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1. CAT(0) �*��. δ- /�0��
�
1.1. CAT(0) 132 . 4'536�7 X 8:93;�8<4=5=>@?=ACBED@F�GIH:JCKML=NCO@8�P�QE>E?
ASR�TVU�WYX[Z3\�.-]_^ CAT(0 `_a!b�.'R<c'deXgfShiXkjml3.V^<9=;I8�435@>@?3A ∆
8<>�n�o�p a, b, c .@hq^�>�r�p=Z3s=4E5*t�p [a, b], [b, c], [c, a] ._s!u�d A,B, C p�DCF
G�H�JiKvL'N�8w>@oCO�>Er [A,B], [B, C], [C,A] 8:xzywB ∆ .k{|h_\�.[siuwd�9=;�8<o
p ∈ [a, b] }�~=\�h:�-^����isiu<o�p P ∈ [A,B] .�s!u�d=s
Z'f��<^ d(a, p) = d(A,P )
.wZiu�o�Oi�Cu-dS�'8�.=]:��B=����s�u-d

d(c, p) ≤ d(C,P ).

CAT(0) 6I73OC��^-�*o�pw�!c�4E5*t����*�*OC�*u�dEDCF
G�H�JeK�6I7*�!�'���'�
CAT(0) �3B'^@�E�!O3�=�*��Z�H_F3�������@�e8=�'N�0-�!B��[�C�*Z�  CAT(0) OC�
u�d�.CX¡}�^=¢S£C�_¤eG¦¥v§e8��*¨@6�7*� CAT(0) OC�
u�d CAT(0) �*��}3�
\@�C�
[7],[1] pw©
ªi«�Rwd
1.2. δ-

�e� 132 . 4@5*6I7 X .V¬�­ δ ≥ 0 }=�C\@����B'�@��s�uI.=]_^ X p δ-
�e�

a�bS.w\�lgd¦®°¯@p<4�5
t α, β, γ pw>*r±.¡s�u�9�;�8�4�5*>
?�A±.¡s�u-dS�'8�.=]:^
α � β ∪ γ 8 δ- ²
³I}-´�µ-¶Iu-d¸·��
u δ }3�C\�� δ- /�0i¹EZz.=]_^I~E�i}-/�0!¹e.
R�ce�!.3�'�Cu-d
�@º�.=�¡»�¼�¹EZ�½¦.�hw�'^ n �C¾�8-/�0�6I7 H

n �-/�0i¹=Oi�
u-dzReTV�3¿�}-^
�3��OE�3����ZmH¡FE�����*�@� M }=�
\���^��
u<¬�­ c < 0 B'À@ÁÂh:�@�=N�0�� K

B*\C~Cue.3�3� K ≤ c ZS  M ��/�0!¹=Oi�Cu�d¦.!X¡}-^�ÃÄ¢�£i�¡¤�G|¥Å§�8�Æ��*¨
6e7C��Ç!�EG=B 1 Z� q/I0!¹EO3^�Ç��EG'B¦È��iÉiZS q/I0!¹3OiZ�\@d@�C¾!B 2 �!É
83DiFiG�H3J�KÅ6e7
��/�0!¹=OCZ�\3d δ- /�0��
�e}3�C\��C� [14],[7] pw©
ªi«zRwd
1.3. ÊÌËwÍ<ÎCÏEÐ ([6]). δ- /!0�6I7
� CAT(0 ÆE6e7�.��EÑ� wZ@\3d�hwÒ�h[^S�'8-ÓÔ 8����I}�Õ�ÖCs�u<¬@×e���YXkÀ�ÁCs�u�d�Ø
��¹3Z�Ù@Úep:Û!Üi}=s!u<Ý@¬Â.Eh:�'^e�
8����!8��
�zp<´�ÞeR!lwZ�ß�×
àe}3�C\���á!âIu-d

(X, d) p:4E5�6�7�.�s�u�d<�*o a, b pw�!c-4@5@t�pãÃä�=;�¹I.:�EÑz :Z3\@B'Æ [a, b]
.æåçXw�
.¡}�sCu�d[è'é d(a, b) p�ê
�
8E~=ë |a−b| .-��åYXìd�4=5Et [a, b] .go x ∈ X

}�~@\zhw�=^ πab(x) p [a, b] 8-o�O x í�8�è@é�B-î
ïe8-oe8�ð
ñ�.¡s�u-d
¬�­ C > 0 p3ò�¬!s�u-d*�C��ó�8-ß�×���ô*õ πab }
ö=s�u!�'8EOi�
u-d

ÎCÏ (DD) 9�;e8 p ∈ πab(x) .q9�;�8 p′ ∈ πab(x
′) }-�Âhw�=�!B=�÷Tk���@d

|p − p′| < |x − x′| + C.

.iX¡}-^�ð
ñ πab(x) 8@ø�ùe� < C.
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�e8-ß�×����
o�p<��c'4�5
te8'�E; � }	�ifIu!�'8EO
�Cu-d
ÎCÏ (FT) |a − a′| ≤ D, |b − b′| ≤ D ._s�u-dS�'8�.=]¡^ [a′, b′] � [a, b] 8 (C + D)-
²
³�}-´Sµ�¶eu-d|.�X:}-^ a Ò|  b í�8�9�;�8-����8-4
5
te��^�
e\i8 C- ²C³�}-´
µ-¶Iu-d
��


1.1. CAT(0) 6I7�. δ- /�0-6I7*�-^!�
u<¬E­ C }'�C\E�'ß@× (DD) . (FT) p� ~3s�d

2. �*¼��-§
�

G ÉC8
ö�­ f : G → R B �
	���
 .��-��B=����s�ui�!.�d
sup

a,b∈G

|f(a) + f(b) − f(ab)| = D(f) < ∞.

D(f) p defect .��*c@d����IZCö�­����*¼��-§�O!�Cu=B=^m�<¶Â <�	���iOCZ*\C8EO=^� ¶Ip��mX_~@ë�}!�_�I8<¬��zp ��!is!u�d"��¼#�<§ f B�$&%±.:��^�9@;I8 n . a ∈ G

}=�C\��=��B=�÷Tk�����!.�d
f(an) = nf(a).

¼#�-§���')(IZ	�*¼���§�Oi�Cu (D(f) = 0).
G É!8�s*â!�!8*'�(eZ+�
¼,��§�BiZ�s)-�G�¥/.*6�7�p HQH(G) .[å Xìd�£+0�12  CF
8�¬��S}IR�¶43=^ G Éi8�s*âi�!8�¼,��§ f : G → R BiZ�s�-�GÂ¥/.�6�7C�

H1(G; R) Oi�Cu ( �*��Oi�=��} H1(G) .3�_åÌX Æ d|h�~EBIº��
H1(G, R) < HQH(G).

G B k 5I8'¾iO*6
��y�¶Iu3ZS  dimH1(G) ≤ k Oi�Cu�d
2.1. 7�8�9iÏ . �e8 G }3�C\E� HQH(G) B H1(G) ReT;:I}�,m]�\e�!.¡B*<± �¶C�
\iu-dS�<¶¦ w8 � �	��Ñ�6*�IZ
8EO dimH1(G) �	��Ñ'�C¾iOi�
u=B=^C� Ô ^m�<¶¦ 
8 HQH(G) �	=�Ñ'�C¾iOi�Cu�d!0�N�8">�?A@ � }'�C\��i� [16] pw©
ªi«zR:d

1. B�­�B|È[�iÉC8DC	E � (Brooks [8])
2. F�{z¹=OCZ�\'/�0 � (Epstein-Fujiwara [11])
3. £C�_¤�Gm¥ Z�/�0-§e830-N S Ã sCZ=f��w^&GIH � B�J#K � p���Ñ	L�­I8"M�N �
.�hw�*O�~�Z�\=Æ�8">�?A@ � Mod(S) (Bestvina-Fujiwara[4]).

4. Ç!�3GQPV8"R!�ISçH:F � 8�é�TAM)N � O'^�-#UWV � p���Ñ�L�­�8WM)N � O'´�µ
Z�\e�'8 (Fujiwara [12]).

5. X*ñAY�µE~@� HNN Z@,�O�Ò�Ò3¶Iu � OC�CuW[@¬�p � ~=s��-8 (Fujiwara [13]).

�<¶¦ ���\4]i} HQH(G) 8'�@��^
�eZ=¾�pW_�`)=�Ñ*5)a*�!s�u��!.:O*b|y�¶Iu-d
Brooks BcC�E � }&d
\��IeSº3~	f4g'ñ�f*«I¹EZ*a*�zp<^ δ- /!0=�
�zp'�
ÒIº��*Zih
s�u!�!.:O|Èkjmlkjon�jqp_}3�C\���� b�s��!.:Bir"s��
\!u-d
2.2. t�uA9iÏ . �'8�v�Oi� HQH(G) = H1(G) .<Ziu � 8-½zp=\¦Xq�
Ò'á!â�u-d
9CÏ 2.1 (Gromov-Bavard[15][3]). G Bxw�y�zi{	.�ZS  HQH(G) = H1(G) Oi�Cu-d
w�y�z#{	.�8-¬�����á�â!Z�\3d@Û)|IZ	M)N � pW�IÑ�L*­�O3´�Þ � �}w�y�z#{	.iO

�
u-d*� Ô ^4B�­ 2 8DC�E � p�M�N � .�hw�=´�Þ � ��w�y�z4{	.iOCZ�\=d
�e8	~��*¬�×�����\'�A��Oi�Cu-d

9CÏ 2.2 (Burger-Monod [9],[10], cf.[17]). L p�R���SIZ¦HwF � .*h[^ � 8�Ç!�EG@�
2 �iÉS.¡s�u�d G < L pW����Z��A��M)N � .¡s�u-dS�'8�.=]:^ HQH(G) = 0.
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�=8�¬C×�8 G }E�i\
� H1(G) = 0 �	<ç :¶i�i\!~ Ã � +=Ææd Burger-Monod �
HQH(G) = H1(G) p�b�h�~'d�

G B*�A�Â.<��^I�!Ñ	L�­e8"MAN � O�¢ C��@Z�ø	Y A×B .:ZCui��83B*Z@\I�i.
OC�Cu-d@¬�×�8��*��¹3Z��}�@½�.�hw�=^*�!Bi�Cu-d

SL(n, Z) < SL(n, R), n > 2.

H¡F3�e�������I8-j���O�áiâ�u3Zz V^+��Ñ*Z��AY�pC�<��������¨@6�7 M 8*Çi�=G
B 2 �iÉ�O=^ � 8	GAH � G B+���IZS �¬�×Sp��}�iOe]Eu Ã �'8��
ñ*^�GAH � 8	���� �-^ M B=�*���e8�ø�YzpW��Ñ����e}�O�~�Z�\C8�.W�! iOi�Cu�Æ d" ;±.�hw�=^ M 8iÇ!�3G'B 1 ZS  HQH(G) �	=�Ñ'�C¾iOi�Cu ([12]).

3. #
�A�
3.1. $&%('*) . CAT(0) 6�7 X 8�=�Ñ=4
5
t γ B&$+%�'*)-.�� γ B X 8-,3O*D!F
GeH�JeK�R
L3N�p	hm ¡Z@\I�i.¡O*�
u�d3sCZ'f��<^�{�x�¹�Ò@��.*435�¹E}0/Ië21iµ-¶
~WRCLEN!O γ p43��I}��<�e��83B X }EZ@\I�i.�d X B δ- /�0-6I73Oe�'�'¶x3�^39@;
8�4@5�tI�CÇi��GQPæOC�
u�d'� Ô ^�Çi�'G�BmÈ��
É
8���¨@6�7*8�9@;I8�4@5*t��CÇi�
GQPkOCZ�\3d

X 8�{�x65�7 a B+$-%�'8)�.��-^ a O�9�5IZ!Ç!�'G PV8-4�5
t γ Bi�Cu!�!.�dS�
¶| <}3�C\��i� [1] pw©
ªi«zRwd
3.2. $&%('�: � 9!Ï . P�;6<@�'&>=@�V����}'�*¨*6�7�B3è�éC�C�e8!?
o�Òm 3y�Ò
�
}0@�Azy<¶!~�d � 80B�¬�¹3Z-�&��.@h¡�!Çi�=G0C � ¬@×�BC��u�dI�w¶!��^�Çi�'G�B�È
�
É
80������¨@6�7ip:^3èEéE�*�I8�j���p�D�º<�'^�Çi�=G=8�EGFzp¡´�ëE��H�IGJLK*u
�-83O
�
u�dI����OC��^IÇC�=G�BmÈq�
É*80�*ñ��MK<áiâ�u Ã ���I}CÇi�=G-B l ^�ÇC�
G�B l[�iÉ
ZON�p�HMI�JPK
u!�!.:Bir"s�u�Æ d
9CÏ 3.1 ( Ç!�3G�C � ¬�× . Ballmann,Eberlein, ... cf.[1]). M p¡�-�*O��+Y*�
Ñ3Z�H�F
���_�*�*��O
0���� K ≤ 0 .¡s�u-d�GAH � �	����.¡s�u-dS�'8�.=]:�e8����i�A�! 
OC�Cu-d
1. M �iÇ!�3G'B|È[�CÉC8��M�*�*¨�6e7@OC�Cu-d
2. M 8�9�;�8�Q-4�5*tzp M 8!RGSM���iíIOz�=ÉUT3�!V± �¶�u�4@5
t γ �iÇi�3G P
O
Z�\ Ã ��µST ^ γ ��RCL@NSp�h�u<Æ d
3.3. W2X6Y . ��B�#
¬�×�OC�Cu-d
9CÏ 3.2 (Bestvina-Fujiwara[6]). M p'�
��OE�xY���ÑiZ�H�F*���w�i�!�IO�0=���
K ≤ 0 .�s�u�d3�*¾��zÈq�iÉz.�s�u-d M 8�G�H � G �"���Â._s!u-d���8e.']:�I���
 !Oi�Cu-d
1. M �iÇ!�3G'B|È[�CÉC8��M�*�*¨�6e7@OC�Cu-d
2. HQH(G) = H1(G).
Z �
}C��¬�× 2.2 8�[�B(\Yh�\��!.'pWb�«43�R�\*B3^ � 8�M�N�8!]+^Ip�å Xìd�Ç

�=G�C � ¬�×Sp�D&_)3-^zÇ!�3G P 8'¾ a ∈ G Bi�
ue.=]:^ H1(G) }-´�µ�¶!Z�\eR�l
Z HQH(G) 8'¾iB
�Cui�!.-p�bi«i3�R�\3d3Ù�ÚÂ.�h:�i��^EÀ*Á*¬@×�8�v�O'áiâ�~ δ-
/�0'�i��O!8	�
¼��'§�8�a
��83�E¿a`�B3^zÇ��@GmPV8=¾I}��i�!O�]Eu�d&\��e�=8�a
�I�-^ 1.3 v�Oi8=â�~-ß�×
à (DD) . Ã FT) 8��!.:O+e&_!u-dCs
Z3fI��^ δ- /�0��*�
. CAT(0 Æ@�C��O�Ç��3GmPV8'¾!Bi�iu��
ñ�8-Ó Ô }�Öx�CsIu-d�~
��h[^ δ- /�0'6e7
80�
ñe�-^zÇ!�3G PV}��*�!s�u � (zp�è@é��
�e8'j2��OEj!\!7+_!u-d" ;Y.
h��3^*¬*×z}�b�¶eu��C�C� M 8�G�H � ���IÑ+6C��O!��u���.wB3^ace�|T
=3���)�e8-�A�±.*hw�+N�ÒIº��
\!u-d*� Ô ^ HQH(G) B H1(G) ReTk,m]'\S.=]=�-^
HQH(G) ��=�Ñ'�C¾iOi�Cu!�i.3� Z �EÒm  N�Ò�u�d
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¬@× 3.2 }!R<¶x3�^��*u�����p*gC~=s|H:F3���_����� M B�Çi�3G�B�È[�CÉ
8����
�*¨*6�7�O!�iu3Òi�'^ � 8�G�H � �6KEO�Bzµ
u'dS�<¶��qP�;a=����)��}	<ç ¡¶i�C\
~�d � 8��3�0V± �¶C�*\C~-�e8-�A���-¬�× 3.2 Òm �����}��±lgd
9CÏ 3.3 (Ballmann-Gromov-Schroeder[2]). M p��3�iO'�AYA��Ñ�Z�H¡F3���[���@�
O
0'�z� K ≤ 0 .wsIu-d�G�H � �	�)��.ws�u�d M ′ p���Y)��ÑCZ!Ç��3G3B|È��iÉi8
�G���@¨@6I7�._s!u�d��!�i8��@���I8���YI��{Âhw\�.@hq^*G�H � ����§Â.�s�u�dI�-8
.']:^����!��{*xid
Proof. ¬*× 2.2 R�TÅ^ HQH(π1(M

′)) = 0. REº��3^ HQH(π1(M)) = 0. �
��O3¬�×
3.2 p�D±l�.q^ M ���M�*�*¨�6e7=dE�!�!8��M�*�*¨�6e7 M, M ′ 8	GAH � B��-§��3Ò
 V^i1
	÷¥:"�C � ReT Ã �*��O'���!8-��Y!B'{�h<\e�!.�p�D±lVÆ¸^����!��{*xid
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