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In this topic, I am interested in the properties of interfaces evolving according to equations of hyper-

bolic type. A simple example is the evolution of a closed curve in 2D:

∂2γ

∂t2
(t, s) = −κ(t, s)ν(t, s), γ(0, s) = γ0(s),

∂γ

∂t
(0, s) = v0(s)ν0. (1)

Here γ : [0, T ) × I → R2 is a family of smooth curves, κ denotes the curvature and ν is the unit outer

normal vector.

This and similar types of hyperbolic problems appear as models of oscillatory interface motions,

including damped oscillations which appear on the solid-liquid interface of some crystals during melting

or crystallizing, motion of soap bubbles, wave propagation (Dirichlet to Neumann operator), or evolving

relativistic strings in Minkowski space in the string theory.

The numerical solution of the above hyperbolic mean curvature flows have been addressed only

scarcely. Except for front tracking schemes, [5] develops a crystalline algorithm for the motion of closed

convex polygonal curves. These methods cannot directly manage singularities, such as topological

changes or the presence of junctions in the multiphase case, yet such problems can be resolved by

adopting the level-set approach. A level-set method for curvature dependent accelerations based on the

results of Sethian and Osher is presented in [7]. In this method, a nonlinear ill-posed problem has to be

solved and it is not clear how the ideas can be extended to the multiphase setting. In the interesting work

[1], an algorithm based on the level-set approach is developed for the computation of time sections of

minimal surfaces in Minkowski space.

Our goal is to provide a general theory for hyperbolic interface evolutions, to understand the forma-

tion of singularities, and to design good numerical schemes for their computation. In the initial paper

[2] we proposed a numerical scheme based on threshold dynamics of the MBO type (first presented for

parabolic-type problems in [11]), which is founded on the nontrivial fact that frequent thresholding of

the solution to the wave equation approximates the evolution of level sets according to the hyperbolic

mean curvature flow. We have justified this by applying the Poisson formula for the solution of wave

equation and doing some asymptotic analysis. Based on this observation, we developed the following

”hyperbolic” MBO algorithm for (1) together with a device to propagate the velocity over the redistanc-

ing step without having to compute the velocity explicitly.

Given: initial curve γ0, its normal velocity v0, a final time T and a time step τ = T/N .

1. Extend v0 in a suitable way to a neighborhood of γ0.
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2. For t ∈ [0, τ ] solve the initial value problem

utt(t, x) = ∆u(t, x), u(0, x) = d0(x), ut(0, x) = −v0(x), (2)

where d0(x) is the signed distance function to γ0.

3. Define γ1 as the zero level set of u(x, τ).

4. For n = 1, 2, . . . , N − 1 repeat

(a) For t ∈ [0, τ ] solve the initial value problem

utt(t, x) = 2∆u(t, x), u(0, x) = 2dn(x)− dn−1(x), ut(0, x) = 0, (3)

where dn(x) is the signed distance function to γn.

(b) Define γn+1 as the zero level set of u(x, τ).

It was confirmed that this algorithm yields correct results in some test problems such as the shrinking

circle. However, our understanding of this algorithm is still not deep enough and the first task is to give

a rigorous proof for its convergence.

Then we would like to extend it to efficient schemes for other related (nonlinear) problems, such as those

in water waves or relativistic strings.

The hyperbolic MBO algorithm (as it was shown in the parabolic setting) has the potential to be

extended to higher-dimensional problems, to the multiphase case with junctions (see, for example, the

figure taken from [2] below, showing the evolution of a triple junction by (1)), and to problems with

constraints on volume, etc. We plan to analyze these extensions in detail too.

This is a joint research with Elliott Ginder from Meiji University.
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[3] E. Ginder, K. Švadlenka, A variational approach to a constrained hyperbolic free boundary prob-

lem, Nonlinear Analysis 71, pp. 1527–1537, 2009.

[4] E. Ginder, A variational approach to volume-controlled evolutionary equations. Dissertation,

Kanazawa University, 2012.

[5] M. E. Gurtin, P. Podio-Guidugli, A hyperbolic theory for the evolution of plane curves, SIAM J.

Math. Anal. 22, pp. 575–586, 1991.

[6] C. He, D. Kong, K. Liu, Hyperbolic mean curvature flow, J. Differ. Equs. 246, pp. 473–390, 2009.

[7] M. Kang, A level set approach for the motion of soap bubbles with curvature dependent velocity or

acceleration. Dissertation, University of California Los Angeles, 1996.

[8] D. Kong, K. Liu, Z. Wang, Hyperbolic mean curvature flow: Evolution of plane curves, Acta

Mathematica Scientia 29B(3), pp. 493–514, 2009.

[9] D. Kong, Z. Wang, Formation of singularities in the motion of plane curves under hyperbolic mean

curvature flow, J. Differential Equations 247, pp. 1694–1719, 2009.

[10] P. G. LeFLoch, K. Smoczyk, The hyperbolic mean curvature flow, J. Math. Pures Appl. 90, pp.

591–614, 2008.

[11] B. Merriman, J. K. Bence, S. J. Osher, Motion of multiple junctions: A level set approach, J. Comp.

Phys. 112, pp. 334-363, 1994.

[12] H. G. Rotstein, S. Brandon, A. Novick-Cohen, Hyperbolic flow by mean curvature, Journal of

Crystal Growth 198/199, pp. 1256–1261, 1999.

2018/4/2 3 Karel Švadlenka


