS�w�;�H�QPSJ[EaB��IE\ O=�^]GVF_�FMB
DXS=T
���

1.3 (Ballmann-Gromov-Schroeder.1981). M ; ? @�A C D F
f�`�a�J�<�>�`�4�M�N�F�e Rank � 2 |�}�O�Q�S�T N ;�?�@�A�C5D J C∞-�B��b @MRML�IEO�aBe�c�d�7 e'w K ≤ 0 ORQPSdT M, N WMI�K	��� a=�
O�a=e π1(M), π1(N) w�0�1!J�� M, N ������T
}�F N H Rank w 2 |	}�W	?�@BAPC DGF�fF`�a!J#<�>�`E4�M!N�WXO�T

w�e Mostow W�f �'g�h�i W�+�,	n�-!F��!S=T
`Ea=c Rank-1 F���{!W��&] J�j�k!w���SBT

���
1.4 (Farrell-Jones[FJ1]). U�V	W�n�m δ > 0 O x n ≥ 5 _M!	��c

{X; $ � Q n {��!W!?�@=APCED J �B��b @�R�L�I M, N w�l�m�QXS=T
4



1. M, N �����F0�1 @ w���[F0�1!F���J���T
2. M W�c�d�7 e KM = 1, N W�c�d�7 e KN _�!!��c

−1 − δ ≤ KN ≤ −1.

}�F N _��	c	d 7%e = −1 W �¥�	b @���¦��	� ��J�� ¤ O¥_�
�V � H a
��� v e Mostow +2,���� M, N ������e9��_	��[ 021� T�� C�����C��	�
¢�� J^S�wie ��� W ,�� ;	H ! ? @ A C D J � �	b @ RPL<I N W Gromov-

Thurston _�� S�� W���k H�� S (1987): N _65Q7�� ¦���� � J���w e�} W
7%e�W2�S� 2 ;%$ � Q�� ¦��	��S�T��SN�� ���Sb @%8	:5O Mostow +�,�_
�F� e N W�{��	� 4 |!}�JX����� (cf. �� "!�#%$�W�&"' [SiG86]). J�(�e
{j�!w 3 WM ] ��}�W!�Y] J t ��J��PO*),+��XSBT�J.-'JP�Be Thurston

WM5&70/�1�2	w�35a=��JP� N _���5&70�!¦�w.�PS�W�F M O N �.��[�0
1	_�J!S�¨��=F��!S=T

1.4 Gromov 465876979�:
g!����k�� (G, S) _�`Ea=c�e�:�;�<�;�m (growth function) ;

γS(n) = ]{g ∈ G|lS(g) = n}(n ∈ N)

O�nio�Q S . n W^�'S?R>=@? p(n) w?l m a�c�e�U^V	W n ∈ N _ !	�^c
γS(n) ≤ p(n) W@A�e G �ER.=%?@:%;@< (polynomial growth) ;CB�! Od�
] T!n�m C > 0 w�l�mEa=c�e�U�V!W n ∈ N _�!!��c exp(Cn) ≤ γS(n) W
Aje G �M��m@:%;@< (exponential growth) ;CB�! Od�O] T�:@;%<'� G W
�j����� @ "�_	��S=TP?j@=AXC D J �B��b @?R�L�I!WA7CeEO .�/��	W.:
;%<!_�;�Q�S=I�\!W���D t O�a=c�{!w��	S�T
���

1.5 (J.Milnor, 1968). ?�@�A�C5D F�E�W�cSd�7%e�;�B�! ���Sb @
RML�I!W�.�/��	����m�:�;"<X;0B�!�T
�F� =j�.F!W#I�\!_#{	w��'S=TP¤B�'��GXOG!	W H +�,	n�-�IPOB� u S

¨FH!aR�!J���T
���

1.6 (Avez, 1970). M ;^?�@dA C D J �B� b @?R?LEI'FEc�d 7Ce
w ≤ 0 O QPS�T M w ��� �PD F�J�"=� v e�.�/��!�M��m�:�;"<P;JB�!�T
g ��� k W�KML�N � �<R�=�?�:�;�<�;�BPO�e ��W	R�=�? W�{�m H H.Bass

_��d� c2��m���_	��QSR¡� c���S (1972, Proc.LMS). ��W	T�;�U	V�Q�S�{
W Gromov W�n�- [G;poli] ����V @ _�W"XYR�;0Z[+�J���\���y&T�F��!S�T
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���
1.7 (Gromov, 1981). g ����ki� G wSR =�? :�;�< ;�B !�¤^O�O e

G _�g!����m	W � N�Y�[���w�l�m�QPS�¤!O=��0���T
:%;�<'w����j�����'F��	S�¤'OB��BED � TX¤�W�n?-P;�� a=c�e�g'�M�

m	W � N�Y�[��	W�l�m!����W����������	J�,��!F��!S�¤!O=w�[!¨!SBT
� w	R�=�?�:�;�< H9� m�:�;�<QH�B � J ��A e���N�:�;�< (intermediate

growth) ; B	!ªO�� ] T�g�����k���F���N	:�;"<�; B�! t w�© ����c���S
w (R.I.Grigorchuk,1983) e�g!��D
	��!F�� t w�©E�¡�	c���J���T

1.5 Gromov 4���������
Gromov W�3�!�W2N
��W��S!�e95*7���_�!���c���{���F�BSD�S�w�e	H*]

��!�W�N�� [G;asymp] F�e Gromov ��{�W �*]�J ��� ����� ;�����a � O
�%+��!c���S : H g�����k��X;=�����!_!����c�[������.I T
��W���z�¨���¤�W
��;�� �! j� c
"�S�T�V�§ Stallings W�p�@�q¡n�-���e

p @Pq W#mEOB��] ���j�����!¦';=�	W�[%& OB��] �jm��M,��'_�#	�%$ u
c��!S�O=� ]GV�_�F�e Gromov W ��� ���&� W�'"F���J�n�-5O�"�J&�PS=T
{'_ Gromov W.:@;�<	n?-&H�e�:@;%<EOd��]G�j�����j�!¦XO g	�M��m%K
L>N�Y�[j�P;C�F�XO=�^] ��mA��JM,��'W�0%�E,P;�	 aBc��'S=T tXu�v {
W	�&]RJ!¤�O�H�(�)!_�[!¨�SBT
*

1.1. G ;=g�����k��EO�a=e�+ � C � �!q-,�d E2 OR�����5ORQPS�T�¤
WXO�T=g!��� F w�l�m5aR{	W�.��0/�1X;'$ � Q#T

1 → F → G → Z
2 → 0.

G _ D ��g�2 @�w�J�"=� v e G = Z
2 F��!S=T

��N���e E2 � 2 {�W�R�="?":";"<�;0B6O G �����5O¡���������'0�3�¢
2 {'W�:%;%<P;JB�!jT�����c Gromov Wjn�-X���*K,L�Nj� N ;Bg!�?��m
F���"�e N H 2 {�W�:�;"<�; BS!�T�4�_PB�D � Bass W��"Q�� � N � H65
O�7�8 I Z ¨ Z

2 F���S¥T�p�@�q¡W�l�m�W�����������,�;�9 u�v Z ���*�u J���T	��� c N eB� ��c G �
5�O�7:8 Z
2 F���S¥T	¤���; 3
;�_�# u�v

I�N!_�J!S�T
¤=�E��W t ¨X��H�[!¨!S��Y]¡_�e H ��m���,%� ⇒ ��������,%�[I���)
a�¢ e T�W�<�T�w&= a���¤�O�wSR���T�A�N�w���� v Mostow +�, _2!���c
H�¤�W��!z�¨P��>�c�" � ��T

6



���
1.8 (Sullivan,1978-Gromov). g�����k�� H O H3 w������ @ O

Q SBTP¤�WXOMT#�	S��A0M1 g : H → Isom(H3) w?l�m a Ker(g) �#g	�
�	F Im(g) ����L������!_�J	S=T
¤�W�IENX;��jW��	W + � C � �!q-,�djWM ] O��
	 a=c "	S	O��F_�

��T + � C � ��q ,�d�O¡������J�����/"����_�� Z
2
@ "�F���S�W�_�`5a

c�e H3 W� ] ����c�W���L������!w 1 ! W���������;�JPa�c��!S�T ��W
VF_�F���m���J�+�,!���!��O-# u S=T

2 � � �
7 d��^_ ( "iS��^n����^_<;dQ S Dehn W���� �#e�� _ van Kampen(1933) e

R.Lyndon(1966) _��d� c �"! # (diagram) ; 9 � � �	NªO�a�c%$'& R���e(*),+ ;.-M? � (small cancellation group) W	- N O a c	� 
M/ R¥� �
[LS]T
���5�=W�[5a=����
�/5O�a=c�e 1980 /���0�1	e Gromov[G;hyp] w����

M'NXORg'����k��	_ H 5 7C,,I	;�n�o a RX¢dW ) � J?,��X; 	Ea � ¤	O
w�e�8�:�2�����N!W�3,V&��F��!S�¤!O=��4�_�B�D � T
5&7',!W650" ] +&�F�67�d�� small cancellation �	e68�:�2F�67�d���5

7?RML�I'e"V � �!�F���E
���J�`�k O�aBc�8#H�I	J �d��b @?R�L�I	F��
W�c�d�7'e K w���S E!W�n�m c _�!���c K ≤ c ; $ � QYH�W�_69�:P; B
! O=� u S�T
O ¤<; F�e=8�H�I J � �Sb @6RPL	I F K ≤ 0 ; $ � Q H�W�; Hadamard

R6L I O r�s T%c d 7 e^W f 3 , ; � �iM^N _ U V a �?>�@ Oia c CAT(0)

M�N�w���S�w�e�¤��#H [G;hyp] F6A"� R���BDC%E�FDGIH�JDK�L M=N�OQP=RSUT�V R
W [BrHae] X�Y[Z\N�]_^\`[acb�]_^\d[e�fgRchcWji
k [l
m ] n
LgM�N

2.1 δ- oqpQrQs
(X, d) X�t
uwv
xw`gazy�{zM\N|L[Mj}�~ δ ≥ 0 y X �w���w� 4 e�f
R
h�b����D���
�|K��|�����|��i����|� δ- ���De��|����M���b 4 W δ- �
R (thin) y��q��N|L|M�}�~ δ ≥ 0 K6����P�h
b X ���
�|��v�x|�����|K
δ- �[R_y���b X W δ- ]_^j� (hyperbolic) bc�c�wW
�we (Gromov-) ]_^��
((Gromov-)hyperbolic) y�R���N
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] ^ � WIv�x�`Da����������	��
�����LDM ( ��<e�W��������DK���� ) N����� b������
W (0-) ]_^���N|���! |Gjt�u"�#�%$'&�(�)+*|e
b�L[M�}
~ c > 0 K�����P=h!,�-D^�.DK −c B/��G10 ]�^6�6N32�4�h n 5!6�] ^=`
a Hn W�] ^���N!5%6|K 2 B/7�� Euclid `|a�W�] ^��%��G�R�N
�% gG I ⊂ R 890 X :g���%;'<�= f : I → X X#>Uy�Z#?wN K ≥ 1 b

ε ≥ 0 X%}I~ y { M NA@B��CEDGF��IH<XKJ'fB> α K (K, ε)-�<v'x�L (quasi-

geodesic) y�W�b����D� t b s e�f|R�h�5|K�M'N�{ M!O|y�X6R�� :

|t − s| ≤ Kd(α(t), α(s)) + ε.

]_^\`|ac���
v
x%Lge
WP5|e�Q!R�M SUT|} �'V KPM/Nj{ M%O[y�WPW%�gGX%Y ��L|M=N1O\�|W Euclid Z%-!��W�
�M/N%��L|M!O|y=eP[���N
\%]

2.1. ���|�c}�~ δ, ε ≥ 0, K ≥ 1 e�^ P�h�b
LDMj}�~ C(δ, K, ε) ≥ 0

K�����P�h�5 X#_|��{ :

�c�|� δ- ]�^�`[a X ���c�|� (K, ε)-��v
x%L|Wcb X �
L|M�v�x%L|� C-

�
�|e��|�6� M\N
Hadamard (�)%*Uy#`�)[e
b�acb�v�x+Lg�Pdc�|� (asymptotic) `�e%�
���Qy�P\h�b?] ^=`Da X ��f�g�h�i X(∞) K�}�jlk � M=NmO�O���b.�6f
� ( @���CnD�F���H�X�n=f ) v'x�L α, β : [0,∞) → X K�d��D� y=W�LDM6}
~ c K����QP\h�o|h�� t e�f|R�h�5|K�M'N�{ M!ODy�N

d(α(t), β(t)) ≤ c.

O\�|W!p'q#C/��G X �'r!&�C1s"tvu X̄ = X ∪ X(∞) X�w � M�N X ���
�%�!x|W X̄ �!`�y!�%x|e�z/{�{ M\N

2.2 o p1|
} bP~%M
d (G, S) � Cayley �%D%��K Gromov- ]_^���Gc�
b�d G X\]
^\d (word-hyperbolic group) y��P?�N�v�x�`|a���] ^ � W��!���%
!�|G
����b?dD�6] ^ � W�~�M�6De����QP=G�R6N.] ^=d|W���e } b����|e�GDM=N
}�j�8n0����6e���8DM � y�P=h�b } b6dDb } b�~�M����=d ���De Z) W%]
^\d/��L|M�N Z

2 W�] ^=d'��G�R�K�b%�!�|e���� X��!��d�y�P=h��/�6d|W
]�^�d/��G�R/Ogy�K��"0��Dh
R|M�N
d G �P�!�c`ga X :[���%�%�%�gKP
%�!; (properly discontinuous) y
W6���D�%� x ∈ X y ���D��}6~ R > 0 e6fDR�h�b�5 X�_D�6{�6 g ����~
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K } b!��LDM!Ogy�X�R�� :

{g ∈ G|d(x, gx) < R}.

5|e�Q�R M X%Y W�W!�/��LDM\N 1950 ���|e/q�������W��"0��Dh
R�� y
RQ��N��
	������D� Milnor ���� (1968) eDn���QDK�LDM=N��De�Q�RD�DZ
��e/����s���dg��] ^�Z!- H2 :|���!�g�����DW Dehn eDZ�M�N
���

2.1. d G K6v�x<`Da X e ���D��b#
���;DeG���QP=h�R'h�b X/G K
r%&�Cns"t��10=b G W } b�~�M'� X y G �����|e�W%��� Cayley �!D!���
W������'N�2 4<h�rB&�CEs�t��n�K��$	&�( )�* M �� �!#"�$ y π1(M) W
�%�!��N
O�� X%Y Z T r%&#C�s"t%��&�^�. �#�+$/&P(�)%* � �[e('�~ 2 )c7
�* ^�-��|��+�,
d|W�] ^�d��
L|M!O|y�KP��8|M�N} b�dDb����
W Z X } b�-
~|���!��d�y
P=h��/��] ^=d�X/.!�|� (ele-

mentary) y#��?�N����g��.!�D�!���
R�] ^�d|W
b�06~ 2 �1����d�X��!�
d y�P�h��
1�b(-�~|��2�l�3�X�J�f1O|y\K��"0��|h�RgM�N
]�^\dg�(4g�65��gb(7�895P�gb�:c~ 2 ��6 X\�[����R��
�[�!`(;<5P�
� Z.Sela,1995) W�=|}���e�>'8��Dh�R|M�N

2.3 ?A@CBD?FE
G�H ������I!
%��J�X/K�L�{ M\N
] ^PZ%- H2 e
��M * ^ L c XON � b
�
���"k6X l(c) y
P�b3���|K�P!� } i�Q�RD��-(S X A(c) y�{ M=N L|M6}
~ K K�����P�h6�
�|� c eP^�P�h�5DK�M'N�N1O�� XOTQP�h�L��|�P��I!

��J�y�R���N

A(c) ≤ Kl(c).

U ��s��#�WV Z�- E2 e�X�R�h�`�)D�/ODy6X�N � MDy 2 5D����I�
���JDK
M T N�f�N�{���Y/��b����D� c e�f|R
h�b

A(c) ≤
1

4π
(l(c))2.

)'�
b6dc�P�6I!
%�6J�X/N � Z���N G X } b��%�
d y
P\hcb��
���%�
K%w � 0��D� y�{ M�N

G =< S|R > .
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} b%��� S KG~�M�6<�'��� } b6�'� R K�����J'�'�	��L*M N F (S) X S �
~%M�{ M/����d�y�P�b%�������j��� R ��~%M
{ M/���!�!��d_X N(R) y
{c� � b�dg�P�+�|�
}�j�Z T G ' F (S)/N(R) �
LgM\N�{9�6Y'�/�	�9�
o�
��/`�;

F (S) → G

��DK N(R) ��LDM=N9k h N(R) ��}�j Z T b���6 � �'��W�O6� ���Db'�
�\d F (S) ��6
�
�!��4�y�������� ��K���R�8|n|P �9��R�� w ∈ N(R) <

F (S) W�b R �P6|� F (S) �!����7�8D� } b��|��S'��8���M��
w = ra1

1 · · · ran

n .

��� P\b ri ∈ R, ai ∈ F (S) ��b rai

i = airia
−1

i ��ODy�N 7�������W F (S) �
��������L M�O y=eG[��<N/O%�DZ � �����D� ��k n ������e X A(w) y k� O|y�e�{ M�NgL|M�}�~ K K�����P�h�b��
�|� w ∈ N(R) e�f|R�h

A(w) ≤ Kl(w)

KGM T N%f yI�6b G W S L'�D� �#I�
��#J V XK_ �%{Qy"R � N���� P l(w)

W� G� V w � ��kK�'L*M=N A(w) ≤ K(l(w))2 �E0 � b!S 2 5*���#IB
���J V
X#_|��{��"!�y\R�� N
���

2.2.
} b��!�
d G e�f|R
h�5|W!`�e�N

1. G W�] ^\d�N
2. G W�L��g����I!
!��J X�_|��{ .

fg� T d�|e6X�R
h�Lc�g���6I!
%�6J|W�]�^ � X ��#�$%��h
R|M�N�P
8 P 2 5D� �#I�
��#J XK_ �%{�d X ��#�$&�'MBO y W�M�' P"h'R#�'R%N<�
�_P�(+� t $*) ��s�d[�%� � ��M�dg�cs%D(�*+�, T b!���[W 2 5g����I

+��J X _|��{�O|y�+P�l0��gh
R�-�N��%�|ej] ^\d[W�(%� t $�)D�Ps\d
��,�-�N�(�� t $�) ��s�dDe�f|R�h�W [Ep] X�YgZ�N

2.4 Gromov-Hausdorff .0/ 1 Bestvina-Paulin-Rips 23"4

]_^�d[ejfgRwh
b Gromov  �6)*5[�6��n7�
Rw}Pf[�j�cfUycP\h 58+
,8-�N
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���
2.3 (Bestvina-Paulin-Rips). G X\] ^�d y�{%-�N G ��� � ���

`�;�d Out(G) W�a�b6d
�10=b G W } b��!��d�8�b7� y �"! (virtually)Z

�����'d C e6f R�h�� >�{"- N�{
��Y	� G = A ∗C B ���'W G = A∗C y
���l����e���k"��-�N
��� P�b��%�|e�,�-�d A + S � y � !��	� V y�W!�
� ��
 S��	� V X

_g��{��!��d B < A + } b�-�~������
{ -�O|y6X��q��N�7
�����Db C e
Z + } b�-�~'���|�6� -!Ogy�e���-=N
O���}�fgW����dg����~gb���� y��%5%6 t��'q��+��b�]�^����g�����

� S � y L V �����Qy�P=h|n��! �"DR�# � h!iD����R�� r�&�Cns�t���& ^
.'(�)!* M ��+�,�d G +�] ^=d'��,�-!ODy�WPQ!R|��#"k!0\e M X�] ^
(�)�* y�P=h#1DZ �$#'O6� y%� G ����� ����` ;�dD� S l ��k V W M �
5�6De6l � � �
��{"-�#�{
��Y���5�6 + 2 �n0 a�b � <�=���d�� ��b 3 )
7��n0 } b���, -�# k�0=e 3 5�6��Dn M +�r!&�Cns"t ���
R y6��e�W�%
����& +�, T b����DW 3 5%6�] ^�(�)!*D�(+�,�dD� SL(2,C) ���D��,�-' �)(!D+*	,'r+& C�slt.-	/ ��0 - Thurston, Morgan-Shalen /	1�-+2354�687:9�;<6+7�= -�#?>�@)A:B	C DFE	,�G�H	IJ,�KML�NPO�Q�R	Q 6�S= ,�T�U�V!W?O�X�Y)T�Z�@![ =�\] ,_^:`a,�bMcdT_A Gromov-Hausdorff e_fag:h_iMjdW�k�lnm�oM[ 6
[ \ ^�pMqMr+s�t 7 Rvu \)w:x�y)z�{+|P}�~ W:�����	� (Z, d) ,������
A, B ⊂ Z ,���� (Hausdorff �J� 48��� ) m8B)TJ^�p�0?� \

dZ
H(A, B) = inf{ε > 0|A ⊂ Nε(B), B ⊂ Nε(A)}.

>J>�T y Nε(A) A A , ε �J��m���0 \ Gromov A!>�@!A��!� 6�7Jy8�J� ,z�{�|v}<~ �_���M� A, B /:���vm+BMT�^�p 6 [ \ Gromov-Hausdorff �
� 48��� @�� .

dGH(A, B) = inf
Z
{dZ

H(A, B)|A, B ⊂ Z}.

z�{+|v}5~ W����_�	����� CM A Gromov-Hausdorff ���a/�� =�7��� /JW!� \������!{��J  /JR!rJ�8¡!¢�-!^�`J£ y¥¤§¦¨6�7 Alexandrov �
�_© �_ _ª Wn«�ga>_>�NnO¬ w @a[ (cf. ®_¯a°�± y�²_³M´¶µ ±M©¶H_·
[SiG86]. Alexandrov �¸�J/§� =¥7 A [SiG01]). Gromov-Hausdorff ���¹©º�» A Gromov g�¼ ª / 6 [�½PQ8¾�¿�W�À�Á	©�Â��)q S?ÃÄ\
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3 � � � � � �
��� m�1
	���8W�� ��� /�G�H�0P��> 4 A:½��	/�0v��t?¿��
��©�Â��
q S?Ã.\)¤�¦ 6�7 0�t?¿�> 4 A����
�)� :

1. G�H��JV)W�� ��� ©��JiPm���t?� \
2. G�H)©���� =  
!
"�#%$Pm���t?� \
>�©�K)L�N�O���&�E?m�' 7 �	� \

3.1 Grushko (*),+
Grushko ©�^�` [LS] -
.�@ ��y���� ©�¡!¢�¬�/�E G A y

G = Fn ∗ G1 ∗ · · · ∗ Gm

4�0�1�2 -�G�H 6 B?m�3)[54 :

1. Fn A�6:¼ n © 071 E y58 Gi A 07192 G�H���V	T�:�e�E)T�W?u Z -;�< T!Q�W =�\
2. >�©�GJH)A�B)© �
= T�Â � j�T��)� :

n, m ≥ 0 A�Â � j¥T y>8@? G¶E Gi A G ©BAdT¥©BC¶k mED =¥7 Â � j \
3. >�©�GJH)A ��� © 0�1%2 G�H G = A ∗ B m8B)© ��= T�F�s�4?� :

G1, · · · , Gm m%GIH�-5JJt�K,L yNM @ O�m%GIH�- G ©IO�T5CJk�m%PRQ
[MQ�©am G′

1, · · · , G′
m

4 4d@ � ( >�@�O+A A, B -S.��UT y �a� 0 ≤

n1 ≤ n, 0 ≤ m1 ≤ m g�V�W 687 B)g�/�X :

A = Fn1
∗ G′

1 ∗ · · · ∗ G′
m1

, B = Fn−n1
∗ G′

m1+1 ∗ · · · ∗ G′
m.

� w 	 Grushko G�H	A�Â��)©�G�H)T 0�192 G�HM©�� 7�y 4MW�Y
Z� 
!I"
#9$?m�F�s 687�= � \4 > S T ] ©@[�� 1 q!r�T¹Q 0 c�T¥W = > 4 -B\ ��\ ^§`¹©§b¸c�T�A^]
L	O�@)[�E G g 0�1�2 G�H)U�V)q 4�68y���� - 0�1�2 G�H G = G1 ∗ G2

m_P`	 y �O_- Gi g 0a1b2 G�H¹U§V¹W Odc r�� 4�= ÃdeRfbgR� m_hiL�� \
>:© ejf9g�� g�¡	¢�k�Tml 9 4v��WvO9[�� 1 gmn Ã.\�;jo�y�ejf9gj� ©
l 9 A�B)©I. Ã -�p�bq�@�� \ ¡)¢�¬�/�E G ©�¬�/�A���� r�Â �ts A�¢
O�W = Td©5A!©�¼)©�½���u�m r(G)

s�v . ÃÄ\ >�© s ¿ �J� © 051�2 GJH
G = G1 ∗ G2 -�� =�w_y Gi A:¡M¢�¬�/aT�BMgN/iXm4n��> s gmx�O @ w
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= � \
r(G) = r(G1) + r(G2).

>�@ .
	 y ] © e
f�g
� g�¡)¢�k�T�©�l � 4?��©�A�cPO8N�q S�Ã.\
>�©��¥`!©����I�JA y �I���IY��JE��!W�« (	JB^A ~�
If ! � W�«�I-

Q =)S�=)S �)� s�� Ã g�T!©����)T
.)u9�!� |����){ T��)� \
1.
��� - y �	� e
f�g
� m�^�p�4?� \

2. �	� D������	I)m�^�p v�y�ejf9g�� g�����4P��� s -������	g����
4?��> s m ��4 \

3. �����M©�!�¢�©7V�WPm ��4P> s -�.j	 y�e�f9g�� g:¡	¢�k�T7l � 4
��> s m�p�b�4?� \

" o¶y$# T�s¥ta� E_© JSJ G¥Hd©EVNW -_Q¥>�© . Ã W%�&�_gEG('  @ � \

3.2 Bass-Serre +*)
] T�Ed© 0a1 2 -�� =@w s¶t¹[¥g y�M ©�Â(+&, s vbw Ed©.-¥� 2¸y HNN

��¾¹g��¹� \ E¹©�-�� 2!y HNN- �¥¾ m�¡!¢^k./*	10 v%w E G g.2 O @ �3Jy5M ©�4�5�6¹A G ©87�#�9�G�H (graph decomposition) m5]IL�� s;: Y
@P� \ Bass-Serre `���-
.�@ ��y G © ��� ©<7�#�98G�H)A G ©�= ���?>
©��)�A@�B�6�' s ; @)T��!� [Se].

«�©
. Ã W�EMg?C 0 c�WD7�#E98G�HvmAF��	N�A y?G h)j�N:��H�I	W�JK T��	� \ >�©�J�L	m Bass-Serre `E�	T?M�N�4?�:W?O y «+©�E	g�= �8�
-OC 0 c�- rQP:©?R��TS�C�U)©EV�^�LMm F)[ x -7T�6�'�4v��N y,s L Ã
J K -�W)� \ Serre S�B?mA� v [ \
W�X

3.1. SL(n, Z), n ≥ 3 g�= �8� -O@�B	j�-�6E'�4?�:WPO V�^�LMm F
� \ n
Q w SL(n, Z), n ≥ 3 S�G�H v W�L \
�<Y j�- SL(2, Z) S�B)©
. Ã W�¡�Z)W�G�HPmAFJ� \

SL(2, Z) = Z6 ∗ [ 2
Z4.

[_q v Zn = Z/nZ T��a� \ .j	 ÂE+j-j# {_} g 2 \ ] ©�:^]	W ��� E
L(_ L � SL(n,R), n ≥ 3) ©O`�a ? G�E G r 4)W�Y
Z8��&�E	T?b�ced�f
��-��<L w L/G S�¡	¢�f�� ) S DQg�h�i { ©7��i T I s8����j ��Q�©)m
3	[ v8y�M ©
. Ã W�E<S�GJH v W�L<P s g5x¨O j
w L	� \
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E¸©§G�H m �¥ �ª j^-���� v [�L�W O y���� � Mn -¶R¹rJ�����@A 1 ©? G �	� � N ©�V�W s�¤�¦ �?��©Jg
.?L�q S?Ã.\ 9�
 { g {��{ ©�^
`MWP«�-j. j)��y M © G h��<S N © G h���-��DL w�� H�4P� s h L w
.�L \ .I	 Â�+!©	���!T : Ã W�O yU?�� �J� Y ⊂ X g	���!j�- gJ|������� { 7�W�O y π1(X) © π1(Y ) - ¤ 4?� � H	g	���)T)¿�� \
\ ] .
	 π1(M) © � H)U�V��<S N ©5V�W s8¤�� g ² L�©�g � N	� \ 2

��AI-�R�L w S y P�©§K� 8S 0 c54"! w	#�$ -�N!rJ�§g y 3 ��AI-�R�L w
S 3 ��A ��� ���!©.H�I¸W�Â ? T^�!� \^M�j m��!T^'!��%I- y ����A 1 ©
N ©�V�WDS Hn−1(M) ©?C 0 c�� y 4)W�Y�Z H1(M) ©?C 0 c�� s�¤�¦qvw L¹��P s -a\ �`v%w�y ] © g¹� d¹©�^�` s © ¤§¦�&('`s^v_w�y SL(n, Z)

© H1 g 0 c�T��!� &�" ( )+* , , ] ,Borel WP« ) m.-�/ v�w R?u \

3.3 JSJ 0�1
3 �^A �	��2 � s43�5�687 ���89�:�;8S	< v L	= 3 ��> ����2 � s4?"@3�5+A�B L�C�S�D�EGF�H�I+9KJ�LNM�O+PK9�Q (cf. [D�E ]) R+S�S�Q�T�U+VW�X�Y PZ= 3 [�>]\�^`_ 2 M 9�a�b�c G 9ed	fhg�i�j]T M 9�;(k�l�i�j
Q�m]n�opSrqtspP (Kneser u�v]9 J.R.Stallings

A+w P�x]y , 1965). ;(k�l
iGj{z.|G} 3 [�>�^K_ 2 W�~ (prime) ^K_ 2�� }{��= M 9������+9 ~ ^
_ 2�� 9	;�k�l�i�j+�	����z.R���� 7 Q�O+P	� ( �����8T Milnor, 1962) R
Ss+T Grushko 9������ G

A���� d�f.g�i�j �.�K� Q�O+P . ;�k�l�i�j
TK��� AKB }�CG9�iGj �� s+��R�� A X�Y���� �GQ�T������K��[�> 1 9� i+^�_ 2 N

A O � P.=� i�^K_ 2 N ⊂ M ��bG  7 (essential)
� T N 9Ka�b�c�� M 9�aGb

c�9 � i�c A |�¡�CG}8P � n W.¢ ��= M 9+£�9	��[�> 1 9 � i8^�_ 2 N¤¦¥ |�§�¨ @ �K© � zC�R�����9K[ A«ª¬+®�¯ W.°²± P�9�T²d´³+µ�¶N��=· T�R ~ | 3 [�>+\�^	_ 2 M 9	¸8C�9�b�  7«ª¹¬8®�¯ WZº�X ¥ P�S � �»G¼ zC�}�C�R M 9 JSJ iGj �½ ��sNP (1977). JSJ
� T�R���¾+9K¿�ÀÁ

Jaco-Shalen, Johannson 9	Â�Ã�Ä�Q�O+P.=
JSJ i�j A+w s���R M T������+9�Å�} A�Æ §²Ç.|�}�È+ÉKÊ+Ë�s � ªÌ¬®�¯�A]w ¡ÍC�i�jÎqtsrR�Ï�srÐ�s]9]Ñ ¬(¯ T�Ò�ÓpÔKÕ×Ö ªÙØ]Úp�h½ ��spPª¬�®�¯ W.Û�Ü A�Ý+Þ � i+QGO+P�ß�R�à ªâá Ó+ã�Ö ��½ ��säP ªå¬�®�¯W Ý Ë�|�} � irQ�O8P�=8S(S�Q�Ò�ÓpÔæÕçÖ ªèØ]Ú"� T 2 [�>ré ¬]ê Ô`ë ¬

Öíì Σ î�9 S1 ï 98S � Q�O"ðñR�Ï�9 ª¹ò8á	ó�¬ Rô�õ8T w8� i8ßæ¡(C�}
P=�ö A Ï�÷�£�÷�b� +ø�| ªå¬+®�¯ T Σ î�÷�ù�ú+\ @.û{� Ô�ü.Ó�ý ¬ ÷
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� g � z.C���sNPZ=Îq�Ç A JSJ i�j8÷���� A+w s+��R M ÷�b� �ø�| ªÌ¬®K¯ TK¸+C�ÒKÓ²Ô�Õ.Ö ª Ø�Ú ÷�£�÷ ªå¬�®�¯�A��	� ª¬�
 QGO²ðñR�Ï�÷
���Q M ÷�¸+C�÷�b� +ø ªÌ¬+®�¯ T º�X qâs�C�}+P.=
���+R�� ¬�¯ ª�� ÷�ô�õ���uGv A+w s+��à ªâá Ó+ãKÖ+| � i+T ?²@ ø
QGO�P.=²S�÷ w � A	��A X�Y��	������� 1 ÷ � iGj�Q�n�|�}�Ñ ¬�¯ ÷�j��� T ¤ u�v"M Ý É�C�©����8��} �! #"8A%$�» q4s8C�}8P�= ���&�&� 2 ÷��ó�'�® Ó�÷ º�X T JSJ iGj�d)(+�GÏ�s A O � P.=�¸�C�÷Kb� �ø ª¬+®¯ ÷ º�X"W zC�}8P	÷�Q�R d4³8|�*�k � zZC�+ ± � M ÷�,�D ��-&.&/ T
JSJ i�j W10 B =
k�28R Thurston ÷ ?²@ ô�õ���u�v+Q�38¡�C�}+P � i+T ~ Q	b� +ø ªÌ¬®K¯ W Ý Ë�|�}54�6�÷�|�}87 �:9<;{ª 3 [�>�^K_�= ¤ Q�a�bGc���>���µ
� Z

A���- Q�|�}	© A&? zZC�Q�O8P�= B Ë"ð ~ ^	_&= � ÷�@�k�l�i�j"M	R
b� +ø ªÌ¬+®�¯�A+w P JSJ i�jNM�d.y�Q�R�ß B Ò�Ó²Ô�Õ.Ö ª Ø+Ú Q�M�|
}5A�B+QGO+P= � µ²z�4�6�÷�O�P:A�B�C�R w ð´��D A ¤ ªå¬�®�¯²� T��
Ç|�}�©�b� +ø�| @ � W Ý�Þ Haken

�Z½ ��sNP1A�B A T ?N@ ø�Q�O+P�S� ��i+ß�¡�C�}�P (cf. [ EGF ]).

3 [&H8^	_&= M ÷ JSJ i�j W a�b�c A	B }�C � C&I8P � R M ÷�a�b�c
��R ª¹¬8®�¯ ÷	a�b�c Z

2
A&? z.C�J ® ÔZi�j�zZC�}8P�S � �	i8ß8PLK#M

� ¥ P � RN4�68÷�O8P&7 �L9O;�ª | 3 [�H+^	_&= M
W.°"± P � n	T�R �

i�^�_�= � z�C�b� �ø�|�P<Q � ã ¬ W°ä± P:R�S²M�OäðñR�aGb�c+÷ � i
c8Q�T Z �%T&U ¥ PLK M ÷�@�k�l�i�j8Ë�Q%B8§�V8C °"± P � R M ÷	a�b
c�W ? zZC�T�ù�,�c8R Z, Z

2 W B }�C�÷�J ® ÔZi�j W�X8± C�}8PLK5Y&Z8|[ T�R 3 [�H8^	_&=�W B }�C�T ¤ u�v8Ë�Q Ý É	s8�	©�S�S	Ë�Q�i�j ¥ s8�
Ï�÷ ªÌò+á	ó�¬²� ô�õ W �&��} �\ �" W���j+Q+n�P � }��.S � Q�O�P1K
�#�]R��#D]÷��]�%]&^(c G W B }�C�R Z

n(n ≥ 0) W �%- | � i(c_W ?�¥
P¸+C�÷	i�j Wº�X ¥ P.� B ÷J ® ÔZi�j (G ÷ JSJ i�j �.½ �	sNP ) �
�(� ¥ P(S � �a` Ç s C(}rP (E.Rips-Z.Sela[RS],M.Dunwoody-M.Sageev,

K.Fujiwara-P.Papasoglu. b4b&c�j&d � zZC [ e�f 2]) K�SZs]T Grushko ÷
�	�]÷�g�z�}�h_� � M °e± Ç4spP8z�R 3 [�H8^	_�=8÷ JSJ ��¾8÷�c�¾]Q�÷
��D���qñs � T�U�i � M:j ± PkK 3 [�H�^�_l=W�m�}GC JSJ �G¾��	n�S
µ�¡ � w ��W�R��+�5]�^�c�÷���¾8W�m�}�C5o�p JSJ i�j+÷5q � ¥�r�s T
Yän�}�µ�¶N�tK ��� W�u �´|NÇ�R	[�TK����]�^�c�÷ JSJ i�j�÷���v���v
÷8Ñ ¬�¯ ¤ SZs+T�J ® ÔZi�j8Q�T�w [ c � zLx���s"PZ© W ��j�z � }���R
S�sW�v�}�x�T 3 [�H+^�_�= � ÷K����÷Gà�y áKó�¬ � »z zkx�}�x�m w
Ï�[+÷ w �!W�|�P1K
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1. Ò�ÓNÔ�Õ�Ö ª Ø+Ú ÷�a�b�c W�� [�H���z � c
2. Z

n, n ≥ 0 Q�i�j{z.|�}�c
� |8PLK 2 W�v8}&x�T 3 [&H8^	_&=8÷�A&B8T����	ø�Q�O8P ¤ u�v�© §��	µ
��Rç�]�%]�^�crQ�T�Ï�÷ w �t|�ö	�	
���T�|�}%K�i�j z�|�} � } � �_��Q� �+÷��} � i � °N± Ç´sx�}�P1K8} � v+ß�÷�cW JSJ iGj W���� z �
k�q W.XGY P � R�����c�÷	A�B�T����Kc�d)=�����v�÷�Ñ ¬G¯ W |Nz�R�î
÷Ki��+QGT 1 W��NPkK����+ø�W�I+PK|²Ç�����c�T � ��÷��+|G}�c+QGO�P
S ��� M����+÷GO�¡ � j���Q�O�P:K���D+÷����cW JSJ iGj W���� ¥ P� R 1 ÷ � i8T ��� �	�	c ¤ Ï	s"MZ�&Drø&W�T�4&6]÷�O8P �	��÷�a�b�c8|
÷GQ�R	c � z1xGTNd�f�c�K�zß²z�����÷�¿�!�� º�" qâsxG}+P©8QGO�P� ö	� 
#�8Çts8Rhk&28R JSJ i�j]T��#�Zc W ���	c � Ï	s	$ %r÷ � i�W�is�¥ PLK JSJ i�j]÷	��  w ð´R�SZs ÇZ÷�i�j]�	c8÷'&��]÷�% � d)( �%- Q0�� sNP	÷���n�S+Q�O+P1K 3 [�H+÷�\�����^�_�=8÷�a�b�c+T����c+µ���R
S�sGW JSJ i�j W*��� ¥ P � C+Täðâi�j�z|�}�Q ¤ v+ËNð�Ï�s{d\(����
v�÷+Ñ ¬�¯ © R�Ï�s+T 2 W�+ ¥ P1K

3 [&H]^	_&=r÷	a�b�c_W �	� z � A&BrT�R-, .]ø&W�^�_&=rQ�/ÎÇ4s_x�}�
JSJ i�j���a�b�cGW �{� i�j �.��� Q�O+P:K{z.ßNzâc�÷ JSJ i�j�÷�^

_�= � ÷�021�T�3WGT�O�Ëäð\`{Çñsx�}G|�}�K�+ ± � 4 [�H�^�_�=�÷�a
bGc+÷ JSJ i�j+�GR�^�_�=�÷+£�Q�����÷ · � W qâsäP�ß�Q ¥ Ç54+yGQ�O
PkK�`�Çñsx�}�P.k�q W ®�� ã76�W�8:9+P�|²ÇROQ ¬7;G� ^K_�=�Q�<��
�-=8� ≤ 0 ÷aA&B8T	a�b�c8÷ JSJ i�jrT�^	_&=8Q	ô�õ	>8ø&W · ��q4spPLK
Ï�s+T�[+÷����W w P � S�¶���YNn�}�K
?�@

3.2 (Lawson-Yau.1972). M
W \BA � Q ¬�;� ^�_�= � z.R�<��

��= K ≤ 0
�â¥ P:K"S�÷ � n.[+T ��C K+ß�v ªÌ¬�®	¯N� d�f�à ¬�D Ö�c

T	T�U�z1x�}+P:K
1. M W	¸�E�F+ø�Q+Ô ®HG²ª | n [�H ªÌ¬+®�¯ ����� .

2. π1(M) � ®���; n ÷Nd�f	à ¬�D Ö�c W � i�c � z:x Ý+Þ K
Ss+T7<����*= ≤ 0

W E�F Ø�Ú W5h�Nzkx���I�q´sNP CAT(0)
Ø�Ú QJ »�z zLx�}8P [BrHae]. Q ¬ ;�� ^	_�=8÷�A&B � B8§�V�x8Ô ®HGpª�ª¹¬®�¯ ��� �h½ ��spP K S�÷(��� W)K ¡ x M ÷�a�b(c]÷ JSJ i�j W M ÷r£

W · � ¥ s8��R�k&2 M ��} � v8ß�÷ ¤ � [&H�© ª¹¬8®	¯ Q	i�j�q4s8R�Ï
s]Ð�s]÷]Ñ ¬�¯ T � [#H��Îqts � Ò`ÓpÔKÕ×Ö ªÙØ]Ú ß�à ªtá Órã�Ö ¤ ª ¬
®�¯ W Ý Ë�|�}�©+| � iGW�|�P�S � ��`{Ç4sGx�}+P (Leeb-Scott, 2000).

16



4
� �

� B������ �
	 ÷��� W�� z � jr}�RZÏ�s Whº
� ¥ P Surveys in Geom-

etry Q���� ¥ P�S � W���� W�� A�Ë ¥ K������  ��%��	 ÷ �
� ÷
� [BGS]�! #"%$ Z#&('�÷	p�÷*),+.-0/21 	23 W5Y5406(728:9(;#<(=5>@?%'BA �C#D:E 	GF �%HJILK:MBNO�P�Q�RTSVU� �WVX AZY
[Z\ F ? Surveys in Geometry <Z]_^�-V`
a�b
/(1#?Zc(d F:e 8:/21(fG-2g:h F0i%j 60k%l.<%=%m%n.oGc �qp 4qr D K
MsN�t
b � &�u
v ��w
x IzyT{�Y $�| � &V}
+ � 6~d�?��
����6��
�
��-� h�<V�
� � =Z>�?:'�-�n D F Surveys in Geometry <��
����� R����
��V� 8��28�n�o�c �V�V� I�n%8Zc_��8%KVMBN�'
-G[Z\_6��G���
�Z��-%��?� K*> �!�2 ¢¡ A#n:£(¤ E%¥ � &5¦ D c,M§Yq¨�© F ?%'Go R*S,ª.« m%n
�2�G-:¬%®c%Iq�:¯%H¢ILKVMsN

° ± ² ³

[BGS] Werner Ballmann; Mikhael Gromov; Viktor Schroeder. Man-

ifolds of nonpositive curvature. Progress in Mathematics, 61.

1985.

[BrHae] M.R.Bridson, A.Haefliger. Metric spaces of non-positive cur-

vature. Springer, 1999.

[Eb] P.Eberlein. Geometry of nonpositively curved manifolds.

Chicago Lectures in Mathematics. 1996. (cf. Structures of

manifolds of nonpositive curvature, Surveys in Geometry,

1985).

[Ep] D.B.A.Epstein, W.Thurston et al. Word processing in group

theory. Jones and Bartlett Publishers, 1992.

[FJ1] Farrell, F. T.; Jones, L. E. Negatively curved manifolds with

exotic smooth structures. J. Amer. Math. Soc. 2 (1989), 899–

908.

[FJ2] Farrell, F. T.; Jones, L. E. A topological analogue of Mostow’s

rigidity theorem. J. Amer. Math. Soc. 2 (1989), 257–370.

17



[ ��� 1] ������� . �
	���-����4 , Surveys in Geometry - �����®cz`
a%b , 1995. http://www.math.tohoku.ac.jp/∼fujiwara/

[ ��� 2] ������� .
x � Q�� �#- JSJ +�� . `%a(b��G��������� .  �!" j

. 2000. http://www.math.tohoku.ac.jp/∼fujiwara/

[G;poli] M.Gromov, Groups of polynomial growth and expanding

maps. IHES Publ.53(1981).

[G;hyp] M.Gromov, Hyperbolic groups, “Essays in group theory”,

MSRI Publ. Springer, 1987.

[G;asymp] Gromov, M. Asymptotic invariants of infinite groups. “Geo-

metric group theory, Vol. 2 ”, 1–295, LMS Lecture Note Ser.

182. 1993.

[G;ran] Gromov, M. Random walk in random groups. GAFA 13

(2003), 73–146.

[ #�$ ] #�$�%�& . 3 ��'�-:`2a%b . (�) p�* . 2002.

[LS] R.C.Lyndon, P.E.Schupp. Combinatorial group theory.

Springer, 1977.

[
j�+

]
j�+�, ¬ , -�.�� , /�0�1�2�3��2t%bG-54�6 , 1998.

[RS] E.Rips, Z.Sela, Cyclic splittings of finitely presented groups

and the canonical JSJ decomposition. Ann.of Math.146(1997).

[Se] J-P.Serre, Trees, 1980, Springer.

[ 7�8 ] 7�8�9;: . 3 ��'�<>=�? c@�A	q`2a . oB-5B�C � -�D . Surveys

in Geometry 2003.

[St] J.R.Stallings, On torsion-free groups with infinitely many

ends, Ann.of Math.88(1968).

[SiG86] Surveys in Geometry - Gromov c,`%a%b . 1986.

[SiG01] Surveys in Geometry - �L��E��5<5=�?¢cGF%-5H�� . 2001.

18


