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I am interested in liquid/solid-state wetting and de-wetting processes, where the wetting material

possesses anisotropic surface energy (i.e., the energy of the surface depends on its orientation). This

phenomenon is ubiquitous in thin film technology and has wide applications especially in manufacturing

nano-structured surfaces and nano-devices, such as carbon or semiconductor nano-wires.

The final goal is to understand the dynamics of such process, that is, find a suitable mathematical

model, analyze it and develop efficient numerical schemes for its simulation. However, since this is quite

a difficult task, first I consider the equilibrium problem: What is the shape of a body with anisotropic

surface and of given volume lying on a solid obstacle?

Let a domain Ω be partitioned into 3 regions D1, D2, D3, as in the figure below. Denote Σ = ∂D3∩Ω
and Γ = ∂D1 ∩ ∂D2. Moreover, split Σ into two parts:

Σ = ΣSV ∪ ΣSL, where ΣSV = D2 ∩D3, ΣSL = D1 ∩D3

and Ω into two parts:

Ω = Ωu ∪ Ωl, where Ωu = D1 ∪D2 ∪ Γ, Ωl = D3.

We assume Σ is fixed, while Γ can change shape.
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The problem is to minimize the surface energy

E(D1) =

∫
Γ
γ(ν) ds+

∫
ΣSV

γSV ds+

∫
ΣSL

γSL ds

under the volume constraint

|D1| = V.

Here γLV , γSV , γSL are surface tensions of the liquid-vapor, solid-vapor and solid-liquid interfaces, and

γ = γLV : R2 → R depends on the direction of the unit outer normal to D1 on Γ, denoted here by ν.
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Within the level set approach that I focus on, there are two known methods to deal with anisotropic

energies:

(1) Using the nonlinear anisotropic Laplacian. For example, in the phase-field method, one takes the

energy

Ep
ε (φ) =

∫
Ωu

(
1

2
ε [γ(∇φ)]2 +

1

ε
W (φ)

)
dx+

∫
Σ
εγp(x, φ) ds,

where W is a double-well potential and γp(x, φ) is a suitable function. In the isotropic case

γ(ν) = |ν|, it was shown in [8] that a scaled Ep
ε approximates as ε → 0 the energy E . Therefore,

if we can confirm that this is true also for the anisotropic energy, one can minimize Ep
ε under the

volume constraint by solving the corresponding nonlinear Allen-Cahn or Cahn-Hilliard equation

for sufficiently long time.

Another option is to apply the thresholding approach (Bence-Merriman-Osher type algorithm) to

a nonlinear parabolic equation. The convergence of this thresholding method in the two-phase

case (but without obstacle and without volume preservation) was given in [2]. This method might

be precise but from the numerical viewpoint it is not practical since it requires a solution of a

nonlinear PDE with nonlinear Robin type boundary condition.

(2) Using general convolution kernels. According to the approximation of the energy in [4, 6] and the

extension of the domain as in [9], we can also approximate the energy in the following form:

Eδ(χD1 , χD2) =
1√
δ

∫
Ω
(χD1Kδ ∗ χD2 + γSLχD1Gδ ∗ χD3 + γSV χD2Gδ ∗ χD3) dx.

Here, Gδ is the Gaussian kernel

Gδ(x) =
1

(4πδ)d/2
e−|x|2/4δ

and Kδ(x) is a suitable kernel expressing the anisotropy, defined from a function K by the scaling

Kδ(x) =
1

δd/2
K

(
x√
δ

)
.

Several types of kernels have been developed (Ruuth-Merriman kernels in [7], Bonnetier-Bretin-

Chambolle kernels in [1], Elsey-Esedoglu kernels in [3]) and it still remains to investigate what proper-

ties these kernels have with respect to mathematical analysis of the problem and numerical computation.

It turns out (see the above mentioned papers) that the positive property of the kernels is significant, as

positivity in Fourier domain guarantees stability (energy decreasing property), while positivity in phys-

ical domain guarantees monotonicity (comparison principle).

After understanding the above basic stationary problem, one can proceed to more involved questions,

such as the multiphase problem, extension to higher dimensions, dealing with strong or non-smooth

(crystalline) anisotropies, and finally attacking the evolutionary problem (there are several possible evo-

lution models, such as gradient flows or hyperbolic motions).
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