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1.1 Dehn >9?A@
1910 `�B M.Dehn [2û�C+:ED/p)0EFW�shHG+'v$+�/�)�/} äJI��"K�!)æ
AHL)rW\"4)Ë	1�$W�/�&pv0+'eP�8	M����&0+Í)P/<Wi&=ENe$+pvf&[�O��/�
0�ÍL{+6L8�PLh P 'e; �QIR�/fRS�}&PUT (P.S.Novikov,1954) i�IV��KU!L$WYX �|h�deO+A[Z"\e0H]"^|h20&[�_�` U	a"b }&$/f)d/dWf�[|Dc}�PWieu
µ2¡/$ WYX O/Dc8/\UM����&0+ÍsÖ/h)Oc[�c&¨v�&0�I���f�S&h�deO U F"d
h)OQPER�eLÖWf/}|a \	f&�)�&}Ug�hS U LerebG6|heOcPERQdeO�f&g)hQi
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1. �R-���� (word problem)::�D�zL$U$Lf�LLrLb76L<�� W $�z g ∈ G
U

2��&zL{eAcû�C	�&$�
��)f	I��W�|hc���|A	Ler&µci
2. ������ (conjugacy problem):G $�� W $�%Wz g, h

U
G $)¢Wf��	�

f&geh�{eAcû�C	�&$�
��)f	I��W�|hc���|A	Ler&µci
3. ������� (isomorphism problem): L)rebG6e<�%W'L$Wp U���� {LAQû
C	�&$�
	�)f	I��	d|µ�i

Dehn [edW$ 3 ')$�K	!Lf�\ï¡/$�� 100 `e$ P��L¾W X d�T�p&,L$W���
$2C/È|AHL)r2<|OcP5R eeÖ2f/}sa7\/¡/$+ÍEI)$����)f2�&'){�$�� b }� 
ßst �	!ED�8&P)hQie¡W6|A#"�$e�&}	%W«){Bb�]�^|µ'& .(�)�*�+�, �Y� (X, dX) - (Y, dY ) .�/1032 *	4�5 f : X → Y -76�8
K ≥ 1, ε ≥ 0 9�:	;<0=2�>�? (1),(2) @7A�B�C�D * (X, dX) - (Y, dY ) E�FG�H

(quasi-isometric) -#I<&KJML	N�O�P�E +	,�Q�R .	S�TVU�W'@�6	X�Y=J
(1) Z	[�? x, y ∈ X .�/\0=2 *

dX(x, y)

K
− ε ≤ dY (f(x), f(y)) ≤ KdX(x, y) + ε.

(2) Z	[�? y ∈ Y .�/<072 x ∈ X 9�:	;<0 dY (y, f(x)) ≤ ε.

L�N	O1-7I<&^]	_VE *�`�a	bdc�e	f @=gh032�i�j'Y3k	lVm�n	o�lVp�]
_�qMr�YsJ (�)�*#e @ `MaMb�c .utwvMYuB�Xux +y, @�6uzMCwYsJ (G, S) @{d|�}�~ e

G - * rVY {d|�}�~������ S ?��h-�0 S = S−1 -�C�Y3J�x
(word) -#E S ? � ? {�|�� w ?���-sq *�� ?�O��u@ l(w) -�����J�x w 9��� .��	C G ? � @ w̄ -��<��J G ��?	U�8 lS @=>�q�6�z<0���� : ��� �
eG .�nVI	2	E lS(eG) = 0 -	0 * eG q�p	I � g .�/h0=2	E�>�q	6�z	C'Y=J

lS(g) = min
{w|w̄=g}

l(w).

G �	.� 	¡�¢ (word metric) @
dS(g, h) = lS(g−1h)

-76�z	C'Y#J{�|�}£~ e ? Cayley ¤¦¥�§ (Cayley, 1878.
{�| e ?�¨ � ), Γ = Γ(G, S),

@3>V?��©��.�6�z	C�Y3J Γ ?�ª�«�E G ? ��¬� J	ªd« v - }�~�� s .�/
0 * v @#®�« * vs ∈ G @#¯�«'-°C'Y {V±�² (v, s, vs) @=/�³<��´wY=Jw�=j
E�µ ±�¶ ? {�±�² (vs, s−1, v) -°·�. * v - vs @#¸�¹ 1 n�? ² @�6�X�Y�-
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CwYsJ Γ E����������u.Mp�Y J����	������-#E�
�ª�«�qM?u>�8�9���6�?�
����q	r�Y#J� v������ c p }�~	� @#t'v#j�� * Zn ? Cayley ������E Zn ��� *��
8 n ? ��� e ? Cayley ������E * >�8�9 2n ?��������! 	q	r�Y=J

(0, 0) (1, 0) (2, 0)(−1, 0)

(1, 1)(0, 1) Z2 ? Cayley �����

1 a a2

ab

b

b−1

a−1

ba

��� e
F2 ? Cayley �����


 ² ?�O<��@ 1 -	072�6�zh��j�Y Γ ��?#"�$ +	, E * ªd« %�CVp�&('
G) �	q�x +	, dS .�Nh0=I�J	Z�[�? }	~	���	� S, S ′ .�ndI	2 Γ(G, S) -
Γ(G, S ′) E�L�N�OVq�rVY7Jh��)7.�L�N�O�PdE {V|£}�~ e ¬� .�S�TVU�W
@�6�X�Y���-79�*VmVY7J���+�.-,�v()�j�B e .�/<032 * ��� p }�~�� ?.0/21 9�6�3�Y�4�?	q�E	p	I�m5) * Cayley ������@7t'v	Y�- ¶ * L	N	O
Pd?�6	q�t'v�Y�?	9 ��� q�rdY=J�7�8�2 `�a�b�c�e�f q�E *�,�9�e .�U
C�Y=L	N	O�P�q�:�;�p�P�<w@>=�?'Y�?	9�@�A�.	p�Y=J

G ? Γ B�?�N	O (C ) D�E'@=>Vq�,�v	Y :

(g, v) 7→ gv, (g, (v, s, vs)) 7→ (gv, s, gvs).
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Dehn E *�� 8�9 2 ����?�������?�	�
 e -������� H2 9�L	N�O�q	r
Y��V-=.���9�nVI�2 * ��� `�a @���� e .	U�C'Y���6���A�?����V.�
�<c .���8	2�IVY=J��7j'@ ��+�?�����.����'03B�6�� 2.2 @ 2  �?��!� e
?�"�*�q�#�?'Y7J

1.2 Stallings $&%(' )+*-,
X @/.�0-1�2�3-465 q�7�¸�p�8 ,�Q�R -�CwY7J�Z	[�?91�2/3!4&5:"�*���

K ⊂ X .�/ 032<; e(X, K) @ X\K ?�= {<> p?7�¸ ~ *d??@�8 -
C�Y=J

e(X) = sup
K

e(X, K)

-76�z<0/; X ?�A�BDCFE�G�H<-/I�¹	J� v���; e(R) = 2, e(Rn) = 1(n ≥ 2). T 9�
�ª�«	?�>�8�9 3 ����?��
�> 	p5) e(T ) = ∞.J�K 3� 	p�"�$ Q�R ?�L�2!M�?�8�E�L	N�O�:�;�q	r�Y7J�7�8	2 Cayley

����� Γ(G, S) ?NL-2OM�?P@y8�E }M~��M�y� S .��)spMI�J � j @ {�|u}~ e
G ?�L-2-M�?�@�8\-QISR e(G) -°�\��JV� j�E e ?uL�N�O�:�;UT�q�r

Y#J e(G) E 0, 1, 2,∞ ?MI�VMj�mMq�r�Yy��-s9�W )�j�2MI�2X; e(G) = 0 ?
k�lSY�*SZ�[�E G 9 {�| e q	r�Y���-#q	r�Y=J���+ c p�¨ � E e(G) = 1

q�r�Y�-�twv�)�j�\�.�*�]�E�p	I�J � E e(Zn) = 1(n ≥ 2), e(Z) = 2.

J.R.Stallings E e(G) = ∞ q�r�Y G ?_^�8 c *S]w@�,�v�B (��8 {�| ?� @/`�3	p�I'- ¶ ¨ � E [St], 1968). e(G) = 2 ?�¨ � E Hopf .���Y#J
a�b

1.1 (Stallings,1971). 1. e(G) = 2 ?�k�l�Y-*�Z�[VE G 9 Z @{�|�c 8�?�"�* e -	0#2�`�d���-�J
2. e(G) = ∞ q	r�Y=k	l�Y�*�Z�[�E�>�?�I�V	j�m�9 ~ //e n'��-°J
(a) G = A∗C B - �Of�; C E {�| e q |A/C| ≥ 3, |B/C| ≥ 2 @sA¦BuC�J
(b) G = A∗C -���f�; C E {�| e q |A/C| ≥ 2 @#A�B�C�J
�yq A∗C B E e A - B ?u·Mg�?g"�* e C .un�Iy2M?PhXiXj�qk; A∗C E

A ?P"�* e C .un�IM2�? HNN lkm�-+I��uj Y�4u?Mqyr�Y % HNN �kn�?
6uz�E 2.7  _o Jqp �Xr .un�I 2MEk;s	k
 e . UuC Y���t�2Puv2QwO2�?M6P�
qS;�p-x+yM9�r�YPz9{w�KJV�#j )#.�n�I�2�Ek; 2.7  , 3  �qP|\0}\0M�#
?�ByI�JupX~X;s6g� 1.1 q G .u�y8 {�| ? � 9g��f j �k; 2(a),(b) ?�@��yE
G = A∗B - ����r . *��MC Yy��- qyr�YsJ+�M[�- 0s2X; A∗1 = A∗Z qMr
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Y#J�3�BS; 2.(a) .�U_7\0#2k; Z2 ∗Z2 E c 8 2 q Z @+` yS; e(Z2 ∗Z2) = 2

q�r�Y=J

1.3 Mostow
���

Mostow )#?���P�6���.��sj��S;Q	S
 e 9�S���p��un�? 1S2+3O4&5 q�=	�
 p_.X0£/� Q�R E�N£O�q£r�Y J��y��q£E_� � `£a�� ?yUg7 @�� = 0 2�;
rank-1 ?�¨ � @Q#�?wY . � / ��+�.S;X1k2Q3O4&5 qMp �#24 Xr 9 {�| p
) S���?�¸ f 9 ~ / e n ( ��? ��+���Ek; rank-1 ?�¨ � E Mostow-Prasad,

rank-2 ����?�¨ � E Margulis .��	Y ).

a�b
1.2 (Mostow. 1973, [Mo]). M, N @�1<2q3 4 5^p?�������  �

0�;�> � E � 4�. 3 ��� � C'Y#Jw��? � ¶ ;�	S
 e π1(M)
�

π1(N) 9	S
�Vp5) M

�
N E�N�O	J�����;	S�� 4�5 E�N	O 4�5 q����<��j'Y7J

rank-2 ���£?�¨ � E�; Ballmann-Gromov-Schroeder[BGS] �¦�£Y Mostow

��P�?�����9	rVY=J
a�b

1.3 (Ballmann-Gromov-Schroeder.1981). M @ 1 2_3 4 5 q
= 	�
 p�.�0� �� Q�R qS; rank E 2 ��� � CwY#J N @�1S2+3�4&5 p C∞-

�> �!�2"�"�  � 0�;�#����%$d9 K ≤ 0
� C'Y3J M, N ? �r E�Nh0=I� 0/; π1(M), π1(N) 9	S���p�) M, N E�N�O	J

��?�6���q�; N 4 rank 9 2 ����?91S2/3-4&5 q�= 	�
 p�.S0� �� Q�R
? � ¶ 9�; Mostow ?'&5�%(�)�*V?���P�6���q�r�Y=J
 <0=2 rank-1 q	E�>�?V�w��p�i�+�9�r�Y=J

a�b
1.4 (Farrell-Jones, 1989). Z�[�?�6�8 δ > 0

� 
 n ≥ 5 ��n�I�2
>�@=A�B�C n > � ?�1�2/3�465 p5�> �!�2����  M, N 9�:	;�C�Y=J

1. M, N E���,VS���z	9�-�*VS���q	E	p�I�J
2. M ?�#����%$ KM = −1, N ?�#����%$ KN ��n�I�2

−1 − δ ≤ KN ≤ −1.

�	q N �	E�#����%$ = −1 ?��  �!�2%.�T	E�/ )=p�I�� � ����[	J54
00/	j���; Mostow ��P'� / M, N E�N	O�;�\1�"-�*�S��1�	p /32�4 J5 4�687�4�E ¬ �09�pdY�9�;�];:�?�P-<'@�43n�1�2�3!4D5�p��> '!�2
�"�  N ? Gromov-Thurston �V�	Y%<�?�= ~ 4�r�Y :
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a�b
1.5 (Gromov-Thurston, 1987). Z�[d?���8 n ≥ 4

� 6�8 δ > 0

�" <0=2�; n > � ?�1�2/3�465 p��"�  N 9�:	;<0=2�>'@#A�B�C�J
• N ��E�r�Y��! �!92 .9T�9�:�;\0+; � ?�#S�9� $ K ��n�I�2 −1−

δ ≤ K ≤ −1.

• N E��-�����  q�E�p	I�J£C�p�&�'�;�#S�9� $ = −1
� p�Y��w�°p

�  '!�2 .�T	E N ��:	;h0=p	I�J
Farrell-Jones ?M6�� 1.4 ��U�7\0#2S;�> � 9 2 ?�¨ � E�;�����?�*S]w�/ �M?�� �°p M, N ?�w���EP��IM9S;s> � 9 3 ?�¨ � 4u��?��w��p � E�p
I ��� &�j'Y#J�p��Vp�)/; Thurston ? `�a � % ��?�¨ � E�;���� ��o	�
 % 3.5  ����o�9��\0#I�p�) N ��E��-� .9T�9�/ / ; Mostow ��P % 6
� 1.2 ow� / M

�
N E�N	O�;�7�8	2�\1��-�*�S�� �	p�Y�m5)=q	r�Y=J

1.4 Gromov $������(*-,
{�|�}	~ e

(G, S) �� <0=2�;���n���U�8 (growth function) @
γS(n) = ]{g ∈ G|lS(g) ≤ n}(n ∈ N)

� 6£z�C Y . n ?�rdY ����� p(n) 9�:�;h0�2�;�Z�[V? n ∈ N �£nVI�2
γS(n) ≤ p(n) ?�D�; G E���������m� (polynomial growth) @"!�n � I
� J�6�8 C > 0 9�:�;<0=2�;�Z�[�? n ∈ N ��n�I	2 exp(Cn) ≤ γS(n) ?
D�; G E�#SH$��m� (exponential growth) @%!	n � I\� J
��n���E G ?�L	N	O�]�z9f����	Y=J����	����n���@�4=n � ¶ ;�� > @
,dv�Y������V?�&$'�(�)�4=L�N	O�]�q#:�;Vq�r�Y7J-1�2�3�4 5 p��> '!
2���� �* � $ � 	S
 e * �Sn	� ��U�CwY#¸	+ * ^�� � �	,.- (�/	0�132
a�b

1.6 (J.Milnor, 1968). 1S2+3�4&554�6 * #k�9� $�78!	9;:3< !�=
�"��> *�?	@�A�B�C )���D	�E7%!�9�2
F�G%H�I�J *�K +ML�(�/�0N1%2PORQ B�SET 9 * UWV�X�Y�ZN[PT I�\ 1]�^ , QM_ I 2

`$a
1.7 (Avez, 1970). M 7cb$="dfehgi_j:R<ck�=�l�m�>N4�n$oqpRr

/ ≤ 0
T�s 1R2 M /Mt$u�v�g w s _�x�y�p%r K = 0z�4�_�{%Q�|�} ?�@A�B�C�~�� D��E7%��9�2
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����� - } K = 0 _��3} Bieberbach � Y Z F�G M � ? @	A�B }	��
�������� <���� A 7	��
 C	~ 4�����2
��
��  ������� AMB l���� � D$�f7%�Ey�}� !��l"�����"#�$!% ~ ^

H.Bass L F�&�'�( ~�) L�*!+-, Q '$I�. (1972).  ���/P7�0�1 s . %��
Gromov � Y�Z [G;poli]

B } I�2!3 L�4 I�576 4�8 . 2
`$a

1.8 (Gromov, 1981). �9
:�  A G ; l:�<� � D �q78� 9 O T T }
G L���
 C	~ ��������=!> A ;�?�@ s . O T3B�A�B 2
� D	�9;�CEDGFEHEI�4E8 . O T3B�JGK�L 2�O�� Y�Z 1.8 7NM � ' }	��
C	~ �������E=E> A �O?E@ B�A ��CEDEFEHEI�_ XEP 4E8 . O T ;�> ] . 2A ; lQ�<� � D � ^ C ~ � D � ^ � L _ I<R }TSTU � D � (intermediate

growth) 7.� 9 T IWV 2��X
T�  A 4XS�U � D	� 7.�	9GYX;�Z[� Q ' IX.
; (R.I.Grigorchuk,1983) }���
�\E] A 4 B Y�;�Z-� Q '�I _ I 2

1.5 Gromov ^`_`a�b`c�d
Gromov �Ee 9���fGg���h 9�}	i�p A L 9 IE' B 2 jEk JEK . ;	} ^ V

h	9X��fGg [G;asymp] k	} Gromov
B %X� F�V _ElXmEn uOo�prq�s � L TI x�Q '�I�. :

Uut�v�w�x�y{z	|�}E~����������������$[��
O������ ] � 1 j�p�� G���&�'���. ����� _���� T � ' } A �!8 . XP U�����[ L�9 I�' }�8 . A G ;������7� (virtually)

���ET3B }! �� XP U�����[ pQ� L s =�> A H < G ;���
 Cc~ k�?�@ s . O T pQ  V �
Stallings ��¡�=7¢ Y�Z w Y�Z 1.1 z B }Q¡�=�¢£� ~ T I�V CED�FEHEI�¤�pA �O>E¥ T I[V¦( ~X)�XGP L�  IO§�\O' IX. T IWV¦¨X© k	} Gromov �Gl
m�n$u�o���ª J ) _ Y�Z T � _�« . � %�L Gromov � � D�� Y�Z w Y�Z
1.8 z ^ } G ;�l���� � D$��p%��9 T I-V C!D�FEH�IM_ X�P T } G ;�}E¬T®{¯ ����� A k�8 . w s _�xNy�}���
 C�~ k����"��=!> A p�����z TI°V±( ~�) _ X!P � A"B$X p®] � '�I�. � Y \ |�%�� F{V _NO T ^�²!³
L�> ] . �
´

1.1. G p	��
��  A T � }Gµ�<Me�:	v�¢·¶	o E2
T CED!F T�s . � O

� T 6 ��
 A F ;�?�@ � %���¸�¹�º�»{pN� L�s"�
1 → F → G → Z2 → 0.

G L�¼ ~ ��
!��½�;�_M{RQ�|�} G ' Z2 k�8 . �
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� f B } E2 ����������o�� B }E !�
	��ML �7� ' 2 %���l��!� � D��
pR�Py�}� �Q T C�D�FM_ G

B } A��� 2 %�� � D��7p"��� � F�&!' Y�Z
1.8
F�G ����� A N p���
 C�~ k�� � } N

^
2 %�� � D$�7p"��� ��Y�Z

1.8 �
����k JEK�L Bass � K
� F�G N
B U ¬ TN�¯.[ Z

]
Z2 kE8 . � ¡

={¢ ��� ~ ��CED�FEH!I X p�� \ | Z
B 8 G�\ _ I � F�&�' N }�� &�'

G
B ¬ T	�¯ Z2 k�8 . � O3Q7p����ML�  \ | K fML$_ . �
O%Q-�N��Y ] � ^ > ] .�F{V L�} U ( ~�)�X!P ⇒ C�D�F )�X!P�[�B ³� � }�/���� 6 ;�� � I O T ;�l I � ^ V h����"Y T � ' %�� Y�Z p�� s . � O.Q�p�}�µ
!�e#" v9¢ ¶	oE��$
%X�Eº 1.1

T'&
( � 'E�X. T') ©
* I � µ
!�e+"	vX¢£¶	o T CEDEFM_ A�B�@EP�) L B Z2

3 {�kE8 . �	L�,� ' } H3 ��$
% B ¹ ' ��h�m
-�. A ; 1 ����C�D�F�/7p�_ � '�I�. �
`$a

1.9 (Sullivan,1978 -Gromov). � 
��  A H
T

3 % ½ iEp10�U
H3 ;�CED�F 3 T s . � O�� T 6 8 .�2 A�3 g : H → Isom(H3) ;�?�@ �
Ker(g)

B ��
 A k�} Im(g)
B

Isom(H3) ��h�m�-�. A L�_ . �
L 3 � } Im(g) ;�h$m
-
. A T3B }4�
5E=E> A k Isom(H3)/Im(g) ;�b6 dPe g L	_ . O T kE8 . � � f���798 B %�� F7V k�8 . � A H � �;:
w<�
��L B 8 . �  ½�L�� IG' � Cayley n u t8z�=9��><� w cf. 1.1 j z�p? \�. T �@���ML�� I!' D�F�I § L$_ . � � 2PG H < Isom(H) k!8 . �
OO��>G� B co-bounded w<� 2 G ><�9k�A & L 09UG;O�CB )

] � proper w H��D �MO T£�MY�EMB 2.2 j�k J�K . z�kE8 . �
O	O�k } H

T
H3 ;�CEDGF�kE8 . T I�VGF Y pH� V T } H � H3 =���h

mN_�C�D�F�I § L F!. U C�>�� [ ;�I�� Q . � C�>!�NL�JLK$_ A�B ��M
p ? \!.�N L F�G w supx∈H3 d(f (x), g(x)) < ∞ k�8 . I § f, g p A�B Ts . z }�C�>!� ] �;>!��;�I-� Q . � w h$m�_�z�C!D�F�I § ��� � . A p
QIsom(H3)

TPOQ� O T L s . � � 2PGR2 A�3 f : H → QIsom(H3) p \L�� O%Q�; Y�S . H � H3 =���>!� ^ co-bounded, proper k�8 . �
H3 � Z
TVU B (cf. 2.1 j )

B
S2
3 ;	}O �QW�N�OI §VW � ��M LX� IG' }Y[Z ) _ K@� T � ' %�;"Z � Q 'cI�. ��L 3 � Conf(S2), QConf(S2)

B
S2 � conformal I §�W } quasi-conformal I §�W k�8 . �

Isom(H3) ' Conf(S2), QIsom(H3) ' QConf(S2).

, ' } Sullivan L F Q�|
\�+ W � S2 =���>���;	}Th	m�_ quasi-conformal

I § L F�. _ � }MO �]> �_^ S2 = � conformal _`>�� T }�8 . ha���
quasi-conformal I § k�b�cML�_ . �
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O�� Sullivan � K
� p�}��E� A�3 p � &<' Isom, QIsom ����L���� � }
f L�JE� s . � K f+^	} 8 . a ∈ QIsom(H3)

T 2 A�3
g : H → Isom(H3)

;�?�@ � ' %7p�� L�s"�
f = aga−1.L 3 � O Q[^ QIsom(H3) k"�:D��"k�8 . � OQ� T 6 g

T
f ^ quasi-isometry

a k�b
c�_E�Ek�} g
] �;I�� Q . H � H3 =���>��+^ proper, co-bounded

k!8 G }MO�� g ;
	 S . ^ �!k�8 . �

2 � � 
p o W L��c{ .�� Y���� L � s . Dehn ��� N ^�}�� L van Kampen(1933) }

R.Lyndon(1966) L F�&�' t�� 6
�96�� 6
� J (diagram) w cf. 2.6 j�z{p
� & L � f T � ' �"! , Q }$#&% '&(*),+ y (small cancellation group) �Z f T � ' h�-�.�, Q L��0/"1�2 ��M � W ^	} 3 ��4�) W f���5 I ³ I }6 I*798 � 3 ; } JaK _*:Gg��Og";X;0<VK L � _ I ��=CO kC^ Ch.V,[LSc]

;!8 . �
1980 > (@?BA } Gromov[G;hyp] ;�CBD�0�UFE���
"�  WHG I iKJ�LNM
p�O EQP�R��TSU1@VXW L@Y[Z�\ PT]X^ E�_@`U3�a@bXc W@d S�eXfKgTh@ijTk�l J�mon�` l J�p S
q�r@s�t E P�u@v [ w�x ] _ i j�kl J�L SUyXz�{X|U} c�~H� v����@�N�
�@� pH`��@a�bXcU~N� v l J R��� ` f�]�vH�Ng��@� c W
�@���@PTu@�U���NW
�@�Q���@�X��R �@� h@�S@� �XJ�� K _ i j�� S O�  c ¡
¢o£ u K ≤ c Z�¤ ]�¥K¦�S ¡�§�¨[Z�©¢ � £Xª j�k�
���oW
���������X�
R ��� h

K ≤ 0 Z�¤ ]
¥K¦
S Z
«�¬��®@¯X°
±²
(Hadamard manifold)

��³
´ k �
µ Z ����¶QP�u ` � �N·�� SU¸@¹�ºZT»�¼�mon�¡�½X¾ P�]�¿@ÀÁ��P�u CAT(0) mXn�_ i j _�` ^�µ[¦ [G;hyp]h�Â"ÃÁÄÅµ ` ÆoÇÉÈÊÇÉË�Ì W*Í�Î _ i jÉk�Ï P £�Ð gÅÑ £ v [BrHae] Z�Ò� k
Hadamard

R ��� ` CAT(0) mon S�Ó�Ô�ÕÁ��W j�Ö £�× ��Ø ��P�u��Ù mHn�_ iKg `UÚ@ÛH¡ ���@�N� ��a�bH`
Ü�Ý d `�Þ q@ß�àHW[á�S@â�ãHäå Í�Î&S�æ�ç _ i j _"`Tè�é&ê�ë µo] ¿�ì ê 1 ¢ v II.10 [BrHae]
h�i jÉk^@^
h�v

CAT(0) mXn@ê�í�îXïXð�ñ@ò j�k»9¼"m&n X
h ` p, q, r ZÉó&ô �Å¥ j »"¼&õ ö"÷ øùõ*ú&_*û u »9¼"ü h"ij�ý

, ∆(p, q, r), ¡ �ÁþÉu `�ÿ ���,������� � E2 � ê*»�¼&õ�ö9÷ h ` � êõUúXê
	 Ä _ ∆
����
¦ êHZ ∆̄(p̄, q̄, r̄)

��þ `������Hõ
ö�÷�� ��³U´ k ∆ê*ú���ê"ô x ¡ ����¥ j ∆̄ ê"ô&Z x̄
� r�� k ^"^�h*���"¥ j ô ��v ` x Z
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��� úX_
óXô p, q Z ��´ »�¼�ü [p, q]
h�i j � Ç
` p̄, q̄ Z �@´ »�¼�ü [p̄, q̄]ø ^TµHv ∆̄ ê
ú h�i j�ý ��ê@ô h ` d(p, x) = d(p̄, x̄) Z�¤ ]�¥ ô x̄ ê ^X�h@i j�k

� _�� g â ¢ � Ç ` X
v

CAT(0) ��� �
	�� k CAT
v

Cartan, Alexan-

drov, Toponogov ê� s��Xh�i j : X ê����Xê�»@¼Nõ
ö@÷ ∆ ê�����ê��
�Hê 2 ô x, y

� ` E2 � ê
� �XõUö�÷ ��ê � �@¥ j 2 ô x̄, ȳ ¡
¢X£ u
d(x, y) ≤ d(x̄, ȳ).

p

q r

x

y

∆ ∆

p̄

q̄ r̄

CAT(0) ���

x̄

ȳ

^TµXä å l ·�pX¡U¢N£ u ��¢ ä ñ�ò j�� ¡�` � ¢Nê��Hô ��þTu ` l ·pH¡
¢X£ u ê�� ��� �
� ¡ v � ê 3 ¢X_ i j ^H� Z ��! þ�] £ k
1. »�¼Xõ�ö�÷ W[á Z r £ u�" d ¥ j
2. #�$�%'&[Z�(*) u�" d ¥ j�k
3. Gromov-Hausdorff +�,.-/( � k
Gromov ê d s [G;hyp]

hBv
3
v ( |Uµ u £10B£ k 1 2 2 ê�� �3� �
�h # d ê�4�5Xc�0 ^N� ê�6 � _
\ Ä�µX] k�l ·�mHn�` l ·�pX¡ Gromov-

Hausdorff +',7-/(o£'8 þ�] ê v ` Paulin, Bestvina, Sela
å h�i j�k ^Éµå v

Thurston ê:9';=<&ê Morgan-Shalen ¡ � j:>@?BA �@C ¡ � ¢oê*§"¨
-É©"¢ (cf. 3 D )

k p d ¡ Gromov-Hausdorff +3,7-E( �É^,�Éh `GF@H"p dv���IQ�KJ � þ L k ��µ -�M�N@c�¡�O�P þ L ê v ` Rips-Sela, Bestvina-

Feighn
å h�i j�k

2.1 δ- QSRUTUV
(X, d) - �"� »9¼"mon � ¥ j�k »�¼�m&n �Év `G�'�oê@W�ô"êYX@F,_�` �µ - ��´ »@¼�üNê 	 Ä�h�Z Ý Ä µ j X�F�mHn h�i j�k i j í
  δ ≥ 0

�
11



X ê�õ�ö�÷ 4 ¡�¢o£ u `��@�Xê � úo_��oê'W�úXê q���{ ê δ- é��o¡ �ofµ j�� ` 4
v

δ- �
	 (thin)
� 	S� k i j íU  δ ≥ 0 _���� þ�u ` X ê��

�NêU»�¼HõUö�÷H_ δ- X£ � ÇU` X
v

δ-����� (hyperbolic) ` f�L@v@� ¡
(Gromov-)

l ·
c ((Gromov-)hyperbolic)
� £ � k

≤ δ

δ- o£@õ
ö�÷Ø ª���`�� ����v (0-)
l ·
c k �U��� 0 �����T���H� 6 ��� ¡�` i jíU  c > 0 _���� þ�u�� �X·T�X_ −c ����0 å l ·�c k�� ¡@` n

��� l ·mHn Hn
v l ·
c k ��� _ 2 � ��ê Euclid mXn v l ·Uc h 0�£ k��� ¡ � ) u ` � ê ��� 0�; ZXv è��H¡�� ä� �L £"! ��h�i j�k

#�$
2.1.

l · ºXv »�¼�mXn�ê�%�& 	�' h�(�)Hh�i j�k
2 ¢oê*»�¼�m,n�*+%�&�	oê ��� ¡ i j � Ç+, � ê�n�ê+%�&�	
-+.7- � ¢/ í ¥�µ ��,
»�¼XõUö�÷0* � � ¡�H£ � £ � º�1Xv ,�£ ä ¡ ¦2(�) 0 º1 � ÒXª j�k þ�ä[þ ,
»�¼�ü v %�&�	"-3. h54�L
µ 0�£ ä å , ��þ76 �
*38 �Xh�i j�k � ! h � ê ¿�À ê Â�Ã *38 � ¡�0 j�k ��� 0 I ⊂ R

ä å
X <oê � È�-�. f : I → X -:9 ����´ k K ≥ 1 , ε ≥ 0 -�í�  ��¥ j�k�;
	�<>=�? �A@ -É©�¢�9 α * (K, ε)- B�C�D�E (quasi-geodesic)

��v , �@�oê
t , s ¡
¢X£ u � *�� â
¥ j ! � -
£ � :

|t − s| ≤ Kd(α(t), α(s)) + ε.

l ·TmXn�ê�%@»�¼�üH¡U¢H£ u , � ¡
ñ�ò j �GFHí º ��*�� âU¥ j ! �Tv��� 0�; Z
H�I j�k ! µXv Euclid
� � H�v3( � â�H�I j ! � ¡ 6 � k

J�K
2.1. ���Xê�í
  δ, ε ≥ 0, K ≥ 1 ¡ ��þ�u , I j í
  C(δ, K, ε) ≥ 0

*3��� þ�u � -T¤ L
¥ :

���Xê δ-
l ·�mNn X ê����Xê (K, ε)-%�»@¼@ü v , X ê I j »�¼@üXê C-é��X¡ ��L�µ jTk

12



!Uê���� v , �����H� ��� H�vX����� å µ�L Ý �"H�I jTk��
	 v ø�� ê ý %�»@¼�ü ä å , � ê�W
¢Nê��Xô - �@´ »�¼@ü�<Nê
è��Nô����.-�(������� ¡ 	 � 0 å , δ-
l ·�m&n H"v »9¼�ü@<oê*è��&ô���� v � ô -�í  

0"£ � � � ¡��@& 0 �"{ -��&ª���ï,ð*ï�*�, ��	 v"�*µ H��� AH�I � � !ê���� - (Êª���,�í�# 2.1 ê �!	 v � �#"�$�% H�I � �
��� 2.1

��� �� � 0 �!	 H � ê���� 2.2
¦'&ÁÄ µ ��*�, ! µov ,)( Hñ�ò*�,+�� 2.1 ê�-#.@0 ��/AHo¦ I � � ! µ10�2 Ò�,Y� �:��3 Õ
H�4�/15Òoª��3*�,)6 � 0Y; Z"H , Ø87 ��98:,;"* �=<�>@?BA C8C�D (automatic)

;#E H�I �#F,GIHKJ Z ([Ep]) L�, 2�M L�N���O1"�P�Q H�I � � ��� 2.2 RS > DUT�C!VXWUY�H�0[Z
\^]`_ G�a 2�M!b[c^d`egf a b[h l, K, ε
5[M Gi�j`k

γ l j l- m�n (local) (K, ε)- o�p�q�r#s�t f F 0 j γ L�u�v#L�w�x�yz l j�{}| l ~#��s�t��!� j (K, ε)- �������
s�t f�� F�a
���

2.2. u�v�L b�h δ ≥ 0, K ≥ 1, ε ≥ 0
5���]��

, t f�b�h l(δ, K, ε) >

0, K ′(δ, K, ε) ≥ 1, ε′(δ, K, ε) ≥ 0 l���� ]'���8d'Z}�`\�M :

u�v!L δ- 9^: W!Y X L[u�v!L l- ��� (K, ε)- ������� 0 j (K ′, ε′)-�����
�
s�t f a
~#� 0 j�� D���C)D 1

5#��f a �#5 � D���C�D 2 F ]����#�������*d, 7 f a Hadamard ¡[¢�£}F¥¤�¢
¦ j�§
¨ �����UL�©�ªU« (asymptotic) ¤¬��®�¯ F ]`� j 9°: W!Y X L�±�²�³�´ X(∞) l b�c | � f a ��� s jµ M L ( ¶ {�·g¸�¹ >!º d R M ) ����� α, β : [0,∞) → X l�»�¼!½°F¥¾ j
t f�b�h c l���� ]'� j�¿ � L t ≥ 0 ¦ M G ��� l Z
\�e°f�� FÀa

d(α(t), β(t)) ≤ c.

α

β

≤ c

©�ª!« _ �����
13



��� � α(t), t ≥ 0 L ¤ ¬� L b � f�������� L�� d α(∞) F	��
Xa α(t)

l t ∈ R s b�c | � � G f F� j 0 ≥ t s�L�¤ ¬� L b � f � d α(−∞)

F���
 a
X l���� · > _�W#Y L8F� j ������� ¾���� · D ?�� X̄ = X ∪X(∞)d�� 7 f a X L�� {���� ¾ X̄ L�¤�� ��� ¦� �! e8f a*R�"�#�$ j � ��%d'&)( � e*f ¦�¾ �*����� L ?,+)�.- >�¦ M G �./�0 f21�3 l�t f l j bc ¾�4�5 e°f a�6 F ],� j n

��7 L�8:9 W#Y , Hn, L ������� ¾ n − 1
�

7<;�= s���� · D ?>�!¾ n
��7 L ; s�t f a

�?� ·)@ _ 8A9 W1Y s�¾ j ��s /�01� 8B9 W1Y L��������1LDC b.E FHG
I

2.1 J�¾ j¥§#¨ �������#¦ M G � R�¤LK b�h C s Z#\�e8f a<M � j ������°d �����!L�©�ª  s b�c ]'� l j�¿ � L�������� d' :N�� R�O�G�a
N<P�OU¦<Q�G ��R J _�S<T ¦VU E l�t f aXW��°R j �<� { ¦ �<Y�e^f� H SVT^d  R ]¥� Q � H a (X, d)

d ��� W
Y F egf a X L�y z ®�¯ S

¦ �}]'� j t f�b�h C ≥ 0 l���� ]'� j u�v!L x, y ∈ S F x F y
d x�Z¿ � L������ γ ¦ �}]'�

γ ⊂ NC(S)

l Z}�'\�M F�� j S ¾�o�[ (quasi-convex) s�t f F,G}H�a
� L b�c s \ ¿ � L���� �#l�E d j \ t f �����1l���� ] � E1F ] � R j

8]9 W!Y ¦�Q�G � ¾�¤ ¬ _�b[c s�t f a������!LC b^E l�t f�_ %`s�tf a���� W
Y L[�����U¾ j�`<a U�s�t fb0 �^cX#°H�l j ��L b�c c^F�de ¦�¾���U8F ]b_�f:N�_ G�a

2.2 gih:j
k ¨l Z<m

(G, S) L Cayley n ¸<o l Gromov- 8]9�« _Vp j m G
dbq

rs
(word-hyperbolic group) FutZ�a m L�8:9 E ¾ l Z�7�v ¦�w�� ]'_

G�a _�x!_ % j ¤BK m L�y _#f l Z�7�v ¦�z e°f Cayley n ¸�o ¾�{#G�¦
�<� { s j d�| j 8:9 E ¾��<� {�}�� c _ %'s�t f ab�c�_ %�~�"�¦ z _#f 6�� ],� j k ¨ m j k ¨�l Z�����m FH� ¦ Z) ¾
8L9 m s�t f a Z2 ¾�8B9 m s _ G � ��R b�c�_ %�~?"�¦ z _#f a.d e ¦ j
Z2
d y z m � ]`������m ¾�8�9 m s _ G � �`¾��!s���� e^f (

b�
2.7).m

G L�V� W
Y X �
L^� {<�V� l�V��� (properly discontinuous, or

proper) �,¾�u�v#L�� x ∈ X ¦ M G � j t f�b�h r > 0 l���� ],� j �8d
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� ��e�7
g L�� h l k ¨ s�t f�� � d���� :

{g ∈ G|d(x, gx) < r}.

� ¦ /V0^f��	� ¾�
 3 s�t f a 1 ��s b� 1.6
d� � ]¥�

Milnor ���R	� ¦�z e°f��	� (1968) ¦!R�� / l�t f a��!¦ /<0#�!��� ¦�9 =m ��8
9�� = H2 ��� ��� ��� ¯ ¦ M���� j Dehn ¾ � ��� � d�! " ]'����� a
# ± 2.2.

m
G l���� W#Y X ¦D� { « jb} w�$#¦ ��� ],����� j X/G l

�<� ·&%�' _ % j G ¾ k ¨�l Z s X � G
F &�( ¦�¾�W � Cayley n ¸�o J

¾���� { a 6 N � j ��� ·&%)' _8T @�* ��¡�¢�£ M ��+�,�-�.�� π1(M)

¾���� { a
b^�

2.2
��� j � � ·/%0' _�1 9�2 T @	* �[¡ ¢�£ F � ¦�3 h 2 ~��

�54�9 = J���6 ` m ¾�8]9 m s�t f�� �'l z _Uf a�M � j k ¨l Z�m G

� j W7� k ¨98 h ��y z m H ¾���� { s�t f�� ��R z _1f a �A� ¾ j G �
Cayley n ¸�o �:� H � �<� ¦ j b�� 2.2 l�; � s�� f�_ %'s�t f a�<:=� j

G l�8L9 m s�t f�� ��� H l�8�9 m s�t f�� �'¾�¤�>#s�t f a 6 N
� j SL(2, Z) l�8:9 m s�t f�� �`l z _!f a k ¨�l Z � ���bm°d j k ¨8 h ��y z m � ],�.��� _ % s�t f a�?�v � ] � j SL(2, Z) � H2 �@��d� z h ��� ¦ ��f � {<��� (cf. 2.3 � ) ¾ } w $�c�l j7A W#Y ¾���� ·�%' s�¾ _ � a� � G I ¾ j�B C ¦ z _#f l�
 3!_��	� s�t f a
���

2.3. 8:9 m ¾ k ¨�D E s�t f a
d e ¦ j m ��t fuE	F l ¿ � ��y z m ¦�G k | � f^_ ¾�H5I!« _	J	�
s�t f a m ��8�9 E ¦�z ],� j�K b « _ x�L�� ]'��� ¾ B C ¦ z _
f a
���

2.4. 8:9 m G ����U _�k ¨�l Z y z m ¾�8:9 m s�t f a
d�| j � l�M %À� � �!f a

# ± 2.3 (N.Brady, 1999). t f 8L9 m � k ¨�D�E y z m s�8L9 m s _��N ��l���� e^f a
m ��t fbE F l j m ��6 ` « _�O � s�P � � f_ � ���QJ5�:N H	I
«
s�t f a
���

2.5. 8L9 m A,B ��G�R���y z m C ¦9S ��� ��T ¯�U A ∗C B ¾ j C

l k ¨ m!_ % 8�9 m s�t f a
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� � �U� j SL(2, Z) ' Z4 ∗ � 2 Z6

j
PSL(2, Z) ' Z2 ∗ Z3 ¾8]9 m s�tf a�y z m C l §!¨ m �:���¾ � ] � aXW ��� ¯ d�� � ��s j C l���U

s�t f�� �'¾�� (�_��Ub s�t f l j W[�
s�¾	� z s�¾ _	� ��¾ � �6 _
% z _
f a %�¸�
 �������6 ` m G = 〈a, b|a2 = b2〉 ¾�T ¯	U �  :N % �f

. A = 〈a〉 ' Z, B = 〈b〉 ' Z, C = 〈c〉 ' Z � ] j m ��¾ � t���!¾ , z�
a2 = c = b2 s ��N %À� f a � �
¾ j�� �!«�¦�¾ ¹������ ��� d 2 S �� s�� � ¯ � � %�¸�
 ����� d��°f�� �'¦ �<Y}],� �!f a | � j A, B ¾

� N ¦�8:9 m s , C ¾ ��"�%,s N ��U _ y z m s�t f l j G = A ∗C B ¾
8]9 m s�¾ _ � a �"! , a2, ab ∈ G s l�# | � f y z m H < G ¾ Z2 ¦
¤	$ F %�¸�
 �����:� µ 
&%�' @ s�t f ' @!¸	� ��6 ` m J!s�t � j�8h ¾ 2 s�t f a � = � G ¾�8:9 m s _	� aK b « _ x L du/�08f�� � ¦ j d S S�T^d�(�)�e°f a m G ��y z m C

s Z ¦�¤$ _�N ��l maximal �,¾ j C < D < G
_ S D ' Z

_ % C = D

� _
f�� �'s�t f a!� �^6
s , C < A, C < B ¾]� N ¦ maximal s�¾ _� a G l�8L9 m#_ % j u�v�� Z ' C < G
d'���

maximal
_

Z ' D < G

�����!l�M�% � ���!f .
� �#¾�d e � m s�¾ &+* 
�, ��- 6 N � , . m Q

s�¾ }�#0/ s�t f�-� l &1* ��- � h�k ¨ � 732 ' @ -54���ut�Z -
# ± 2.4. G, H

2 8A9 m � *76 � N ¦ ' @ -04b� 2 � M8, � �:9<; - C '

Z
2

G, H ��G�R���y z m � *�6 G, H ��=�|#s maximal �:9 ; -�� �L�
� 6 G ∗C H ¾8:9 m s�t�; -
� ��> � ¾	?X��, *�@ [G;hyp] ¦ /<0 %BA&C � ; -5D"E d e ����F&G

Bestvina-Feighn [BF] H D =IC?��KJLAMC � ; - WA 22/�0 ;�N�O�H.d�S
>P 2Q�R ; . S�T�U H < G G mal-normal ��V 6XW�Y � g ∈ G\H H�Z* C gHg−1 ∩H = 1 ��,�;�[�\ - U G G] ^�U @ '`_�a 4b 2�c�d ,�e
,3f 6 maximal ,�g0h�i0j�U C V mal-normal

@�k ;�[0\�G�T0l"; .

m�n
2.5 (Combination theorem, Bestvina-Feighn). G, H

2 ]<^oU
\p95; - C

2
G, H q�rts0q�S�T�U1\tu 6 G, H qt=�v @ mal-normal \

93;�w5[�q \�x G ∗C H V]3^�U�w
?"y�V	z�{ @t| e�w�}t~ [BF] ��� D . HNN- ���"H"�����"q����"G kEo�	� A�l fL���`���+\�u�C �t����� q��� 2 � � q���^�� M q� ��X�"� _

(monodromy) G � pseudo-Anosov �	� @�k�� \ x � M q ¡�¢
U"G�]5^�U @�k0� [0\�G�T0l � w�£ Y \�u�C � [�A���¤0H Thurston V �
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[q���b ����� 3 �	��
�	� M H] ^�	��G�� � [�\��+u��e � q	�
(cf. [Kapo])

��� q�����l5f���¡�¢�U0V]5^�U�� k0� [�\�V�T0l � w

2.3 ������� � Tits alternative

]3^ �"!3\ ] ^�U"H�#&e$�0[t[ d �&%�'"N"["\�V � e)(*#&l�+ u�e$,- � k0� G ��.0/�132040|65 �879(:�"�3;0y&< � �0��� k"� w��0H � ]
^�U0q -�=	>�? G�@�A�< � �$B5� %�' � w

G ��] ^�U+\�u , Γ � � q k0� Cayley C�D	E0\F< � w G q (
n	G

) H�I
(ideal boundary), G(∞), � G(∞) = Γ(∞) �J,�PK< � w G q Cayley C�D
E�V�LJM	�MHON � G �QP e�H�RJS	TO� kM� wKJ8f�H � ��U f G ] ^�VJ� k� [0\�l5f �XW�Y ��! G(∞) Z G [�\���] d�� [0\ ZT0l � w���^ � L
MJ�K�`_J#OaJ,Ku`� � ��UOb #Me	��q Cayley C�DJE��`c R�� w 1 6= g ∈ G

\�u � Cayley C	D	E Γ �	dJe 1, g �`f�e \F< �.	/	g qX_	# � [1, g] \F<� w g V Γ
b SJT�V bXh	i u � [1, g] � g l f g2 j q .K/	g g[1, g]

bXk <	wl
αg : R −→ Γ �

αg =
⋃

−∞<n<∞

gn[1, g]

�$,�m�< � w
]5^�U G q W ��g0h | � g ∈ G

b #0e	� � l αg V Cayley C�D$E Γ qn q3R .0/�g � � Rpo�� k0� ["\�V�]3^�U0q - }"q n �3q�r | �$�p� k� w [ U V�sp� �3t$t�u&|0�v4 � k0� Z��3w |0x�y \�u8��, - 2.9 �3%
' � � qX;�y�qXz�{��%	' � w}|~, - 2.9 qX;�y�VX� RX��� Prop3.2[Sh]

b
� k0� � w

1 g g2g−1

[1, g] g[1, g]g−1[1, g]

R .�/�g αg

� g Z g h W ��[ \ u�N<� w*��� 2.1
b N U��I� R .�/�g αg V �Bk � g h.�/�g

γ = γg l�f�� ? q���� b k � w [Xq γ q�,�� � d�e γ(±∞) ∈ G(∞)

� g±∞ \:7�( w5[ U f�V u0|&� d�e$� k0� w G ∪ G(∞) q W0Y � �0� b
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%	'���e | e	Z ������b ,Xm�� U �`W	Y�b #�eJ� � g±∞ = limn→∞ g±n \|"� w
�0h�U ��d�� V Z � �0h	���0qS�T�U1\�u� c�
 ]5^�U3������ (ele-

mentary) \��	��w��0q	, - V�q�r�� k�� w
m�n

2.6. G ��]3^�U \�u � H � � q W�Y q	S�T�U \*< � w [�q \�x H

V���S�V | | ]3^�U � � k�� l ��� � 2 q �	��� ���� � \�u � c�
 w
��^ u � f�( � , - 2.6 q�;0y�q	��y"�< � w , - 2.6 ��] ^ ��b @X<�
Tits alternative \Fc��X� New � � � � � Tits alternative \�����q

�0�3� � � : !#" � , GL(n, R), q�$#%"q��&h3L0M&�&� � � � solvable
|

� � �0h	����� c�
 l ��d'� � ��� � 2 q �	��� , F2, � c(
 w
, - 2.6

b @3u8� � N*):_&+ b ��Z3� u�e ;
�

G Z .�/ �"! X
b S$T

V �	,�-�. V b�h$i u ��/ ��!�Zp��b �)�9� � k0�0&1 � c2� � w X Z3 ^��! | f � $'%Mqg�h4�5� � H < G
b #�e	� � H � �4687�9�5 Z �k"� l � ��u�(�� F2 < H � k"� w�27 �2: 0�1 � .$/ ��! X Z 3 ^XV�� | e	;'< b #"e	� � e�(:#�l��= b � < � w d?> � X ZA@CBJ� !�q4;5<D� � G �A@5EK< �GF _ � q��5H5�

� � b�|M� q	� ��I b !'" � � k ) � �KJ�� �4L�F aCM4N qA%(OJ��q Tits

alternative Z3MDP�< � wDQ q4;5< � X �SR'T5U _AN 
 �J� � < |5VGW��?X- � |�Y�Z[F _ U0b3
������*\]�Z 0 ��^�q"��q�� k0� Z � X Z�_&+0q
R'T5U _AN 
�J��� kM� ;5<(� � �	� Z 4 � � q?;'<G� � Tits alternative

Z&M�P�< � l��_^ f U ��e | e�w��0��Z 3 q�;#<5��{ u$(� | e�[*`3�
| � [5u � Thurston q 3 \a&b = (cf. 3.5 c ) q	d�,�V�e�]5�f�,3< U��
!5" � qA�'� � qA;5< bAgChJ� w �K� Z 2

|ji � W ` 9 NAk w�£5% 7 u`� �
X Z'RCT'U5l N 
�J��q 0'1 �'� ��� G Z 6�7�9 5 solvable � k �|�i��
G � 687�9 5 abelian � k ) � X q(\�] = 0 � k�� Q 7 � ��m V b �Ml �
(Preissmann q�, - (1943) q�_'+�a � w7 Q'` � � F2 < G

|8i �
G �4���'n��5o ��p	#�w��KJJ� � ��u X Z'R

T&U�l N 
����q	;&< b�� G
b

Tits alternative Z�M(P�< �|2i�� ¤ b %
' � Avez qJ, - 1.7 � � y |'q � k�� wrR'T'U'l N 
�	�"qX_'+�a 7 u
� � X Z CAT(0) ��!�q4;�<�q Tits alternative � � �	� 2 ��s�e	]�� k� w � [ u � Qq4;'< � �I�	b %�' � Preissmann q	, - q�_'+'a(�X�+u
k�w Avez q$, - q CAT(0) ��!$��q�_�+�a(� � s�e�] 7ut(V�U5� w
, - 2.6 q3;&y b � � G q -0=$>�? ��v�J � �&w �6�9� a , Ḡ, j q G

q h$i q�T�x M ���_y ��v � w2Q&Q&�&� � ;"y�q	v&z5� {|� � [p\t��}
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V 7 u ��� q � � b 3 \���� H2 q?;'< ���My uXN � w 3 \�����q¡�¢�V
����� � �8� � [ ��� ] ����N�w ��� ������	 N � c2� � w

H2 = {x + iy|x, y ∈ R, y > 0}.

3 \�
���X������� i:U5� w
ds2 =

dx2 + dy2

y2
.

(

a b

c d

)

∈ SL(2, R) Z�_���������� 7 u �3��q�N5� b�h$i < � :

x + iy 7→
a(x + iy) + b

c(x + iy) + d
.

Q U � H2 q���x����	#	S	T�������� � w SL(2, R) q n�� ±1 � � y |Xhi � < � q	� � PSL(2, R) = SL(2, R)/± 1 Z H2
b�h	i u �'k ��7 c2�

�"N�k	w8Q U Z H2 q��"x����0#$S0T���� � , Isom+(H2), ��� � Q 7 Z
^ i:U ��k � w

δ-
3 \ �p! , X , q�S�T���� , g, Z����&� 7 � � � � e x ∈ X q g-

L l��� �
, gn(x), n ∈ N Z X q�� � R .	/$g q ��b � � Q 7�7 ,�m$< � w

H2 qXSJT���� g =

(

a b

c d

)

∈ SL(2, R) Z 3 \�V | ��� ��� � � r�!5�
"�# � � g Z�� � @ 2 !�" ,

(

p 0

0 1/p

)

, 1 < p ∈ R
b��

SL(2, R) q����r
$ b�|0� Q 7 �%� � w 3 \3V | g

b @ uv� �	, � |3.0/�g γ(t) ⊂ H2 Z� [ 1 #%&�'�< � w�( �3� � � � ,�� C > 0 Z%��J�� � $&%"q t
b #�k

� gγ(t) = γ(t + C)
7�|0� w8Q�q γ � g q )+*, 7 �	��w H2 q -	=�>�?

H2(∞) ��v�J � ��w �)��� a H2 ��� ��-�b�W	Y ��.p��� � w
* γ Z -�=�>$? b ,$� � 2 e γ(±∞) / H2

b�0 \ � $�%�/21�3 U± �P k b�4�V8i�| k�N5� b�5 ��6 Q�/ 7�7�� � � N > 0 Z�&�'98 � � $�%
/ n ≥ N

b #�k�� � �pZ�M(P :
gn(H2\U−) ⊂ U+, g−n(H2\U+) ⊂ U−.

Q;/;<%= �%>3_&+ b δ-
3 \�� !%/ 3 \�V%?�S�T%�@� b # k0��M[) P W >

) source-sink /5T4x MBA�C y , 7 � �XUBD�6 Q UBE vGJK��F E �HGJI 6 Q
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U � )��'w���w�/��$��� 7 � ��� > 3 F	�H/ 3 \�
	�	H/��	��> Klein
�

������� ^ i������ ����� D�6

gg
g

γ

γ(−∞) = g−∞

γ(∞) = g∞

3 \���? g / source-sink T	x M A�C y

H2(∞)

U+

U−

���
2.6 ( ������� ). a, b ∈ Isom+(H2)

7 8 > 7 �"! 3 \"� ? #%$ � �'&( D�6 G �*)+� /�**,%-/. D �/0/1/2 / 2 3 , a±∞, b±∞
!�465/7 > a±∞ ∩

b±∞ = ∅ &98:- ( D 6<; /=& 7 >?> D N > 0 ,A@CB 8 7 >EDCFHG n, m ≥ N!"4H5C7 > an, bm G"IKJ ( D Isom+(H2) GALCM<N:O<P Q 2 GSR"TUN:�<> D?V
WYX6Z�[ �/0%1/26G%\/3 a±∞ G H2

!/]*^�D`_/a
U± & >�\/3 b±∞ G _a

V±

E >	b?G 2
4=�dc:5C!"e:fhg ? 5 � I !+i DdV/; G=&"j�> source-sink

G�k�l�m A�C�n ��o >	> D N > 0 ,�@�Bqp 7 >�D	F�G n ≥ N
!�4�5	7

an(H2\U−) ⊂ U+, a−n(H2\U+) ⊂ U−,

bn(H2\V−) ⊂ V+, b−n(H2\V+) ⊂ V−.

&�? DrV
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a

b

a∞

a−∞

b∞

b−∞

U+

V+

U−
V−

��� ���

x

D F !�� 3 x ∈ H2\(U± ∪ V±)
E�� - ( D V n, m ≥ N

E D F & p >
A = an, B = bm &	p�> A, B , 2 P/G R�TrN E I�J ( D	; & E�� ( V G	G� . ! O�>
	�� A, B

! � D D	F G����? 5�� w = w(A, B) , Isom(H2)

G����/-/. D �H> G � � w &�� � > ,����/�*��? 5*; & E������ � 5 ,�>
G ��! O%> wx 6= x

E������ � 5 V G ��! O%> wx ∈ (U± ∪ V±)
E������

� 5 V���� G� �! O
"�#%$�G ��&�')( � & w = ABA−1 & p 7�* ( 7�+
� I V

x 6∈ U+ ⇒ A−1x ∈ U− ⇒ A−1x 6∈ V− ⇒ BA−1x ∈ V+

⇒ BA−1x 6∈ U− ⇒ ABA−1x ∈ U+ ⇒ ABA−1x 6= x.

��� G w
! 4�5	7*��,	5 G	O Z g�-�.�/10 V243 X*Z65�7 ��&98�: 2.6 ��;4<6=�>@? �A� G δ- ;B<�@C !ED jGF4( �� G�,�J o�H 4 ; &r, M -�I V�J F &�p 7 &�K�L�M%N�O�PQ=�>��	O�& ;

G�8�:�O Jqo�H � $ 5 V�R�S &
;T< ��$ #	$�U�F�O�=�V�W�X . ,�& ; �
,��/0%1/2 ! -%. I 26Y�Z�[ O�\/# ZE[ �/> o source-sink G/k�l6m4]�Mn ,�J�H p�$ 5 V
8�: 2.6 G�;4<��C/�/G� �!�^*G ����_ ?�8*- ( ��� -�� 2.6 O�`*G*�0 !����1I�V
W -"� 2.6 G X Z ) aEbc& H ,Edfe"N . &Cp 7 � 5"V/; G=&"j6& H

! OE;
<"�g$ � , g, , @CB ( IC; &d,Eh gji 7C5fI W

cf. - � 2.10). k g ,"�K0C1
2 G(∞)

! -%. I 2 3 , g±∞, GElgmA!*, H- ngUo$ g H Og&Eph&Gq b Z �

21



> I%; &`,+M -�I W
g G%-%. I�������� αg ^6G H G	��
4? * (%� [ V���7 & g±∞ O H- ngU:�A$ 5 &%p 7 � 5+V a ∈ H ? a(g∞∪g−∞) 6= g∞∪g−∞

&�$ I k &/pG& h = aga−1 ? * ( I�V6; G &+jE& g±∞∩h±∞ = ∅ &�$ I%;
&�, �A�*7 & ; G g, h

! 8A: 2.6 G�;4<G�C��4?���
 ( i@� & > I N > 0

,�@/B p 7 &rD/F*G n, m ≥ N
!�4*5/7

〈gn, hm〉 O 2 P/G R�T�N6��& H G
L�M	N�$	G/��� 5�V� !����S� � 0U! & Tits alternative ?������%�<G���: W 8c: 2.6

[ ?� 	7 X Z ( I $ g & source-sink G k l m)]�M n G @HB�,���� � > I V
Tits alternative O CAT(0) �C ! ��
 ( I N �	O
h gQi�7 5 $ 5 ,�&�� ^�G�!�"$#�L�%�G 1

4 O��C�G$&��('TM*) _ &�a � O,+	0 1�2 ! ]�^I k�l�m1]�M n G *�-�.�/40 V. 7 & `:G	/ R O X6Z $ pd� ���6� ,g& ;C; � X6Z p"� 0 V1032 d(x, y)

?
&�4��	G � . |x − y| & � �q� V
5�6

2.7. ;1<rN ! Z2
! 2�7 $�L�M	N�O�@	Bqp�$ 5�V

8:9<;�=
Z2 ' H = 〈a, b〉 ⊂ G &	p 7�>�? ?A@ � V �	Q�d�e�G�k a ,�1

2 ! -%. I 2 3�? A = {a∞, a−∞} & ( I`V \%3 a+∞, a−∞ ?�B�C ����� ?
γ & ( IrV W ; GED 0 $ ����� O�@/B ( I�; &�,�M -�IrV a � O�& ������<F*�HG<I G�J�K*O 2�L ! J o�H 4 G F & '4( � αa

F�M 
 p 7*� D 5 [ V; G &�j�& H ,�N�F .�- g & 2
4 G ����� γ(t), t ≥ 0 & bγ(t), t ≥ 0 O�O_ 2�P V

γ(t), t ≤ 0
!�4�5	7�� 2�L $	G F & bγ(±∞) = γ(±∞).

�E	7 &
b · A = A.

. gr! &�D�F�G n
!�4�5�7

bn · γ
� & a+∞, a−∞ ?HB�C �����

$/G F & δ- ;4<�QRD*o & γ G δ-
_/a*! > I�V pHS%, K7 & > I -�Q C ,�@

B p 7 D F�G n
! 4�5 7 &/> I in , @�B p 7 & |bnain − 1| ≤ C &�$ IrV

D C7 &�L�T�U oVK�W ! D*o &�> IHX $ I n, m
!�4*5/7 & bnain = bmaim .;�i O >�?/V

2.4 Cartan YRZ\[
`E]�&�;4<rN�G^) L�_R`���] 4*5�7���� D 0 V�0�2 �C X G	3 x ∈ X

?���a & ( I�b�c r G 0�2�d ? B(x, r) &Ve ( . D/F*G�f/2�$
m�! S ⊂ X

],gqp 7 &�> I x ∈ X ] 4�5	7 S ⊂ B(x, r) &�$ I r G I e�? S G h bc<i G�j�C V . g ]�&3k/G r ] 4*5/7 & S ⊂ B(x, r) &�$ I x ∈ X ? S G
h ��a i &�DHC V ��a/O 1

4 &�O�e g $ 5�V X ,�"<#H'�L�$ g f/2�$�m�!
]�O���a	,�@	B ( IrV

22



`*G�8�:*O h Cartan G���: i &�j ��i4I����<F > I�V �C/G����4<��
Q$]�T	� ( I	
����� Q�� F > IrV
���

2.7. X ? δ-;)<�%C & ( I V D F�G,f 2�$
m�! S &Ak G D�F G 24 G���a a, b ] 4�5/7 |a − b| ≤ 6δ.

(
9<;

) δ > 0 &/p 7 & |a− b| < 6δ ? � ( V |a− b| ≥ 6δ &/p 7�>�? ?H@� V
a, b G h ��3 i ? c & ( IrV ( $ f�� &�`1?��ES ( c ∈ [a, b] ?�& IrV

|a − c| + |c − b| = |a − b|
F > o & |a − c|, |b − c| = |a − b|/2.

; G & j
&
|a − c|, |b − c| ≥ 3δ.

S G b�c ? r &	p�& x ∈ S ? D/F�G/3 & ( I�V ; G &�j�& x ∈ B(a, r) ∩

B(b, r)
F > I V���������� ∆(a, b, x) ] ]/5/7 & ����� [a, x] a�S/O [b, x]

]/3 c′ ,�@%B p 7 |c− c′| ≤ δ.
G<I & c′ ∈ [a, x] �/p 7 J�KB?��6. I�V*;

G ��j�& |a− x| = |a− c′|+ |c′− x|.
� %7 & |c′− x| = |a−x| − |a− c′| ≤

|a−x| − |a− c|+ |c− c′| ≤ |a−x| − 3δ + δ = |a−x| − 2δ.
;�i ? � C7 &

|c−x| ≤ |c−c′|+|c′−x| ≤ δ+|c′−x| ≤ δ+|a−x|−2δ ≤ |a−x|−δ ≤ r−δ.;�i D�o S ⊂ B(c, r − δ).
;�i O b,c r G/-"!E] >�?�V δ = 0 G� �!�O�&

δ > 0 �/p�& δ → 0 �$#�e�?�� I J�K1?	% i�� D 5�V

a b

x

c

c′

�,a;�i�- g `�G M Q � $�Q���&(' gQi1I V
5�6

2.8. G ?G;4<�N)�*% I�V*; G+��j�& G ]�f�e6�/Q6G�k:O�,.-4?0/ 57 f�e(1qp - $ 5�V
8 9 ;�=

G O δ- ; < � �2% I`V mA! A ? A = {a ∈ G||a| ≤ 6δ+1} �43
! . g ∈ G ?�D/F:G��%Q�f�e%G�k5�*% I�V	G<I�F g & A G%> I k<]0,�- F
> IC; �E? � % . A O ffe mg! .g-=g ,

;9i &63 + ? � % . S = {gn|n ∈ N}
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O Cayley ����� Γ ��G�f���m�! . D  7 &��,a c ∈ Γ & @�B % I .
;

G � j�&�> I��
	 γ ∈ G & @�Bqp 7 , |c − γ| ≤ 1/2.
� 5

, gS = S D�o
gc � S G%��a F > IAV � ;c/ &c&�HG�8�: D o |gc − c| ≤ 6δ.

�E��
,

|γ − gγ| ≤ 6δ + 1.
;�i D�o , > I a ∈ A & @�B p � γa = gγ.

�E��
,

g = γaγ−1 D�o�D�� V
3�+ 2.8

F���� S	Q��6O�&�N<]���� ����-���I�� j���� � $�Q.�*G � �F > I�V 3�+ F , ,�-4?�� g $� �����/O�� p � $� . '4( � & F2 ∗Z2 ?* ( I . F2 O 2 P/G R�T�N4?Ae�% V a ∈ Z2 ? Z2 G�I/J�k �*% i�� & D/F
G g ∈ F2 ],g p � , gag−1 O��	Q 2 G�k . &�& X $ I g ]�g p � ,

;�iqg
O�� ��X $ I .

2.5 �  "!$#&%
;4<dN*G��%Q�d�e%G�k<]��&� ��*�- % I S � ]�')(�?�@*�% I�V (X, d)

? 0�2 �C �	p�& x0 ∈ X ?rD	F�G�� 	 �*% IrV x, y ∈ X ]�gqp �

(x.y)x0
=

1

2
{d(x, x0) + d(y, x0) − d(x, y)}

� 3(! p�& x � y G Gromov + (Gromov product) ��DAC V ;1<��C F
O�& 	 x0

- g
x, y ?HB�C ����� [x, y] ^*G 0�2 &�& ] D�k (x.y)x0

F > I�V

x0

x y

(x.y)x0

��#�,-��.
`�G�/ R O�/�0 F > IrV

1��
2.1. δ-;)<��C X ] 	32 xi ∈ X, i ≥ 1 &�> o & D�F�G i ≥ 2 ]��

� � `�&�J�H(% I � % IrV

|xi − xi−1| − (xi−1.xi+1)xi
− (xi−2.xi)xi−1

≥ 100δ.
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� G ��j�&�D	F�G n ≥ 2 ]��&� � `�&�J�H V

|xn − x1| ≥
n
∑

i=2

(|xi − xi−1| − (xi−1.xi+1)xi
− (xi−2.xi)xi−1

− 20δ).

� G�/ R G X�Z O����"% I V xi ? �"	 � % I(�����(��� ?��
� � &�k
G�� . ?	��
�% I D 0 $�J�K<]ED I &�& � + � �� � IrV X*Z G��1� F &
[x1, xn] ⊂ N10δ(∪

n−1
i=1 [xi, xi+1]) ? � % . Nc O
m�!�G c-

_/a ?(e�% V

xi−1xi−2 xi
xi+1

≥ 100δ � O�� % &g& G3� & / Rc. ^ �3� S 8�: 2.2
W���� �3�3�3� & ������F� I � � 0 � � [ O & � : 2.1

-Sg G���� ����� $���B F � I?V �g: 2.1 �
� 0 � ������B ?�� I S � ]A& L−2l ≥ 100δ ? �<S0%�& � I 3�� L, l > 0

? * ( I! 	�2 xi &�&�"�#�� i ]��&� � |xi − xi−1| ≥ L, (xi−1.xi+1)xi
≤ l

?��<S0%�$%$�&A��: 2.1 ��& 3�&�� S . i4I � F &'"�#�� n ≥ 2 ]��)� �

|xn − x1| ≥ (n − 1)(L − 2l − 20δ).

��a)( & 	�2 xi * 3+� L, l
.�,�- $  a I 3+�$]��"� � �.- � IA������ � ��] � I' 

;4<!/0��k g ]��&� � - m�1 {gn|n ∈ Z} ⊂ Γ & �02 ������� ��] �02
��3�- k g *�4�576 (hyperbolic) �Hj	C  � �.3 ! * - k g � G � Cayley

��� �'8���9.:<;.=�&+>)? � (cf. 2.3 @ ) A ��2 � ���!B P A ��2  �	CED $	-+>F?'/E�HG g &JILK�_R`�M+AON�� �H3	>F? � ]ON 2 � ��PQ % R 3+S 2.9 T  G g &+>U? � � * - ����3�!UP'V&�+=UW CEX - 2.3 @.AY W+Z+[ αg &+\.].^._EA ��2 ��`.` B+a�b D $	- � � � � * 2.3 @.A *ced Ngf	h�i�hHj.kEZ  0lHm -+nOo 2.1
D $ �<� h+peq+rts . u�v {gn}

P	w)W C�X�x.y  Z.b)f'- |g| = d(1, g)
`{z 2  

|<}
2.2. δ->U?!/ G ~�"�#0~�G g h�� y�� -�p�q+�0� z�C�X - g * >U?� N+G�A.� 2  R z N.���+- {gn}n * \<].^._)P+�<� 2 T  

(1.g2)g ≤ |g|/2 − 100δ.

n.o 2.2
D $�p�q�� 2  

25



|<}
2.3. G g, h ∈ G q�>%? � A�N yU` z 2  p0q���� z�C X -'G gh, hg

* >)? � A�� 2  

(g.h)1 ≤ min(|g|, |h|)/2 − 20δ.

� C h * u�v {1, g, gh, ghg, ghgh, . . .} P	w W C X<x<y  ���� -�� g, h

q�>U? � A7N y��0`!D $!-
	 C���C h�� y�� n�o 2.2 ~��9��0q
�����A
� 2  	 C hH&e�O~� 9��FP 1e��� � w�� z 2 ` nOo 2.2 ~�<9��eqHG
gh, hg 	 C��+C h��)f � �0� z 2 ��` q+� D 2  � � -+>)? / G ~+G�~H".#�~����+v {gn}n ⊂ G h.Z y f � R Z.bFf'-
G *���� N 2 `{z 2 T -�� 2�� ��v {gn}n R `! #"$�0` h z 2 T ` u g∞ ∈

G(∞) q
%'& f � - limn gn = g∞
` N 2�( � C * - Cayley )�*,+ Γ q�-�./ K.N<~.A�0 y ( � l21 -�3�4�~�576�8EN��9�Hv {gn}n :�; 8 G(∞) h<�= u�P?>0N "<`�@?A �7B�� .

C�D
2.9. δ->)?FE G h�G y<�7H 374�~�����I7J�~+G g ∈ G : >g? � (
KML�N�O

δ > 0
` f � 0 y ( I�J��P�O~ g q+> ? � AON yg` f ��H�QR PTS " ( l�m H G0~�>)?TU0~<��V DXWTH 3�40~ n h�Y f � gn : >U? �

A�N y ( < 1 {gn}n : ��� < 10N�~�A H ; 8 G(∞) h <�= u�q�%�& z 2T(Z 1)P�[+�0h+�2\ 2?(
(1)
<�= u7q 2 ��]�^$%�& z 2TZ 1 . p 6= q P <,= u ` z 2�( � l_1 H �2 J�v ni, mi > 0 q�%�& f ��H gni → p, gmi → q A7� 2T( � ~�u�v0h�Z y

f �,H � 2 �`J C q$%,& f �aH 3,4 ~ i, j h`Y f � (gni.gmj )1 ≤ C
` N 2b(

r�c ��H$d ��e)3�N i, j h�� y<��H (gni.gmj)1 ≤ min(|gni|, |gmj |)/2− 20δ.��C ``H
gni, gmj q `a@ h�> ? � A N yaf P�1 �g� C XhH n o 2.3 0 1

gni+mj : >)? � .
Q R (

q p

1

gmi gni≤ C

(2)
<�= u q 1 � f D N y Z 1 . p ∈ G(∞) Pgi A ~ <h= u ` z 2`(

gp = p A.� 2?( γ = [1, p]
` z 2F( � C : 1 PkjEu ` f H γ(∞) = p

` N2 ].^<_gPFl z ( N = ]B(1, 1000δ)
` z 2?( Z.bFf H B : ].^�m�neA.�o ( � ��H 3�4�~ n h�� y.��H gnγ = [gn, p] A.� o ( rpc �7H � o k ∈ γ

q�%7& f �7H 1 ≤ n ≤ 2N A.� o 3�4�~ n h<Z y f �7H d(γ, gnk) ≤ δ
`
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N o ( R �9� H k ∈ γ P p h d ��� "��<C�X.x<y . γ
`

gnγ : p ~�� " A
: , � y h δ ��� f D
	.C��<y N y ~.A�T (A��

, G ~ Γ �e~��� :���� b DXWFH 3�4�~ h ∈ G h<Z y f ��H � o
1 ≤ n(h) ≤ N q�%�& f ��H d(h, gn(h)h) ≥ 1000δ A<� o ( � C P h = k` f ��� � z C X�H n = n(k) h Z y f ��H d(k, gnk) ≥ 1000δ.

� ~��� ``H
� ~�� � d(γ, gnk) ≤ δ P�� �g� � wh� z o `kH p q�� W C o (
(k.g2nk)gnk ≤ 10δ.

� C 0 1 H (1.k−1g2nk)k−1gnk ≤ 10δ.
A���H

|k−1gnk| =

d(gnk, k) ≥ 1000δ. 0�c �7H G k−1gnk h�n.o 2.2 P � � f �7H >g? � `��� A�� o ( >U?�U :
�� P � o �0` A��!0N�~7A H � C 0 1 H G gn :
>g? � ( r�c � G g

@ >)? � ( Q R (

p

1

gn

g2n

k gnk

g2nk

B#"�0)s{N�$ � h90�c � p @ Q � o .

C�D
2.10. G P δ- >)?TE `{z o ( 3740~���� � ��E H h�Y f � , >)? �

R 0�c � I7J7����T�N+G h ∈ H q�%7& z o (
�&% z o(' o ` f �7H&)E� ~HGE~�I�J�q�6P�.A<� o 69�&*O��N�����E

q�%7& z o Dg`'y s,++o : - Burnside ++o/. (1902)
`(0.X+C o (�1 l A

h325436��$�'E � ~��87�A H 	7~�0%s N
���
E�~$%'& :39 W C �7y o ( lZ H w)W �<y o E�q�	.~P0gs�N � ��EFP;:=< Dg`'y s ~ @�H
>�? � N�+
oeA<� o ( Burnside +HoEh�� z oA@ ?kEgP(B�c.Z&C ` f ��H Gromov h
0 o p�~ � 7�q�� oED 3�4�~�F�G � A<N y @ ??E G : H 	.~�H�E , H ,

`
f ��)�� ~�G�q�I7J769�.b�q��9��E�A.� o @ ~�P?B.� (
Z.b)f A�I h H : 69��l Q E/J : N y ( Gromov ~ ��K : >�L�M���N

��EE~HS � PABJs (�OQP b<q H n ∈ N P�� o �,R J ` f ��H pe~�0Fs N
l Q ~�E)P!w)W o ( �;S :�T J 2 ~ ��� E�~�H�E/J.� o (

Hn = 〈a, b|wn = 1, ∀w〉.

Z�bUf H w : a, b h�0 o )E� ~
U w P!wUW o ( r�c � 6���l Q J : N y (
Hn ~�3�4�~�V : n W z o `;X IYV�h.N o q H Hn q��9��Eeh.N o�Z : �Z W;[<y ( 	 @ 	 @ ~ Burnside ++o : H H�E]\	w)W o �&� EE~ T J�q 3
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]P^.~ Z 6 @ w)W H � n hH� y<�9� ~90gs [ l��#\kB.��EEq�����E Z \
+ s +�o�J7�gc�Z ( Gromov : @�� E0~ H�E ` f �'H7� ~p0Us [���� -�~
l�� \'w)W H � W h H U w h�0�c � n = nw \	��4�
 "�` o ��` J ( 	.~Z 6 H nw : A I h�6�8�J : [�y�� H ^7h��� f!Z � 7 \�� f!Z ([G;hyp]).

2.6 ���������
��� � [ G��7�G7�]\	��� z o ( @������ H2 h X! m � _ c \	w)W H
	<~�" � \ l(c)

` f H 	 S q�#�<�678�$�%0~ � = \ A(c)
`�z o ( � o �

J K q�%7& f � 3�4�~ c h�Y f � p0q+�E� ( �;S \'& f � _�(�~�)�*�+
)-, `'y s (

A(c) ≤ Kl(c).
.�/101243�5 ���

E2 h�G y���6�7 ~ �0` \!w�8 o ` 2 p0~
G����G��0q
� 1 �+� ( z/[ ��� H 3740~ c h+� y<�7H

A(c) ≤
1

4π
(l(c))2.

]-9 H EQJ&G:�7�G��]\'w;8�0gs ( G \F69��l���E ` f ��H � o l��
q�<=8 W,S1>)` z o (

G = 〈S|R〉.

6�� < 6 S q3*�� V < 6�J
6�� < 6 R q,�3N�� < 65J�� o ( F (S) \ S ~
*<� z o ��� E ` f H 	.~=?�J < 6 R ~�*<� z o	@�A � �7E�\ N(R)

`
zYS-B7H EE~�l:��~<��V20 1 G ' F (S)/N(R) J<� o ( z=[ �E� � R [)�C�?=6!D

F (S) → G

~�E0q N(R) J�� o ( � � N(R) ~���V 0 1 H ��V F l > : � ~ Z 6 H �
� E F (S) ~�V [ ~�J
UHG 0�I�J�K s�q x.y Z @ f S=[�y!� w ∈ N(R) <

F (S) : H R ~&V�~ F (S) L�J.~ �� ~�69�!M�~ = J Z \ o D
w = ra1

1 · · · ran

n .

>�J f H ri ∈ R, ai ∈ F (S) J H rai

i = airia
−1
i ~ � G ( ^�~
G=N : F (S) J

~�G-N�JO� o � G	h!��4 ( w ~ � ~�0)s [ l���\ )�� wO8 H�� ~�l��E~
- " � . n ~QP�R�S�\ A(w) G  "�� G h z o ( � o ��J K q�%�& f ��H
3�4�~ w ∈ N(R) h+� y.�

A(w) ≤ Kl(w)
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q�� 1 ���HG�� H G :������ )�*�+�)=,/\�� >+z G y s ( >�J f l(w) :� / 5
w ~�" � F 1.1 	 � J.� o ( A(w) ≤ K(l(w))2 [2W B7H - 2 pe~&G

���G7�/.�\
� >+z/[�� G y s (

r1

r2

r3r4

w

+�������������!(
p : e�!�L�� [ ���/J.� o (

C�D
2.11. 69��l��7E G h�� y.� p : 6 S (

1. G : @�� E (
2. G :�� (E~�G��7�G�� \
� >+z .

� lX1 E � h�G y<� � (E~�G:�7�G�� : @O� U#\������ \ �<y o ( A��H
2 p�~
G����G,� \�� >�z E0~ H�� S h�� z o ����� \ :�� � Z c �y�[7y ( >�J f -! /#"%$�& 3 0 E5.�G 0�B3S o E0~ 0 *('�q7� 1 H 	 S

: 2 pe~�G����G7��\�� >Hz2� G	q 9 W�SE�<y o ( AYI h @;� E :) /"*$�& 3!0 E/J<� o (  /+"*$�& 3!0 EEh�� y.� : [Ep] \ � 0 (�7� J�U0~�+�oHG'~7��N \	j.kX0)s (
C�D

2.12.
@ � E G ~�U�~�+�o :�, \ o (

E G ~
U�~�++oHG : H G ~�l���q�<-8 W,S��.y o G�� H 3�4�~&U F <
8 W�S=> l��E~&*<��VE~�69�Hv � q X I�V Z � s Z \�-��YJ/� o�Z H Gy s,+�o/J<� o F 1.1 	 � (�.0/ H � o l:� / � y<�7H � (e~�G����G7�
A(w) ≤ Kl(w) qg%�& z o G21 H �aJ K

@43 9 G z S B�H 3h4 ~�U w/ � y.��H 	 S q X I�V Z � s Z pE~P0)s / -E��JQ� o ~YJ H UE~�+�o
:5, \ o ( ��� H G ~-?�J w = 1

[ WFH ��� E F (S) ~-?&J H � o G��
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w = ra1

1 · · · ran
n qH� 1 �E� H n ≤ A(w) ≤ Kl(w) G [ o ( K q 3 9 [2W

Kl(w) : H���� � [ J [ ~�J H ^<~�G���~���� /�� S o�	�
 U��� o U
:���� 6���M=J� o F � - +����� ��� � ��(Q.���� )��� S W �-? / H
F (S) J7^��&G��������������� o�Z�� )�� &� 3�0"! S=B�#�$ �%�01"S-B �

w & G ��'�(�V \") ! G ��� J/� � ��� !+* ������,�-+� [�.;SB �
w & G J�'�(�V/J [�$ �+/���0�1 Z+23��4 ��5 4 ���!(���L�� [ �6 [87 � 5 4 �;?���9;:<� ���<=�[�>�? \A@ * / G3�;B�� 6  * / G3�C Z * ��D�E � ��F�G =�H ��&�I���J�K 6  * �

L�M
2.8. G NPORQPS�G 1 �  * )�TU��V�W 2YX�ZR[ !%* �</\� [^]\�3_` � 4�a 5 4 �<��b�: K � >�? N ����=�c�d�e 6 ] * �

f�g &�h�i !%* � �\j�k�l =�H�m�n�o%p�m�c^q�rs7 ��K�t � 9�: K Nd�e !+* m�u8v<w3x�y �� * ��z�� � � X NAO+Q3S 6 H�$ S c�{�| !8*[}�}~ ����� 6\�U� 2 H�$ ��ORQ}SU�^��� �}~ ����� 6\�U�R��� � c 9\:
K �� * >�? �^@ 2�X * ��O8QPS����������+�P��9 =�c���� X ��$ * �
O8Q3S<� ��� ��� c - $�� & � (�: 2 ���8NA�<� H�$ ����& � ��9 =c���� X ��$ * �

Sela,1995.[S] ����� X c & � I�� 6���� *3������ �¡�¢£�¤ z�E Z^¥

2.7 Gromov-Hausdorff ¦¨§
Gromov

� 1�©�ª�« ��¬� [�® � � ORQ}S c ¯
Gromov-Hausdorff

���U°
NA±³²µ´�¶ ¢�·<* ¥�¸;X NA¹ ®»º�¼½® # ² ¥ I�& ��¾�¿ ��À $ 9�Á � ,
- 6 ·�* ¥
Â�Ã

2.13 (Bestvina-Paulin-Rips). OÄQÅS G
�ÇÆ;ÈÊÉÌË �Í� S Out(G)¢^ÎUÏ S [ !R* ¥ / � [^]\� G & ~ Ï\È C S � �\Ð%[}Ñ%Ò Z

�^È C S , C,c - $�� C � !%* ¥ ! H �<Ó G = A ∗C B
�ÕÔ½É g c �×Ö�� Z & G = A∗C[»Ø . * ¥

Z z ® Ö G = A ∗C B
¢�ÔsÉ g [ &�Ö A 6= C

� - B 6= C
¢�Ù�Ú�Û+* /[ 6 ·U* ¥ / � 9\ÁÝÜ\Þ�ß�S �\à :ÝÖ j�ká[ãâ I�� äæåÝç\è�é�Ö�ORQ j�k��ê�ë N"T ®Pì�í�ì�î�ï^ð�í�¥�ñ ? � H í�ò�ó"ô%õ ä H^ö Q"÷�ø�ù�ú M� q F S G

¢ O%Q"S 6 ·�* / [ Ü ��� Z �
cf. 9^Á 2.2 � ¥¨û�2 c M N"O

Q^ø^ù�ú [�®Pì Ö�9^Á 2.13 NPü�ý ®Pì�þ�ÿ ² ¥ M
¢

2 I�� H 2 Ö Out(G)

Ü�������S 6 Ö Î<Ï S 6 ·�� ¥ 9^Á c ÿ"X	� Ö G Ü�
���S<� Z Ü Z
c�
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í�ì C � Û � Ü � z ¢ Ö�/ X Ü�Q���S G
6 Ü É g 6 ·	� ¥�� Q���S�Ü É��� c Ü C � ® H í ¢ Ö�Q	� >�c 
�
 � Q _ N� � Ö���� ó���ó� ó �

9�Á+N"±+W � Ö Z
c  í�ì � C � ¢ @�� X � ¥

��� Ö M
� I��%N 3 ª > [�®}ì�þUÿ ² ¥�� � [\] Ö Mostow ��� ��� Á

1.2 � � �"Ö Out(G) ' Isom(M)
¢ C � � ¥ ��� Ö ö Q"÷���� � j�k � �

Isom(M) Ü ~ Ï S! · � ¥ D�E ì Out(G) Ü ~ Ï S" · � Ö � Á 2.13
�$#

� N&% Z%û H í�¥s® � ® Ö 3 I���ª('� �)"O+Q^ø�ù�ú M
¢ ò�ó"ô8õ ä* H í � K�t�Ü ò�óPô%õ ä+ ñ�, ¢�·�� ø^ù�ú ��-�È N/.%W � ��� ¢ ø í �[\] c Ü Ö G Ü\ORQÌS [ Ü Ï � H í ¢ Ö Out(G)

¢ÇÎUÏ c�H � �U[ Ü · � ¥
3 I���O%Q^ø^ù�ú M

� q F S � SL(2, C) 0�1 c ê^Û �/2 è"354 n � ò�óô8õ ä6� [ Ö M
� ä å�ç�è�é�N ê^ë�798 Z Thurston, Morgan-Shalen

c
ÿ �&: J ¢�·	� ¥�¸ � ´�; c ÿ"X	� Ö � Á 2.13

[ � ù�Ö 2 è�3<4 n � �
� ����Ü Out(G))

��Î<Ï ��Ü�S ��= � [?>�@ c ê�ë ®"ì�í � ¥9�"X c�í�ì Ü�Ö�S ��= � � � �BA c
3.7, 3.8 ���� ��� � ¥� Á 2.13

� f<g  �Ü Gromov-Hausdorff �DC ¢�E GGF H �DH N3¶ Z ®Z;¥ ��I z 8 ��� ìDJLK ¥ � � Ö ò�óAô8õ ä H	M Þ<�<� (Z, d)
� ��N �

A, B ⊂ Z
� M Þ (Hausdorff

M Þ [&O�P ) N"I� ��I�Û � ¥
dZ

H(A, B) = inf{ε > 0|A ⊂ Nε(B), B ⊂ Nε(A)}.

���  �Ö Nε(A) Ü A
�

ε Q�R%N/0 Û ¥ Gromov Ü �PX Ü$S�T ®}ì Ö&U�V �ò�ó3ô õ ä M ÞD��� A, B
c�M Þ8N3IG �	I ®3Z;¥ Gromov-HausdorffWDX [&O��^X �

.
Z z ® Ö Z Ü ò�ó"ô%õ ä*Y M Þ���� Û � ì N&.+W � ¥
dGH(A, B) = inf

Z
{dZ

H(A, B)|A, B ⊂ Z}.

ò�ó3ô õ äZY M Þ<����[ ú , CM, Ü Gromov-Hausdorff
M Þ c  í�ì\D] c Y � ¥ w é�^ ó"j�k c J 8�� ¯ ~ Ï � � Á ° (finiteness theorems)_ Ö êÇë ®Åì Alexandrov �U� � j�k l Y Ò ¢ �`� � �baÝ� XÝZ�¥ Gromov-

Hausdorff
M Þ ��cDd Ü Gromov

¢�e l c ®"Z�f8] Yhg�i � �  z�j%² ¥� Á 2.13 Ü�Q���S � ����Ö É g  · � ��[ Ü ��� Z�¥ S k�l ] 7m8 �X�Z��"n � [�® Ö G k ¸ � q E�o [ Û � ¥ c k S ' � 
h
 �"nP_  5phq� 
Y í+[ Û � [ Ö n � S k ��n3_ c  �r � ��[  o���= �

G = A ∗C B, � Z Ü G = A∗C

¢�s � X�Z�¥ o C Ü ��n"_ c
��t�2 ä?u^é�� ¢ a Ù�Û � Z

c �^� Y G
�

È�=�o  ·�� ¥ S\c
¢

2
 �^ë ´ Ù�= k/v ì��hw � � c ÿ �/= � Ö 1

 �
ë ´ Ù�= Yx� HNN S f c ÿ �&= � ¢hs � X � ¥
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c c

A ∗C B
A∗C

HNN S f �`�$I k � � � ¥ C k o A
��È`= o [ ® Ö 
 ��� ��� f : C →

A
¢ V�W�� X�Z%[ Û � ¥ ©�� t

� a Ù�Û �PÎ�Ï��	�ho 〈t〉 ' Z
[

A
�%É �

�
A ∗ 〈t〉 k&.+W^Ö � ��o c�
 � ÿ ²?Y ê b�xk c�d ®"ì ��I û»X �/o k

A∗C,f � Z Ü�
 c A∗C

[»Ø%] Ö A
�

C
c  í�ì � ¯

HNN S f ° [/O�P�¥
HNN Ü Higman-Neumann-Neumann

��� ©��� ·	� ¥
∀c ∈ C, tct−1 = f(c).

� W � Ö A = C ' Z
[�® Ö f k id

[ Û X � Ö Z∗ � ,id ' Z2  ·	� ¥x�3X
Ü ä é�4���k � W ��� wYo p\m ó  hr�� ì s � X �/= � k�� � ®Pì�í � ¥o

G
¢ Ö ·	�"È�=�o C

c� í�ì Ö ÔsÉ g Y w � � � Z Ü HNN S f  Ø8�� [�] Ö ¯ G Ü C ' = � Û ��° [�� ² ¥û3ì Ö n � S k c
c�� � ì r	� ì Ö � ��� �"! � ì � �$#&%�' � � �( ì s � X � S

�%ÉPË ��C �^� k c
c ê�Û � ¯ o é ó�) n � ä ° [/O�P�¥

G = A ∗C B
� ��� c Ö o é ó�) n �³ä ¢ q EDo G

c+* ]-,9� ÛDo
G
�

É3Ë ���
, dc ∈ Aut(G), Ü 
�c Y � � q . � �+/xk { 0�c1 � ®-2 � :

a ∈ A 7→ a, b ∈ B 7→ cbc−1 ∈ B.

2 z ® Ö ��n�3 c
¢���4��

G
� � ) c 5 Ø�í�2�¥�� � ÿ ²76�Ö ��8 6 o G¢

Z 6 ��� Y È�=�o C 6 � � ì�w � � 6 = � Û � 5�9�Ö5' � ÿ ²�6�: ;
�=< � G

�8É3Ë>�? )A@�é óB)�C � äD5 O %�Ö dC 5DE
K ¥8ÿGF �8 6�Ö

C
¢ p�H�Yx� ��I   9 � ¥
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c b

dc(b) = cbc−1

c

t

dc(t) = tc���������	��

dc

HNN S f , G = A∗C , 6  í�ì )�Ö 
 � ÿ ²=6� e F Y�@<é ó�)�C �
ä , dC ∈ Aut(G),

¢D��I û < � ¥
a ∈ A 7→ a, t 7→ tc.

Dehn Ü n ��6  í�ì 
 k�� ®�2^¥ G
�5-^È¨ÉPË�>�? 5PÜ�Ö G

��� 6 ÿ������� � 5& ·	�	�
���

2.14. S k�lG9 798 ��< 2D��n � 5��3Ö G k� ����E�o 5 Û �	� �� 5�9�Ö Aut(G) Ü�@�é ó�)�C � ä�5 G
��-�! 	">�?  �a�# û < ���

$ �% �"+>�?�o
Out(G) Ü n � S

� � ��� o  '& ��� Out(G) (�)+*ha
#GY �  �,�)-*/. ��0132 nD3 6�4-5�6 � @37�8 )�C �:9<;	a�# � 5Y= �?>�@'A���B n o�C���D �	5E 8�F ; s!G <�6�5 = �
���

2.15 (Rips-Sela, [RS1]).
B n o

G ;H,  JILK 6NMHOHPRQTSR,VU e
)+* ���XW�Y[Z'\ 5 5^] = �[>�� 5 9_, G

� `
Z 6 >�?[\�� MHa+b � McO

6�d+e�] =�f �'g+h \ @+7+8�i C+j 9�5�k �% �"�>�? ;�l'#'] = Aut(G)��� M�a�(', Aut(G) S)�*�m�g�S'& = �
> <[(c, Bestvina-Paulin-Rips

��nJo
2.13 prqHsutc�r,N� �_D �r5_EcvF+w W�\Rx 6'5 = �yTz (�{[( F Gromov-Hausdorff |'}%tr,�iX~�7Xt^a��� �o�� p���� � i�~	7�t�a ��� w 4�5�6�(�, 3 ��S���+p	��� = ;�,

� > S >�'no w 4�5�6 W��-z ] = ���� w , B?� a G w�� ] =	� O�� ���� p	��4 E���� = �!� < W	� �
5�t����� = �
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1. G ( virtually torsion free E ? ] \ ����,)�*m�g �� M�a�S:9<7��� 8'p Y-Z�\ 5 W� ;�����] =
	 ?

2. G (', residually finite
	

? ����r, residually finite t�(',��� ���
1 6= g ∈ G w 4�5�6�,�& = )�*�a F

C-�
�����
a : G → F ;
���!�

6 a(g) 6= 1 t \ = > t	S�& = �
3. G (
����a 	 ? ����a!t	(�,'& =���� a , GL(n, R), � � M�a�� >
t	S�& = �

���?�	, 3 ;
� n h \?G , 1,2
W � n h'S�& = > t�;  �� h w
 � �

3
! " # $ % &

qT�'� �c� w a(�_McO[;�)c�(�c;c,+*-,c�.�'5'/H(c, �10 a2�435[,J�
� Z w 4-5�6��M'O�; �
0 b� 01-2�� � w�6 =�798 t	5!�:);<�
=�>
a C �
?A@�S�& = /�S�& =�BDC G w ,�E
F�G�a!t�5!�H=�>�aA�
I�JLK�M�N��O�P �
Q-*�R<S�,�TA/-p�UWV	�<X�, ��0 b�� 0132�� � O�P ��Q-*
R-S�Y[Z , C G w S�=�>�a�� Z

w�� ] =�\ g�h \ M�O<� O�P �
Q-*�R�S
Y = tr5%�^] � ;'Y x � B �'� w �c�9� Rips-Sela � n_o 2.15 S', > � �_ �
` � w B?� R�;�Y = > t�p�aDb	6�5 =cB> ����S�S�,aA�M�O w 4-5�6 Z t�d�6��� =�B�e J Z S�S �-z b�f
� \ 5c;', j 9 7X~ 7[pcghV4�c5 Bji W i W ,.kj;Xp 6 Zml C \9n 7 j w
M'O'] = > t.S�op+h \qr9s 7't�';', i ��t�f�, (1) M'O'P'Q \9n 7j �
R�u?pcv�� = > t	, (2) M�O9� O�P p�v�� = > t�S
=�>�S�Y =cB

3.1 Grushko wyx{z |{}y~{�y�{�y�
A, B p�a%tb+� i �{K IrK p A ∗B t��-� B A, B pc=>ca w W.� U]�A� p XA, XB t�b�� XA t XB p���M3S��A��S�SAf�� �A� p X t ][�
t A ∗ B ' π1(X) S�Y�� B� w G = A ∗ B S�� A, B ����U�a-S \�� tNf���� ��p G � ��K I�K
M�O��?t��
� .

C�� w A �[K I	K M�O<�Q��?t�b 6 ��� A = A1 ∗ A2. �
� 	�� G = (A1 ∗ A2) ∗ B �
� � ���
� , K I�K �����9S
��� w���  b \� ��S��9� ��p G = A1 ∗ A2 ∗ B t¡� ��¢-W 6 � B �
� 6 � w ��£�¤ w
KN¥ K M�O?p�¦LZ¡§�] t � � \ ����¨ � 	�B<i � w�� b ¢ £A� n�o ��Y
� B K z S \��©�ª S{K�¥c« w�¬ b \� a�p��(�®K�¥�« ¬¯�° � \ a
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t��
� .

Grushko � no (cf. [LSc]) w96 ��X��
���<�����l���a G S�
G = Fn ∗ G1 ∗ · · · ∗ Gm

t�K
¥�« w�¬� b £?p�����] :

1. Fn S	��g n ��K ¥�aA��
 Gi SWK�¥�« ¬��¯�°� ������a �	� � Zw �
� ����� � B
2. �
� ¬ S�£��
��� ��� ��h � Y�� :

n, m ≥ 0 S � � h � ��
jJ ¬ a Gi S G � � � ����� p�� �j¢ � � h B
3. �
� ¬ S�������K
¥c« ¬� G = A ∗ B p�£��
�� ��� ����� :

G1, · · · , Gm p��! w�" ��#{V�� i � � p��! w G �!$ � ����p�% x
� � � p G′

1, · · · , G′
m t&� �AX ( � � � S A, B w 6 � f ��Y � 0 ≤

n1 ≤ n, 0 ≤ m1 ≤ m �
��Lb ¢ £����' :

A = Fn1
∗ G′

1 ∗ · · · ∗ G′
m1

, B = Fn−n1
∗ G′

m1+1 ∗ · · · ∗ G′
m.

�( Z Grushko )�*�S � � � ¬�� K
¥c« ¬� � O�¢ p � �Lb ¢�� � B
t1�'¨ � b'�,+.- 1 �!/ �0� K z �,� � �[t w�1 � B n_o � yTz � S.2

V � ����3 G �[K
¥�« ¬� � ° �?t�b��
��� w K
¥�« ¬� G = G1 ∗ G2

p4%-Z � C'� w Gi �hK4¥+« ¬' � °0� �65 /'� t � � r2s87 j p49 V'� B�N� rAs:7 j ����	; �=< �>�W� � � +>- 1 �  � B�?A@ � rAs:7 j �< ��S
£�� 6 � w�B y C �{� B ���l��>3 G �l�� ��C 5 D � � t�S��� � � f � � ��g�� � l>E�p r(G) tb 6 � B ����t
fc��<�{K�¥�« ¬
G = G1 ∗ G2

w � ��¢ � Gi S=�A� l	� � £A�F�G'=� ��� t �=H � � ¢� � B
r(G) = r(G1) + r(G2).

��� 6 Z ��I� r�s�7 j ������; � � < ��������S z ��	 ��¨�� B
��� �Ho � ©�J!K S'� J!K 5+��L�3 � (M w�N £ � OQP9s �.R �TS � ¨� ¨
Y���UWVYX¡��Z���[�\ �<6 ��Y���]_^ R�` � Y�� B
1. k�;�a��Y<� r�s�7�b!c�d�e ��� B
2. Y<� �gf>h>i<� c�d�e b�� rAs:7b ��j � �[�>kU:a�f>h>i<��l>m
�����!U c a�� B

3. f>h�iAn>o	�>n�p>q c a	�[��Ura 6 Z � r<s:7b �=���; ��< �>�
����U c B>s ��� B
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?!@ ��� ����� ��3!n JSJ ¬ n�p�q!a � ��n��TX � [�\9����� C
	 � B
��n��	a��/����9¤�n�������S����	3 U O P�s�� R n���� ��� � ��3

n"!�¥�« ¬� c�# n�$%� �'&�( ¢>K �_X)�+*%,�-=3%."!
¥�«Aa ¬�0/:�� ���1�*2,43 c ��576�30a d ( �989�� ��3 � � � # 	 a7:<; ¢ ,=- c> ; ¢ � �
	 �45�6�3!n?!�¥.« ¬ .?!4@ ��¬!��� �4� ��A!� � � c .
,�-�B�nDC�E c�F�G�H � ��� ��� � ª �+,�-	a�I�JA� � �AU /�K ,�->a
DL!�M�N�O �?P ZRQ (�S ( 	�T 3 ¬ c 9VU�W��YX�Z�a K 3�[!n 2 \�n�]��^ K U�_=a+,�-	n�I'Ja�`Da 	 WAU / � Xb�Vc=n�3�[Aa�:�;'d+,�- c >
W!U K ,�-�n�5�6�e!n�[�f ^�g Z 	 W ^ K c�n�[�f�.?!�h4i�[�f+j � W4�
3'[n�5'6�e ^ !�@�j � W H Z�j � W���3�[ ^ K ]%� c�k>d / d%,�->n
I�J�a�l�m O R�n j�o�p�o?Z K c�nV!�h�i�[�f+.�qr!�@�j � W��s 8 c�t�u d K M

c�v�w \?x�y�z+o 3
s 8�*�{�|�} U
~?W�� M

^ � q
!4@�o�Z<�����!a�[�f�~�W!U / � X : M = M1]M2. ������[�f�. K M a
Q (=S a 	2T�� - S2 j M

c > W4� a2��;<d g Z 	 W4[7f2j � W�� � -.n
5�6�e�.?!�@�� H Z K��7� `��!`4�T` a+��� K π1(M) = π1(M1) ∗ π1(M2)

U4p X M n�5�6�e!n?!�h4i�[�f ^�g Z 	 W4��c�n��?_�� / p�c!U ^�� Z	 d�p%W���~+o��%� K π1(M)
^ q�!�@�oV!�h�i�a�[�f�~�W�oVZ K # 	 .

M n � W��7���7[7f a��2���7��X 	 W �
Kneser �7�0n Stallings a2�7W�f�

[He]).

X�Z:a K Grushko n d�� n�������� / d s ^ � W����'����['f / o�p
{�|�} c   n+¡4¢+£�¤ ��¥�¦ ^ K M .�§+¨�©!n n+¡4¢+£ o�{�|�}!n����
�%ª�[�f�~?W�c%� ^�� Z 	 d�p+W (Kneser. «�¬�+. Milnor):

M = M1] · · · ]Mn.

c 	V®   n+¡�¢+£ [�f ¤ ��¥�¦���5�6�e�n Grushko [�f%.�������[�f+j
����X 	 W ^ K�¯�°�± �?² �7� ^�³�´¶µ ª�f � X 	�	2· K 3

s 8�*7{�|�}
n n+¡�¢+£ [�f�� K # n�5�6�e�n Grushko [�f+.�¸�¹%ª�����~VW4�

3.2 º�»r¼�½?¾�¿ÁÀ�º?Â
3
s 8D{�|'}DÃ nD¡ ¢D£ [Äf�� K 5'6'eDÃ"!�h i'['f%ÃÄ��Å ® yRz%ª/ T Ã�. K � - ^ 2

s 8 � ~Do'�D��Æ s 8 1 Ç+j � WÄcD�'� K # Ã�5Ä6
e ^ ! @Äj � W'cÈ��j � W � S

® vÈw \YxRy�zÈo'*D,�-Y� / K c
® # Ãt Ã�É�1%*%, 3%jÄy�ÊDj�o�p"�Ë~"W�� c Ã'l�m ÌÎÍ�Ï�Ð ^ S Ã�5�6'e G

Ã%Ñ�j�Ò�Ó�~VW�Ô�[�e ® C ' Z �Ë~?W�� ����± � ± � ± Ã ´ �?Õ � K ,
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3 c ª�:�;�d S
® > W�c+��j G Ã Z ª���~VW�[�f ® g T � S\c Ã�����Ó

[ ^ 2 \+o"Z����'i+ª Õ W�[�f K 1 \Do�Z HNN ���+ª Õ W�[�f+j � W��
G = A ∗C B, G = A ∗C .

X4d K 3
s 8�{=|�}�Ã�5¶6�e�Ã?!�h�i�[�f�. Ì ¯
	 � ��� j � ; T ��~

o��+� K #� ® ����~�W � - ^ � ; T �V,�-�e%Ã Z ª�\+p�d�Ã�[�f�_rÌ¯�	 � ��� j � W�c+� ^�� Z  d�p+W��
���

3.1. S
® v+w \?x�y�z�o�*�,�-?� /4K G

® # Ã�5�6�e��Ë~?W4� Z ª��� o�Ô�[�e+ª�\+p�d�Ã G Ã�[�f+. K S
t Ã � W�É�1+*+,43+j S

® > W
c%��j�����X  W � T � /4K G Ã�B�Ô�!�M ��� ®�� p�d�Ç �

3
s 8�{�|�} M Ã�������[�f+. K s�� ª��?U · §%¨���Ã����+j n+¡�¢£ [�fDª�� w�� P �+a T K �'���'[�f%Ã ��! ^ " o�;�d�p�dD_ K�#�$ ª

� w%� P [�f�. �'& j)(�W+*-,/.�d K n�¡4¢�£ [�f10 M ª�Q
2 S a  T��3+® ¹+d�4�576�d�p+W+*
698'6 K1: 3 Ã�; :9< ª Õ W�[�f%ª�0�=?> ��@ ^ (+W�Ã'j K�A  ®�B

d)C Õ >D* : 3 S ª 2 \�Ã�É�E
; :%< c1, c2

^)F U�Z  T �
~VW%* S
®

c1

j�G1. T � w K 2 \+Ã : 3 U, V
^�g Z  T ��6 K ����~VW9H�I�e+Ã�[�f®

G = A ∗C1
B �Ë~?W+*KJ%ª K/:%< c2

^
U( a T 0 V ) ª�`�a  d�p�W+�

6 K U
®

c2 j�GVW�c+��j K�L U · K [�f A = A1 ∗C2
A2

^�g Z  T � ~
W9*�c�Ã�� w K G = A1 ∗C2

A2 ∗C1
B ��M�p�d�_ Õ p��
N'>O* T �'6 K c 0 C1 < A2 Ã�P��%j�(+W9*�_16 K C1 < A1 oVZ K A1, A2 Ã���! ®9Q R U�d�M P *+p�S  ªT6�d%_�U�c�Ã�V�W 1 \%j�U G Ã C1, C2 ª�\+p'd�ÃA 1X� Ã�[�f ^ ��Y ª�4)5�X  d�p+W�c�� ^ [18+W9*

c1c2

A1 A2 B

C2 C1

: 3 e%Ã
Z ¡ � [�f
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«��
U :%< c1, c2

^ � l�m Ì
Í�Ï�j)U��
>��
8T64d�_4Ç����	�%P��
U c
Ã Õ > ª�0 C1, C2 ª�\+p�d�Ã�[�f ® ��Y ª�4�5�~
��c+�90���+o'p�*Vc ^ U : 3 Ã�É E1; :+< ¹�} ® 4�5�~���c%�9U�a���0�e�� µ ª��%p����
d�U : 3 e+Ã Z ª�\Dp�d�Ã���f+Ã�¹�} ® U ��Y ª 4�5�~
���%Ã����%Ã�I� j�(��+*

3.3 �Á½��! #"	$#%
e%Ã�����i U HNN-��� ® §È¨��'&��)(76�dRe G

^�g+*  � Y U A Ã
�)� �
0 G Ã�,	-/.1032 (graph decomposition)

® F �3���4���  � * L
��6�d�U�5+ª-5�67� G = A1 ∗C2

A2 ∗C1
B ª�8Dp�d�0�U 2 9�8 * o:� <; Ã
Z ¡ � ®=< ��U A Ã 3 >	?)0���ª�e A1, A2, B ª Õ .�d)U¶a3� 2 9
0

e C2, C1 ª Õ .�d ¡=@��:A 8+p�d�p7�+� < ���+*Vc�Ã Õ > ª�U�§+¨�Z ¡� Ã�>�?"�B9 A U A  X� U)(7��e%j ¡C@��7A 8+p'd�p:�D� w U
Z ¡ �
ª�D .¶d)U�e�Ã�� ��i�� HNN �)� ® ��>4c��4j=e A g#*  �%*%c�Ã Õ >
ªT64d g#*  ��e G 0�U Z ¡ � ��f�~E�+�4p >O* ����ir� HNN ���
0�UF �G8�ÃH9
8 * o	�)Z ¡ � Ã�P)��j)U A Ã
Z ¡ � 0��)��i�Ã�P)�
0 < �
U
HNN ���%Ã�P��10�I1J%j�(��+*
L � · U 3

s�K {�|7}�ÃHL����/��f
0)U9H)I�e2Ã
Z ¡ � �7f ® F ��U�M
Ã P��1U�9�0�N'O�P%j ¡Q@���A 8+p�R'p�R�UH>7?�Ã ¡Q@�� 0'��S%Ã�Ó��T (:��{�|�}%Ã�H�I�P T (���* : 3 t Ã�U+p'ª��%� * o�p�VW818�Ã�N�E
; :%< A F ��� : 3 P2Ã
Z ¡ � ��S T 0)UC9
0 Z

T ¡1@)�XA 8	Y�R�Y	� *
M  * Ã:M+� ®=Z�[ µ ª�5�6���\ * U�]�^W,:-�.D�+0�U�L�_:\�§%¨�Z¡3`

Γ UaYcb48/87ÃHP UdYeb48/87ÃHf � � Ãhg Thi Ã Õ >4\= � ®kj �hlm Ã T (	� : n�9 e oGn�>X? v 0)U A 
X� U�(	�1P Ge o%(	�kP Gv

T	p
@���A�q�r *  s NWt�u�v=w�R *  R�Y7��o=Y >yx�z T (7��Ç U�{ * t�U
n�9 e ÃH|:? v1, v2( ��}'6%U v1 = v2 Ã�P�� m (�� ) t�8�Y�R�N�~�f ���

fi : Ge → Gvi
, (i = 1, 2)A F � *  RWY:� . M  * Ã��W���=�7N�t (Γ,G) o M�MT> *�M�Ã Õ >�\

(Γ,G) td� 6kR , n39c�Xokt � ��� , �3� 0 HNN �)�c�kf ��� fi t , .�Ri � t��	Y , _��#o�61R�� *  �CPE��UaP%Ã1Z p ` (Γ,G) Ã s
Bass-Serre

Ã�x�z T Ã�Ç�� H�I�P7�
o Õ�� U π1(Γ,G) o�M�b . ��� , P G
A U�(:�=P

Ã
Z p ` (Γ,G) tH8	Y�R G ' π1(Γ,G) o1\	�	oH��U (Γ,G) � G Ã � Z p` ��S��
o Õ=� *
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3.4 Bass-Serre ���
��Ã Õ >�\�P A������ \�Z p ` ��S���	�8�8�0�U�H�I�
�8'8���:\��� T (	� *:M�Ã���Y�t��hlE����������YH_��	t U i � Serre ����� [Se]

A
(:�+*
���

3.1. SL(n, Z), n ≥ 3 01Z p ` ��S 6=\�Y�*
Serre 0	M� E�1V�!�"�
�t�W 61��* Bass-Serre ���	t�#� �$)U P G �/Zp ` ��S%�'&�( o9U G ��(:��N')�
+*-,/.10�� �2�3� s546 t�7�8:\�9
�W? A \WY�M:o;:	\'<+= 4�6 �1&�(10+>'? T+@ �/A�B�C�UD����'�%E i
��W�lF T�G � {H :� : SL(n, Z), n ≥ 3

A *-,3.�t�<+=�
�t 46 l���\* U*-,�.�D�t'78��9��?:��	�8A
��I
�t SL(2, Z) E i ��#-J�\LKM�\���S���	�8A

SL(2, Z) = Z4 ∗ N 2 Z6.

� }PO Zn = Z/nZ
TQ@ �RA a =

(

0 1

−1 0

)

, b =

(

1 −1

1 0

)

o lQ S$QT
a2 = b3 = −id

T�@ v;T i �%#-JG\�PUV��=�
��A
SL(2, Z) = 〈a, b|a4 = 1, b6 = 1, a2 = b3〉.

#:vB�+W�t p�X�Y A 2 ZSD��N�[�,/.�P L(\���$ SL(n, R), n ≥ 3) �]+^�_` P G
s l:\�a%b�c+d�P T1egf�h+ij t1k�Y�l L/G E1K%m i+j A

\gn�$ SL(n, Z), n ≥ 3) E �poqr X (Kazhdan) ��s�t T �
o�u$' -vm �	� j�w O (cf. [G;ran]) T'x���#yJG\�z�E `�{ O1\}|�~	o��L���� �l�|
v/A��W�t `{ O=\|�z�E�T:��s�t FA ���/	k�o���a� gv�A

Bass-Serre ���������X������O w |�A�����
3\�����E [Se] � @ v . ��)

�\*y,�.�} r�� n�THn����=�{�� 1 o�O�l i����� o�lyv�A�z G �*
,�. T 0�� 4}6 E�TR��)�
}��k�<�=�
eo�O�T @ v������X�3��� t O�l�T�x
�L�	t�¡Hl 4�6 E�\�|coGlyv�A'z G �¢*y,£. T t 4�6 O�l�|�l}T T � �
��\�| _�` *y,�.�� G- ¤�¥	\ m ����\�|EoH�LT¦~L� 4�6 E minimal o�|
J§A1z G ��*y,�. T t 4�6 O�l�|�l�|�v	oH�LT G- ¤�¥	\ @ v _�` *y,�.
�'&(2O�lT�x�D�� G � 4�6 E minimal t�\�v����T'Z�¨+T minimal

\ 46 } r�� n�v�Ai � Bass-Serre �������%��� ([Se]) � @ v�A
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���
3.2. 1. (Γ,G) ��z G ��� p `�`{ oBlyv�A/l�\�a�b�T π1(Γ,G) '

G. ~��
o��LT @ v���)�
�*g,�. T o�T�x� �0%� G ��<= 4�6 ��&
(2O�l i � j�w l .

• T/G = Γ.

• Γ �'n�� e ( � w E n���� v) � p���h lgv3z Ge( � w E Gv)

E�T e( � w E v) � T t�� r vLT @ v�, `
	 � @ v�� ( ��� ) �
9�� _` z�� @ v�A

2.
@ v�K�m�����z G � ,

@ vL�L)�
�*y,�. T tL<�=�¥���t�#���l min-

imal t 46 O�l|%v��O�T�%��#-J���z�������� (Γ,G) � � nv�A
• Γ ET 46 ��������� s ��� 
�tLK�m�� @ v�:�� �gv�A
• Γ �!�����TL��ET�x� 2��� T t-,� 	 O�l��2�H -vLT @ v"�
� v TL� e

s ��x��E���|�:��9�#� _` z , G(v), G(e) ��� �h {H -v�A
• $�>#%�E�T�&'%�#(�)/�-,#� 	 t�#:v��2�H w ��� v �H� e t*,+ �.- v ⊂ e � @ v0/,1 E+T�9+�2� _¦` z � �43 � *�+ ¡5

G(e) < G(v) ��O�T *�+ �6-����|#/�1�ET G � 46 �"7��
l+T @ v�8 g ∈ G 9S#;: g(v) ⊂ e �¦O3T g � 4+6 �6<>=/>.%
G(v) ' G(g(v)) ? � n1T�~/ @� *A+ ¡ 5 G(e) < G(g(v)) ?�1
�2O�l�BA$�>�% G(e) → G(v) ?'�C��-v�A

~��D��E�T�x����z π1(Γ,G) E G 9>% .

��� 3.2 �y�£T z��F�G�G� `�{ � , * ,�.�0�� 4}6 � H >�IKJ�� @ v ~K�
� ` ��v . �����GLQn��  v�* , .K? , z��F�M�M��9ONGPM� v H Bass-Serre

*y,�.GJ���u�Q�A�R�����|�J � ��T Bass-Serre ����E�T"SMT ��� ������z
�L���U?�T 4�6 �UV�W�����|�/�1K9�T 1 ��8���/�1�9�m.��l���XG��O w�Y
��� @ v�A
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v

gv
e

g

z��������

/G

in T

T/G

z%���A�A� `�{ �/T�x+� H����ASAT;J�� @ v'*-,3.�T�x' +0%� H����
z�J�� 4�6 � ` �D:�����|�\���O�l�T��	� 2 Z%D�	
��� S D�����|�9� ag�"�+|��1k����1[�
���� c1, c2 9'k�|+l��;���A� `{ � @ v�A S ?� ���U��O�T c1, c2 ?�
 i}� ���LB���O�l�T S �����GS�T X ? � n�v�A X

E � ������ @ v�A c1, c2 � X 0��y,�� 	 E�T���|�9 � a � ��| i�� ���� ?����Sv�� , x�� dual *g,/.��! ��Sv Y �� @ v/A S �'��+z G � ,

~'�*-,�.�9 4�6 �-v��E�"g���	#�$-J§A
�L~�$L��T [Se] 9�%�&�' Serre ��z�( `�{ ��)+*�,�-�(Lz�.	/�9Lk�|�l

(�0��U?21�3�O w E��}��4�5�T0��(�6�0�9�7�8:9;& w ~�� 9�%�v���|�J=<
>�?

3.3 ( @�A	B�C .1966). p ?2D����O�T p- E:*2,�z SL(2, Qp) (�cd_�` z G ��F��K�m	(8 ? +�G �|D� �-v�<-~�(D�#E G 5DV�W/z	<
Serre 5 Bass-Serre 0�� ?"7��l�HJID?#L%n w �+T�x�('�%��?LKJM-v2<
b�N�O!P;Q:*�,�z�9	R�S�v"N�T ��� �N�P��yv	%UO�9�R p- EV*L,Lz�9 Y R
N�PA�-v N	T �%� �!W�XA�-v�<�x!&���5R�Y�9�R�S%v3st ? Y k%�!Z�[
� CW \�]�#��RFH ��^�_J � 1 �	S�v SL(2, Qp) 9�N�P��-v Y (�5�R�S
v1�!]`��)a*�, T ��SSv2< SL(2, Qp) 5 T 9!b�c`�A9d.	/A� v'��R�x�(
.�/D? G 9�e%m�-v���R G ��cd��	S%v~�����R�F��	f�m	(�8��A�|�~
���y��Rg.�/��UV�WL��S�v~�����h���v�<jiK��l�R T → T/G 5�����S�T
��S :kR T/G ���G������(��lRLx�(�����z�5 V�W�z���S�v�<�~�&m%�:�R G

5 VW�z���S�v2<
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~�(���`5	R SL(2, R) (/�1@������9��D�	� h �	S%vL<A����
�!R!F
��f�m�(8U? +�G ��|��d���hz G �AL�n�� & w ���yv2< SL(2, R) 9N
P��gv N�T �S� 5 H2 �	S : R SL(2, R)/±1 = PSL(2, R) ' Isom+(H2)

��S�v��-�LR G < Isom+(H2) �"��vL< Isom+ 5��E�?��k	b	c¥A�z��
S�v�<ji �}l�R G 5 � ���� H2 9�b�c���R���� ��9�.�/��yv�<dF���f�m
(68%���+|�~��/�g�2R�.J/�5DV6W���SSvL<-~d(�.�/�(�� �%� 5��E!(��
| w � �	�!+��SD:kR!i��l�R G 5 V#W�zS��SSv'�	R�;E!(1k�| w � �

��z�(����z%�	S�vL<
~ (��l(��l,���5�z (�h { ������� (�� - #���R� "!�] Mn (��}��z (

h { ��R�#���8 1 (��	h	 �!�] N (�W	X�(�$��5�%�&��	S�v�< ��'�^'o
^�(U^9�%�:�R M (����z�5 N ('���z�9�)�|�*�h { �gvL�-���	S�vL<
#A��8 1 ( N (�W�X�5 Hn−1(M) (�+
VL"Ls�RO����
,� H1(M) (�+�V�"
s
�-��Z/.-*�|�v���R Serre (�6�0 3.1 �-��Z/.-*�R SL(n, Z), n ≥ 3 ( R-

-���( H1 �UV�"���S�v-0�Q ( 132 , 4,5 , Borel �mP ) 9�6�78.�%UO=<�9�:
H1 = 0 5 R�; &8< (>= (�f@?"A�� ("��hB=DC Y �3E �GF <"R�H R SL(2, Z)Y RgF	��f,?	(�8C�I�JV9 &KF!(�C	R H1 = 0 C�S,F�L�R SL(2, Z) 5�f,?
A��C�f?�I�J VWM= F ? +N < Y ��$�O H1(F ) 6= 0 C�SFL<

3.5 3 PRQRS,T/URV JSJ W/X
=�(�hBY�9�),Z�*�R 3 [�\, �!l]�]�(�E�^3_K<�R Y Oa`/.cb�*�d,F�<!f
?�I�J�=�(UV�W-e�h�Y,f"),Z�*l5�R Grushko (�6�0 (3.1 � ) 5�g�h,CKE�F
[�i,C�S :kR 3 [�\, �!�],f�j�Z�*l5�R�k,l-m,n�h�Y�(�0�]/op�Kl,�rq,fs�t *�ZFu;	oL5dK	M	vd<�w�0 s�x 5JR�h�Y�(y�	]	L�z�{�f�|�K	C	}�vx C�SF�<���]�~M|�K���F�;o�C	R�����z���C���� sy��� ~���F�0	L��� FL<�[f	R 3.2 ��C Z f�����FLh�Yf�)Z�*�5	R	����=`(�^���~�b�v�<
;�&	f�)�Z�*�5JR�=�]�o�����y��,	(y$	� ��� s 
���R�h�Y�o����	�	�� L ���u� 5�S t v�L	R��y ¡<�¢y�*	~�£�¤	fy|	K��¥F�;	o�f�¦�§�¨	L
S t v�©�ª«�C	R Z2 f�����FLh�Y¥~-¬��®�¯°©�;� ¦R�²±l�³�¢�´�µ�=s ¢�Cu¶R��±	ly³�Ly#�[�\ 1 ¢y�	h�·�¸�f s F 3 [�\	 y!�¹	fyº�»uq¥~¼	½ F�¢�¦K��¾	C�¿FM©

M ~�À,}�¢�ÁZ�v 3 [�\��Â�Ã�¹C�¶�klMm,n�oÄ��FM©�� s�Å	Æ ¶�ÇÈ�É f�¦�Ê�Y�Ë�Ìu¶ÎÍ tBÏ ´�µ�=,¦K��Ð-e�Ê�Y���Ñ,C�¿,F-© 2 [�\�Ò�Ê,Â
Ã�¹ N ⊂ M L�µ�:,Ó (essential) o-¦ N ¢�´�µ�=3L M ¢�´�µ�=,¢"Ò�Ê�=
f s�t�Ï ZFo�}�~MÔÕ¯Ö© È ]	_�<rÔÕ¯�oM¶ M ¢�× Ï ¢�µ�:ÓR��±l�³
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~�|����¥F�;oMLyJ���� Ï Z Ï ¶ M ¢ JSJ ���¡o	��
� ¥F (1977). JSJ

o�¦�¶��],¢����� Jaco-Shalen, Johannson ¢�����C�¿F-©
JSJ Ê�YK~������KF�v ½ f�¶���Ìu¶ Seifert ����m����cq � � Â�Ã�¹ ���
vu¦�·¸ � o ��
� ¥F��²±	ly³	~	!#"�f%$ N 3 [�\	Â�Ã�¹¥~�¬��F�©À
}�¢�Á3Z�v,��� S ¢"´�µ�=,¢ Z f'&��KFcÊ�Y/o-¶ S 5�¢��"�,�,� � c ¢
&)(,f)*	Z Ï ¦)�'+v . ;�;�C�¦�¶ M = S × S1 ~-¬K�F . M ~/�a±,l�³
c× S1 C,� -
�¶.�'/'0)1-0�230�f®�4 ¶ M ¢�´�µ�= G ¦ c× S1 ¢�5 ½
F/�a±,l�³�¢�´�µ�= Z2 f)*Z Ï Ê�Y��KF-©76�¢)8 � ¦�¶ Â�Ã�¹ M L �
� S 9�¢ S1- :�0�;²q�<�=�z�Ã�<�¿�> � À}�*�?�¢�@)A,¦�¿->)B � ©C6�¢
o�}�¶ G ¦�[¢®�¯ sED ×-F)G�~	H�* . Z ¦-��/�m�:±�<�¿I> S1 ¢�´�µJ <�¿->M©

0 → Z → G → π1(S) → 1.

6M �~M£�K�LM� Ï ¶�¿-> 2 [�\#N�±-O��Pu±�qQ; (orbifold) S 9�¢ S1-

:R0S;�q�¢��UT�~VHU* 3 [@\�Â Ã ¹ M ~ W Seifert Â Ã@¹YXKo Ô ¯ (cf.

[ Z-[ ])©C6�¢�^���=�¶ M ¢�´�µ J G f)*,Z Ï [,¢,®K¯ s)D ×�FG�B��]\
 3>M©

0 → Z → G → πorb
1 (S) → 1

o s >M© πorb
1 (S) ¦ orbifold ¢^-_�<u¢�´�µ J <�¿I> (cf. [ `�a ]). b�oMz

Ã	f�¶ S 9�¢�����	� � c o�'/-m':±�¢�e�·,¸�< M ~�,c>'6o�<�¶ �� �c>MÒ�Ê J fE*-d Ï ¢ G ¢�Ê�e�~M�3>M©�6�¢f��	¶ ��� �c>MÒ�Ê J ¦
Z2 g ¦�h�\pÌu¶jiK)
�¶ c B orbifold ¢ cone-k'l x ¢)mn4-¢po,±rq'st\-¶
Z ~	u-hv�w	¢�Ò�Ê J g � Ï $-x J <�¿I>M©

Seifert Â�Ãu¹	¦ � ±Iyy³	~ !I"�zE$#x�©�{u·	¸u¢ orbifold 9u¢��y�	�
� � g �r/}|':3±�¢�~jm,¢)�.z,®'>8�a±�y�³r<�¿�>c© 3 �'�3Â�Ã�¹��,¢)�� <�¶ Seifert ÂyÃ�¹¢ ��±Iy�³�¦u¶'��º ����±	~�¢���d Ï ¶�6�¢®�¯�s
=�¢�z�h->'6 g B�Ê-��� Ï dI> ��dc��*I�)i��Ó�s���±�³~)��d Ï�� ©��� B�� �-� ¢�<�¶ 3 ���Â�Ã�¹¢ JSJ Ê�e (cf. [J]) ~ ��+�®K¯Ö©
���

3.4 (Jaco-Shalen, Johannson). M � 3 �r�,Â"Ã�¹�<�¶"À.�cÁt?� Ñ , �'0��c�M� , ���-s3� , qIy	|-  g¢¡ >�©c6�¢ g ��¶Eu-h£	¢E¤-d
z%¥ Å \ s�dyµ�¦ Ó�s§��±Iyy³ {Ti}i B%¨�©ª�

Ï « ¨�©���s�d%f�¬3=�
¡�® �c�	¯ � ¡ .

1. M ��\ {Ti}i �°�'d
Ï)± \³²t>"Â�ÃB¹,¢p´�Ç È ��Ê Mj ¦ , �,¢'d"Ì

²-�-��¯ � ¡ ©
(a) Mj ¦ Seifert Â�Ã�¹ .
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(b) Mj ¢�µ�¦Ó�sQ� ±-y�³�¦�¶ Mj ¢)���	¢Q�²±-y�³�z���º �¢����
s�="¢'z�h�> .

« �a±.y�³ ��$���s'd g d8¯ ^._'< W atoroidal X g
��
)²c> ® .

2. M ¢ µ�¦Ó�sQ�²±-y�³�¦ , 1.(a) ¢ Seifert Â�Ã�¹¢�£�*¢�s���z��
º �����%� .

��� ¦u¶�5�3��¯ � ¡ ®�¯¢s ��±Iy�³�¢���¢	��Z�
�¬3��¬��¶����Ê
e�� JSJ �'� « W � ±�y�³�Ê�e�X g =cÔR¯ ®3g ����©-6���Ê'e�z3®�4 ¶ M�

(a) � ±.y"³ �j!."'zp$.x>Ò�Ê g ¶ (b) × � $.��s�d�ÒBÊ.z"Ê.�p² , ��\
z�¶ M ��µ�¦,Ó's �a±.y�³ � ¶�¿�> Seifert Â�Ã�¹����)z'��º �³���p�)<
¿.>�� 6��°^ _�<�5p� 3.4

�
M �>µ�¦3Ó�s � ±.y"³.�c× Ï�� �n� Ï d.>��

5E�c��¯ � ¡ �²±�y�³�����Z�� � ¶ M �������)`� �!����d Ï�"�#$ �
<�¿->%�

M � JSJ Ê eYz 8 ²R> � $ y'& Ti < M � ,S> 6 g z)(C4+*�,.- J
π1(M) ��/�y���Ê�e-B ± \�²c>%��0c��y%1�o ¡ > J � � $ y�&��	,�- J
Z2 <�¿c42*�354�z � *%´�Ç È ��Ê Mi ��,�- J B�6�7 ¡ >%�8��\	z�*	,
- J π1(M) � Z2 zp*.d Ï �"Ê'e9�"× Ï =�*�6:��/�y��-Ê�e ��\<;�=�>�²
> «@?A s�BCc�)�'d Ï ® � ¡ s Å	Æ *D0�z�67 ¡ > Z2 z'& ¡ >MÊ'e��*
� � � Seifert Â"Ã�E�<�¿�> Mi z)$��)²�>��

$ y�&�zF�� Ï M ��,.� �
f�¬-z ± \³²c> Z2 9���Ê�e�B�*�����× Ï <�¿->%�
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T1

T2 T3

T4

Z2

Z2
Z2

Z2

JSJ Ê�e

M1

M2

M3

M4

V1

V2

V4

V3

Vi = π1(Mi).

JSJ Êre � Thurston z�(�> 3 ���3Â>Ã E�� �������	� �pb�
t�	��� � ��� L���� (cf. [Kapo], [ Z-[ ]) g � *'�'0��t�]� *����j*�? � Ñ�*��'��s
� � 3 ��������E � *�q-y |# �Ê�e g JSJ Ê�eI<�Ê�e ¡ ²#
�*��E²I�E²
�#� $ &�z���¦��I� � � 6���������d�*��I> D � s! $�" 0$#�%�B�&3>
g d('	= ��<�* ��\ z�*���) $�" 0*#+%��+, |#q � 8 -Iz�h�5���²+.
d#> �0/21�3�4 g�5 .�*�6�^5�I��7��c��� 2 ���+����E5* ¡ s�8+9�:�;
z � :=<.B −1, 0, 1 �'d?>�²���@ $A" 7=#0%�B	&@C���D�d�!E��²0F*	�
�@ $�" 7 ��G�H�I B H2,E2,S2 J ��C g dK'L3�M � (��ONKP³²0.'d�C��Q ²c��*-��7	�3�M� 2 �'������E5� ���R g DI��.�S�()d��

Seifert �T� E � *TU�z	V�W � 8 -9�	X ��Y s@ $�" 7Z#�% �E[³² � 1 -
���\ ¡ C Q g B?]�����.'d0C%� ��P	z Thurston �_^���`�a�z�(�b+*Tc
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z JSJ ]�e��Q� $ y�&����+B�� J s��	²0F�* (b) �´�1�����] Mi

� *)u
h	E������ � s��!:�����E�z�s�C Q g B�]�����.�	�C �
 ��. *�����  ��A� � E���/ 5 . * A��R �A� J������ ���A] � * JSJ

] � �§� $  &�� �+B�� J � C���¬ J *���- M B Seifert ����E J � 	
��¬�*�D!	 !!�	²+F�* M �#"�B ,$��� (b) ����¬ J ��C%� %@��.�*	,�-& B Z ���('��!P M = S2 × S1 ) �+C Q ) B�]��+*�.�	0C	� J (�	��,�- *�.���/?-�����¬�B ���,�+J ��C%�

1. M B,�01�-  J *	-�¦ Y � $ �&I�12�34��	 . ��-�*	,�- & B�5�6
J Z ����' J ��	���¬��

2. M ��,�- & B�7�6��
��� � * (1) ���'¬ � *8�!: Y J �!b «

M � ��G�H�I B H3 ® * (2) ���
¬ � M � ��G�H�I B S3 ����9 J ��C (M B�:�1�������¬+B Poincare �
� ) ) 	 ' S�� J ��C%�!;�< 5 * (1) �(��¬ J SM� $ �& ) � 6!P1��	�-
¦ Y �0:	;>=?2�@ A Haken B )�C Fp²@C��'¬�� � �E: Y J � C Q ) B(D>�
]0��*�.�	0C .

/ 1 5 . * Seifert �	� E�� -�	A. � .��9( 'E��FHG�IJ� B'* Scott, Mess,

Tukia, Gabai, Casson-Jungreis P$K�L�3M=$N08�O�. 1990 P,Q���R PTS�.
	�CVU M =�WA7�XZY\[ J �>��>]�� 3 .+^ �T� E )`_ C�aD, - & B Z �,b
'0��c�d���] & =$e�.�F�f M g Seifert ���E J ��C (cf. [ h�i ], [j�k ]).l

3 .4^+�2� m M K JSJ ] � g4f M K�n o & =�fp[rqs�t K�n4o &
Z2 ��/ 5 .�u�4v ] � 5 .�	4;(a�w�x�K���C4W�7$XyYz[{� 3 .�^0|�}�m
M =$~M��C(��g,f(��]!|�}4m ) 5 .(o�� Y �4�@ �7��,q�S$~y��C$�,��B� b�f(n�o & K(��] & J g Z B��,� _ C$a M K�1,����] � 3 J N�8(O�.
~���C ) f M K�n4o & K4f,:�� & f Z, Z2 ��-0	�.4K0u44v*] � =��0�
C?aHIy��%y�?.,f 3 .,^!|(},m>K(�,� R,�,� g,f�b(�>�,�,��B,f�|(},m0B�0� -V�$�,��f�w�x � b$K(�4N!S � C�B4f(����g���� _ C$a� 3��,��g�f 3 .�^0|�},mV= � C*X,� Y ����  J ] � _ S�F,fM¡ ��� )
5 .4g�¢4£4¤�£ ¤�K0¥�q�t4��X � Y ���4��¦ § ¡©¨�q�ª0«�¬��¢0B�® CQ ) J � C$a�Ms¯4f(�4�sK�°4±s��²�*�³´[{µ0¶�·�q�¸ &4¹ K4º�»0¼�½¿¾À \�Á����!Â Q ) g�|�	�a
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3.6 ��� JSJ ���
3.5 ���
	�� ; 3 . ^s|H}4m K JSJ � � K
�� f�3 ; g
����� � Â��� ¼�7�6���� & ���$°�± _ Â1a���m����4g,f�£���K�706 ��� & G ��¤�!
³,f Zn(n ≥ 0) �+b('>�(�"� & �"# _ Â%$>³,K&� � =%'"	 _ Â?£+¤!K>u,
v(� � (G K JSJ )+* ) C-, S Â ) ¼�°H± _ Â
. ) ¼0/21 S�³+!�Â (E.Rips-

Z.Sela[RS], B.Bowditch, M.Dunwoody-M.Sageev [DS], K.Fujiwara-P.Papasoglu

[FP]) a�30¯ g4f Zn � b�'����4� & <657�4� À f slender ����� & ��¤6!
³,K � � K $!³,¼ '�	�8TSyÂ?a ;,<y¾?f A slender B�� & ) g,f79,K :�;!K
��� & ¼�706�<�=�>4?�ÂA@0K�.�BC� � Â�a�@0K JSJ �4D�g4f�E6F�<�=�@
KHG�ICJ���DHKC$�³�'�	¿¾CL Grushko K�M�N0K�½z¾C!�O0�PB��$~V�61#S
Â!¾?f 3 Q,^�|(},m�K JSJ N ¹ K�@ ¹ ��K(£���R�B �CSy�,Â1a 3 Q,^!|(}
m�>�T4!4³ JSJ N ¹ ¼�U���V�W4L�²YXZ>4f E�F��4�4@0K�N ¹ >4T�! ³�[\

JSJ �4D�K�]�L _�^4_ g � � !4V�`aX a
����g�� À ¼�f�@�K ¡ Zn, n ≥ 0 >�# _ Â$¢ JSJ ��DHK�����Â�u4b�vC�

Dc>�T�!,³,f�daK�b%e�f _ ÂC@!g�gaB%hai Zn, n ≥ 0 �,fkj!�cK�b%e�f _
Â%@!g,flQ!K 2 ¤!K m,N!¼ �an f 3 Q,^!|(},mco JSJ ��D�Bp�� _ Â ¡ _
?4q�r�f Seifert |�}�msB atoroidal ?ut�v�¢ :

1. wuxVv4yCf [zt�v4o�n4o�@�o�£���R6�4f�w7xMv�yAf [{t�v4o�n o4@
¼�|�L _4} $6~��6>�T�!4³ (3.5 � ) f�v4�Cx��0q�@HK Zn, n ≥ 0 >V¾
L�@ ¡�w�xMv�yCf ��tcv4g n = 1 oum���¢��

2. Zn, n ≥ 0 ��� �4Dz¾C?�!�@4�
(2) >8¤�!,³,g 3 Q��!|(}�mco m��!g Thurston o(�,��R �,� ¡ 3.5 �(¢�>
²uW�³u�����H5�¼ � Â ¡��H�u�4� � Â7?Hi#¢�q�5uV�¼ f�E6Fu�4�4@6�4g
9�o0²PX�?��4�4�H5�g�?4!����4D¿¾A?4!HBC!�X�;6�����u��o���!u�4��B
~M��1Z�VÂ%�
! À ¤���o @c> JSJ ��DaK%�"� ¾%L&��]aK%	"�yÂ%�4�& �¡ l � ¢&@ , G,

o7m4��£�¡PGA¤4?0u4b vC�4D�� � Âk��¤6� n 1 ¤�oujs��V657�H1C?sÂ4u
b,v&��¡ G Gp¥�¼�9&�aK"b%e"f ¾�³�!�³�¡ ��o&��¦��£ (1) >(®yÂ (n = 0

� � Â$¢��
£-�¦>�¡cGlI%J"�"D,�+�c�"¡��"§"EcF"o0�aK©¨¦��?"!&�a�(@ , G, > JSJ

�"DªK©�"�-«ZÂ¦B©¡ G ¼c�0¢&@¦�"?"!¬B«ZÂ&?ª1(¡(®¯G©¤"?>u"b�v©�"D>¼° 1Z�VÂAm4��¼ � Âk��9�o�m��6¡�d�£ Z ��bCe�fs8Z��¡�j0�6K�bCe4f�«
Âk@�o�XAru¡ (1) o�±Ax�²�£�w�x6o � Â��7¢�o�³4´4@ ¡�«�?4q6r�G7IC@4¢
� � Â©� (2) oc±(xc²�£�¡ Z � �"D ¾%?�!&@c� � Â ¡µ�a�%@c>"£ Zn, n ≥ 2
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>�����? ����@0¼�?�!�o���¢��4����¡ JSJ ��D�£ �P�A@PK�� ¢�@sBA¡ Z �
��D ¾©?�!&���c>"¡�G���>	�"b�
%�"D�«ZÂ%��.-. �aG��c>ªB%£�¡ JSJ ��D
o7���V² n ¡�.7o��b�
A�4D0¼u@6o7:�;6o��4�sG�����������Lu�VÂ�.6B
K���W�³�!�ÂC�4����?�m��sB,¾1³�¡ 3 Q���o����H������� M o�³�´4@ G

£u�P�C@�V�¼4¡�.�o JSJ ��D�£HGC¤�?���D6��¡�L�V 1 ��ouj ��£ G ��b
e4fs8Z��¡c±Cx6² (2) ��!�ÂC�" «$#&% � ? 3 Q"�'���(�¦o&³"´"@�>&�"�\¾©L0m"�¦£"¡)�*�+��� ° 1�
³�!!Â JSJ ��D>¼ ³�´"@c>�, À ��b+
%��D¯B-��.¦��!!Â (/�0¦?�1��ªK�2
!�3 )� ¾%�y¾p@�o JSJ ��Dco�������4co�5 6�£�7c>�£�!�� n /�1Z�	3�!
?4!��c9���9c��¡ Kneser 8�9�¡ «6?�qcr�¡������6o�³�´�@ :PG IAJ�>��
D ¾�3�!sÂ�B�;u¡������<:4¡�97�HKC3���«>=�?PX ?�@���A6>7��D4«>=u�
BA!sXCB4!�:�¡ 5 Q���D�����£�E�M���>7D�Fs8Z�<3�! = (Cappell, 1974).G ��>�¡ 4 Q������� M >�#IH-3�¡&E�F�J�o S2 × S2 B M o�@���AaKLKM � , N ³�´�@c£�O�P�Q ¡�³�´�@coaG IAJaK%3���«R=-@���Ac> ��D�«R=�.
B�:u/s1�� 34!<=C�SHk�IHA¡ ³�´4@6£HGuICJ�>u��D�«I=�:�¡������6£�@
��A�>���DSHA?�! 4 Q�� ��������o�T :�U4=s8Z��¡ Kneser 8�9�£�E�M��
>uD�Fs8Z�	3�!= (Kreck-Luck-Teichner, 1995).

@�o JSJ ��D�o7N�V�>�£�¡�!XWY�6��o��fZ�²4o\[�]^:�! n ¡ 4 _�
o4��? nC` ?�W�L�a�²	b�Z�c�:�!	=C� Fujiwara-Papasoglu [FP] > ?�=Ld
¤4£ Bass-Serre N�VPK�e�Q���RfHCL�N�V�¡�«6?�q�r�¡�g�h�? CW i���4
oaG&IcB%£"Fa1©?�j&@�k-�c>+l «&= ¡%³�´�@¯B�m+n�t¦v�o&N�V (Stallings,

Haefliger oC>	?�= . cf. III,[BrHae]QPK-p Xz�

3.7 qsrutwvsx 3 ywzw{	|s}
� 3 Q4�<���~� M o7³4´�� G o����HK�K M =^��;7¡>�������~�6o���
Z2
� l «I=-���I�-K M = o�£R�����!(���u� Z �C³�´�� � � �	��� ¢

:���j��>o��~!=k�SHA��HA¡ M
����� :~!u�<�4¡����� ���>�\��� Z4¡

S1 × [0, 1] �LK M =�� :�����¡���� � ����3 M ����� �4¡u³�´�� � Z
�

lu«I=���� , G = A ∗ � B, ����£ A∗ � , : ° oZ�I=��I �� ?�¡C��¢�£���¤>¥ U�¦ ��§ ¨©�ªL« � " � #I%S¬®I��K M ?I¡¯�
Hn � n ��° ¤�¥�±<² ��H�³�����´;~������.~µ�P�¶��X� Isom+(Hn)

��·¸W¹�*º¼»*½+¾+� G � Isom+(Hn) 4¿��À*Á'�*Â(Ã'Ä (faithful, discrete)

��½�Å�Æ��>� HomFD(G, Isom+(Hn)) �Ç·ÈW¹�I �É���³ Isom+(Hn) ��°
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� ?�=����	�������� � ±	² �LK M = :

HomFD(G, Isom+(Hn))/conj.

� ���	��³ 2 � ��° f, h ∈ HomFD(G, Isom+(Hn))
� �	j�3�³�!=L° a ∈

Isom+(Hn) :(! �*3(³�
�~� g ∈ G
� �¿j 3(³ f(g) = ah(g)a−1 � o f ∼ h

� � =L�
Mostow �� ( ��� 1.2)

� ?LÉ ��³ n ��° ��������� M , n ≥ 3, �����
� G

� � j�3���³ HomFD(G, Isom+(Hn))/conj ��e�� G ����! =-� � �
����³ G ���I��;�: M : ¤I¥ ����� � �	= ��;���! =L�G�� ³ _�� g > 1 ��� ¥�� S �����\� G

� �~j�3��\³ HomFD(G, Isom+(H2))/conj

� S �! «#"%$)©\ª�Z ±'² ��&#'Ç³ R6g−6
�)(+* ��&	=$�-, �/.��10#2 ¬

����j��
½�Å¼��§'¨¿©\ª-«'� .+�3042 ¬  � l&H-3+³$��°': 2 �65)7 � 3 D!8+�

5)7 �-9 :��	=��)�-:	;-<	j�:�³¿ -ÉR�-�	������-=!>)?Ro�@)A)B	=-� 3

��°	C-D�E � ¡GF	 IH�É ��J � S2 K ��L ÄR����³)&�MR¡GF	 �H�É	� 3 �
°�J � ���	� �>oL��j   �-��&	ML��� KIN oCÉ	A�j	M��
O�P

3.5 (Thurston Q!R�S�T	UWVYX O)P ). M � 3 ��° .���0Z2 ¬[C�D
E (
��� K &\MI? �\] É��j ) � ] ³����I����� G ��³�^>��_a`cbedIfg � �)����jR� � M-� M �-��L Ä���J � ³ �>����� d�³w¬hd ªIi	��j	H

��jI� � M-�I ��I��k�³ HomFD(G, Isom+(H3))/conj � .��c0l2 ¬ �
� �)m�_�³ M

����� KIn#o É ��³�½�Å ��§¨	©�ªL«	� .���0Z2 ¬ ��&
M6p o ���rq ³+s���t/>��&%M$�	  ���6�'�6u!�¼�$��v!?&oxwy ] A�B%z
¡ � Hom = HomFD(G, Isom+(H3))/conj �Ç·{q¹� 2 | 3 ��°�C�D�E�e��³} �+° 1 �-~+�!C6D)E ���'���+�!� 0 ª!� g �*Å)�'�)&��(���H-��³-�-�
�-u!�'�3�)���'�-�)� � �!��¶r�)M-�-� � t)~��)�	�%zR¡ � ³ 3 ��° ¬h�� ¨�d�����Á � z�É	��³ M K ��L	Ä���J � ³ �I����� d�³�H����w¬�d ª
i�3j	�	  �3��³+�)��� G K &	M3~���� C ' 1, Z, H��)� Z2

��� ��A��
� � M��I� (�� ��&	ML�

G K 1, Z, Z2 �����(É�? ��� ��A �\� � M¿� ] z^¡¯� �\� G = A∗CB, H
�e� A∗C

��� �eA�³ C ' Z, Z2 ��5�7 ³�bed�f g � ������³)�I��°<���
��° c ∈ C

��� � M����<Ä����	d �I� «	i ¬ , dc ∈ Aut(G), K ± ² Hom����� � M�� � ���\��³ f ∈ Hom ��� (�� f : G → Isom+(H3) �e&�M
K ³ f ◦ dc ∈ Hom ���l�LÉ<�	z���� G Kl��� � �����{] A��	M�5�7<³ �
���	��³ G = A ∗ B �Z L³I¡#����&	ML° 1 6= a ∈ A

��� ��A����	d ���
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«!iw¬ da ∈ Aut(G) �3�#�-É	�!z-� ( ���!� (�� �)&!M-� B ��°!p o a �
���R���#M ) �  LÉ  ��-�!d �-� «!iw¬���³ G ���)~ �	� (-� ��°�
 ] A
�	� ��°	���)��p o ���#q ³ n »��)�	��° �)&!ML������ � ��³6¡#��� �
� �	��5)7 ³ A K�� ¶	�Z  da ���-~ ��� (�� ������³�� ]�� � K������ �
 �É   K ±² Hom � ��� � M��ep�?Z �³ Hom � .��c0a2 ¬ ����e�I�
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�· qZ7�H���³ ± ² Hom 9 .�?�0a2 ¬[3 � M�6�F@��³ Hom /
°\/ n »�] K�^ �! ÇÉ_6:
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3.7 (Bestvina-Feighn, [BF2]). � 8k����u G � R- Z�� J V35�7
��V3M�N�(	��D<��oC@�A�q���{�����{�D g n &6�H��(�M�N�� stable {I�	o
G � ��q����"��� v [�w n ��&���j�u H V�a"D���j�� n &K�

0 → C → H → stab(I) → 1.

w �9(	o I ⊂ T � o���& � j"Y�o stab(I) ��� q��<{3����j�u�� C �����
u � w � Z V �����
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