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judges partial orders on items

Ranking data

Objective: construct a geometric representation of ranking data 
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An embedding of items into a metric space M defines equidistant hyper-surfaces, which divide M into cells. 
We find such an embedding, where the volume of each cell is proportional to the probability of the corresponding ranking.

Uniform sampling from the distribution 
= Uniform sampling from M

ba c

Challenge
• The distribution over complete rankings on n items is n! dimensional
• Each judge may provide only a partial ranking (not a full ranking)
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Fatty tuna Sea urchindata

model

Many people rank Fatty tuna first or high. People love or hate Sea urchin.

Complex, multi-modal 
distribution of the 

data is captured well 
by the model

Histogram of ranked positions

SUSHI3-2016 dataset consists 
of rankings by 5000 judges on 

10 sushi items.

Our model visualises some 
characteristics of the 

population’s preference.

Idea

Application to real world data

Representation capacity of our model

Outline



Preference

◦ Each judge has his or her own preference
◦ A judge may not know (or reveal) preference among some items

judge
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preference of items



Order (Ranking)
◦A partial order on a set B satisfies
◦a < b and b > a do not occur at the same time
◦a < b and b < c imply a < c
◦A total order on B further satisfies
◦a > b or b > a or a = b for any a,b ∈ B
◦A partial order is described by a set of 

pairwise comparisons ex. { a>b, b>c, a>d }
◦ remark: a partial order = transitive closure of an acyclic directed graph

In this talk:
complete (or full) ranking = total order

incomplete (or partial) ranking = partial order



Ranking data given by 
a collection of pairwise comparisons

judge higher lower

0 a b

0 b d

0 a c

1 d b

1 d a

2 c a

2 b c

Ranking data 
=
rankings by many judges 
=
Pairwise comparisons
associated with judges

Goal
Ranking data 

è Geometric entity



Geometric model in general
◦Representation learning is a field of research to find a 
representation of (implicitly) structured objects/data.
◦Geometric structures possessed by the representation space
(e.g., Euclidean space and other metric spaces)
are used to capture/reflect the characteristics of data

objects

image

graph

representation

vector

Points in a metric space

Ex. Graph representation translates a combinatorial structure (adjacency)
to a geometric one (vicinity w.r.t. metric)  

word



Ex. Geometric model of graph
Fact:
{Interval graphs}
=
{Cordal & AT-free}

Vertex ó Interval on the real line
Edge ó Intersection

An interpretation:
Flexibility&Representation capacity
vs Regularisation

Not every object is representable. 
Geometric constraints “regularise”
the model fitted to the data.

Image from wikipedia



Ex. Geometric model of graph
◦ Every graph is represented as an intersection graph

(Erdős-Goodman-Pósa, 1966)

• K1,7 is not a unit circle graph
(kissing number = 6)

• Simple planar graphs = circle contact 
graphs
(circle packing theorem)

Relevance to machine learning:
Too much flexibility leads to overfitting.

The geometric constraints/structure would agree with
or capture “natural patterns” in data.

(e.g., Word2Vec captures the relation between 
words in terms of the vector space structure of Rn.)Images from wikipedia



MODELLING
RANKING 

DISTRIBUTION



Goal Today

Assumptions:
◦ Judges are indistinguishable (i.e., the data is just a set of partial rankings)
◦ Each incomplete ranking can be completed

(i.e., each judge has an unknown complete ranking)
These mean that the data is represented by a probability distribution over 
the permutation group Sn of n items (|B|=n). 
We call such a distribution a ranking distribution on n items

Constructing a geometric model for ranking data (a set of partial rankings)

Two main difficulties:
(1)A probability distribution over Sn is (n!-1) dimensional!
(2)How can we complete an incomplete ranking?



Aim Ranking 
position of 
fatty tuna

data

model

Ranking 
position of 
sea urchin

Every loves fatty tuna, while sea urchin is controversial

Rank. Pos. of eel
among

egg>tuna

We can recommend eel to those who opt for “non-raw”

Rank. Pos. of eel
among

egg<tuna



Existing models for ranking distribution

◦Mallows’ φ model
◦ ! " ∝ exp −()! ","" " ∈ ,#
◦ Parameters: ( > 0,"" ∈ ,#
◦ )! is a distance on Sn (e.g. the Kendal tau distance) 

It has the mode at !! and the 
probability decrease as the 
distance from !! increases.

◦Plackett-Luce’s model

◦! " ∝ ∏!"#
$ %('!)

∑"#!$%& %('")
" ∈ &$

◦ Parameters: /: 1 → 3$"

Each item has a utility value 
and selected one by one 

according to the value

Two popular and basic models are

Reference: Marden, Analyzing and Modeling Rank Data, 1996



Equidistant plane Arrangement

a vs b

b vs c

c vs a

Decision boundary
a > b > c

a > c > b

b > c > a
c > a > b

c > b > a

b > a > c

Rm

b

c

a

• Each compartment corresponds to a 
total ordering

• They are subdivision of Voronoi cells
• A partial ordering corresponds to the 

union of compartments
(e.g., the Voronoi of a = {a>b and a>c})Ref: Kamiya, Takemura, Tokushige, 2012

Application of arrangement theory to unfolding models 



Equidistant Hyper-surface Arrangement

a vs b

b vs c

c vs a

a > b > ca > c > b

b > c > a

c > a > b

c > b > a

b > a > c

Decision boundary

Compact
Riemannian 
manifold M

b
c

a

Our model is an equidistant hyper-surface arrangement such that 
the volume of each cell is proportional to the probability of the corresponding ranking.

Uniform sampling from the distribution 
=

Uniform sampling from M



We focus on the case ! = #!
" Points in ℝ! representing the items 

◦Mid-hyerplane arrangement in ℝ!
◦Probability distribution on $" where 
%(') for ' ∈ $" is proportional to the volume of 
the cell ∩ *!

This gives a geometric model for the distribution on the symmetric group *!
with parameters in ℝ"!



Sampling
◦ Just sample uniformly from "" !

(recall that the probability is proportional to the volume)
◦ Caution: The simple rejection method is highly inefficient 

(curse of dimensionality)

There are some clever methods known:
1. Sample x from the direct product of m-copies of the standard normal distribution.
2. x/|x| is then uniformly distributed on *"#$
3. Sample r from the uniform distribution on [0,1]

4. ,
!
" -/|-| is then uniformly distributed on 0"



Fitting
Given 
◦data : a set of sets of partial ordering of the item set
◦hyper-parameter: the dimension '

(or more generally, the embedding space M)

Model parameters: the coordinates of the items in (1

A naive method is to minimise the “difference”
between the data histogram and the model output (volume of each cell).

But it is computationally intractable to compute n! volumes! 



Drawbacks of Tutte Embedding
Only applies to 3-connected planar graphs.

Works only for small graphs (|V| < 100).

The resulting drawing is not always ―aesthetically pleasing.‖

Tutte representation:           Dodecahedron                               Le(C60)

Idea: kinetic equilibrium => nice arrangement
Ex: Tutte’s embedding of a 3-connected planar graph

Theorem	(Tutte1963)
Solution	to	the	Laplace	equation

Δ1 = 0 (1 ∈ ℝ4× 6 )

gives a a crossing-free straight-line 
embedding of any simple 3-vertex-
connected planar graph 
(that is, a polyhedral graph) given the 
outer boundary vertices are fixed to 
form a convex polygon.

Equilibrium of springs attached to nodes



Learning (fitting)

Triplet loss

Coulomb-type potential

Optimising coordinates in M of 
both judges and items by minimising

2# = 4
$∈&

4
'!("'#

max(8 9), ; − 8 9*, ; , −=)

2+ =4
),-

1
8 ;), ;*

.

Target function: 2 = 2# + A B 2+
First, place judges in the right cells by 2#
Later, adjust volume by 2+ 90 judges prefer item 0, 10 judges prefer item 1

Judge: small dot, Item: circle
M = disk



Dimension constraints

◦ This gives a clue on the choice of the embedding dimension m.
◦Note that the dimension of the representation space is mn.

Theorem
An equidistant arrangement in Dm of 

(generic) n points has n! cells ó n-2 < m.

Not all arrangements can be realised as equidistant arrangement.
(e.g., three equidistant lines of a triangle meet at the circumcentre)



Lemma (see Kamiya, Takemura, Tokushige, 2012)

The intersection lattice of an equidistant 
arrangement in Rm of “generic” n points is 
isomorphic to the lattice of partitions {1,..,n} into 
at most n-m blocks.

Ex. Partition {1,4},{2,3} 
<=>  

! ∈ ℝ! $ !, &" = $ !, &# , $ !, &$ = $(!, &%)
This gives the (maximum) number of cells having a positive volume.

(an explicit formula by the Stiring numbers is known)



Ex. 4 points in R2

03

23

02
01

13

12

02,13

013Note: The lattice is 
the codim ≦ m part
of that of the braid 
arrangement 

1 + 1 1 + 21 1 + 31 = 61! + 111" + 61# + 1

=> 1+6+11=18 
(See Good-Tideman, 1977)



EXPERIMENTS
WITH SUSHI DATASET



The SUSHI3-2016 dataset
◦Consists of complete rankings of 10 items by 5000 judges
◦Collected by T. Kamishima et al.
◦Available at http://www.kamishima.net/sushi/

http://www.kamishima.net/sushi/


Model fitting
◦We chose C = "6 as the metric space.
◦ The theorem suggests dim =|B|-1.
◦ The results was almost same for 2 = 0$%

◦ It took about two hours on Ryzen 2990WX.
◦ Visualisation was interpretable:
◦ Fatty tuna has a large Voronoi region
◦ Egg and Cucumber are similar and not 

popular 
◦ Sea urchin and Salmon roe are similar and 

distinctive

PCA projection of D9



Representation capacity: ranking position

Fatty tuna Sea urchin

data

model

Many people rank Fatty tuna first or high. People love or hate Sea urchin.

Complex, multi-modal distribution is captured well by the model



Representation capacity: conditional probability
data

model

rank of eel
for judges with egg > tuna for judges with tuna > egg

The ranked position of eel (non-raw) depends heavily on 
judges’ preference between tuna and egg,

which the model successfully captures. 



Input: Each judge reveals his or her ranking of, say, four items.
Output: The distribution for all ten items

Generalisation capacity
Experimental setting

Judge u: a > c > b > d 

Judge v: e > g > d > b 

…

The probability of a>b>c>d>e>f>g>h>i>j is 0.01

The probability of b>f>e>i>j>a>g>h>d>c is 0.02

…

This can be used for prediction:
For example, “what is the conditional probability of
g being ranked in the first by a judge with a>c>b?”

Not necessarily top-4

input
output



Each judge revealed a partial ranking among D items out of 10. 
Evaluated for the top-4 ranking with
◦ Correlation of probability (higher is better)
◦ symmetrised KL-divergence (lower is better)
◦Wasserstein distance (lower is better)

↵ 2 4 6 8 10
Corr 0.165 0.795 0.840 0.868 0.886
sKL 0.370 0.154 0.150 0.142 0.121
W 2.502 0.832 0.770 0.666 0.457

↵ 2 4 6 8 10
Corr 0.546 0.893 0.922 0.940 0.960
sKL 0.106 0.023 0.019 0.016 0.011
W 0.965 0.305 0.287 0.247 0.157

Table 3: Model performance for learning partial in-
formation. (top) for top-4 ranking (bottom) for sub-
ranking for five labels 0, 4, 5, 7, and 9.

Figure 5: Visualisation of the SUSHI dataset. (left)
model learned with ↵ = 4. (right) model learned with
↵ = 6.

in the real-world data as we see in our experiments with the
SUSHI dataset.

While keeping a reasonable degree of fidelity to the data,
our model achieves a drastic reduction in the dimension from
the factorial of the number of labels to roughly the square of
it. Still, the use of our model should be limited to the case
when the number of labels is relatively low (less than a few
dozens) since the embedding dimension required for fidelity
increases linearly with the number of labels. On the other
hand, our model can handle a large number of judges.

The geometric nature of our model enables intuitive inter-
pretation and visualisation of the data, as well as an e�cient
sampling. A limitation is that we have not considered a sam-
pling method for rankings conditioned by a given partial
ranking, e.g., b1 > b2 > b3. Conditional sampling can be
performed by a standard rejection method; first sampling
unconditionally and throwing away samples inconsistent with
the given partial ranking. However, this method may not be
very e�cient. The problem of conditional sampling is reduced
to a geometric problem of sampling from the intersection of
half-spaces, and it will be discussed in the future.

A APPENDIX

A.1 Proof of Theorem 5.1
We prove the theorem using the theory of hyper-plane ar-
rangements in Rm. The case for M = D

m easily follows

by scaling. Consider n-points B = {b1, . . . , bn} ⇢ Rm that
correspond to labels. For 1  i < j  n, let Hij denote the
mid-hyper-plane of bi and bj defined as a hyper-plane con-
taining the mid-point of bi and bj and whose normal vector
is bibj . The set of hyper-planes {Hij}1i<jn is denoted by
Am,n.

A chamber of Am,n is a connected component of Rm
\

[H2Am,nH, and the set of all chambers is denoted by C(Am,n).
Note that p(w) > 0 for w 2 Sn if and only if there is a cham-
ber corresponding to w. Hence, we have am,n = |C(Am,n)|.

We have to show that am,n � n! if and only ifm � n�1 and
B is generic. If B is generic, then am,n = n! () m+1 � n

follows immediately from Corollary in page 40 in [13]. In
the following, we show that am,n < n! if B is not generic.
Recall that am,n coincides with the total Betti number of
the complexified complement U := (Rm

\[H2Am,nH)⌦C of
Am,n (see, for example, [24]). In other words,

am,n =
mX

i=0

dimC H
i(U,C) = dimC H

⇤(U,C),

where H⇤(U,C) is the cohomology ring of U with the complex
coe�cients. By the Brieskorn-Orlik-Solomon’s theorem (see,
for example, [24, §3]), we have a ring isomorphism

H
⇤(U,C) ' E/Im,n.

Here, E is the exterior algebra over C generated by the formal
basis {eH}H2Am,n , and Im,n is the ideal of E generated by
{
V

H2B(eH) | B 2 Sm,n}, where

Sm,n := {B ⇢ Am,n | \H2BH = ;, or |B| > codim(\B)}.

It follows that am,n is smaller if the ideal Im,n is larger. By the
construction, it is clear that Im,n is larger if the hyperplane
in Am,n has more non-normal crossing intersections, which
occurs if B is not generic. This completes the proof.

A.2 Proof of Theorem 5.2
By [13, Theorem 3], we have the following recursion formula
when B is generic:

am,n = (n� 1)am�1,n�1 + am,n�1.

A direct computation with the formula proves the statement
for k  4. Assume that k � 5. We prove by induction on

successfully captures the characteristics of the data that fatty
tuna is generally preferred while sea urchin is controversial.

model Uniform Plackett-Luce Ours
Corr 0.025(±0.058) 0.436 0.886
sKL 0.388(±0.001) 0.283 0.121
W 2.51(±0.110) 2.03 0.457

model Uniform Plackett-Luce Ours
Corr 0.012(±0.041) 0.779 0.960
sKL 0.166(±0.001) 0.073 0.011
W 1.894(±0.023) 0.891 0.157

Table 2: The fidelity of fitted models to the SUSHI
dataset. (top) for top-4 ranking (bottom) for sub-
ranking for five labels {0, 4, 5, 7, 9}. The metrics are
introduced in §3.

Figure 3: Distribution of ranking positions of (left)
7: fatty tuna (right) 4: sea urchin. Blue bars on the
left indicate the data and orange bars on the right
indicate the fitted model. The plots show that fatty
tuna is generally preferred, whereas sea urchin has
judges divided. Our model captures both cases well.

6.3 Prediction
We consider prediction tasks that are closely related to rec-
ommendation; say we have a customer whose preference is
b1 > b2 > b3, but we do not know whether b4 > b5 or
b5 > b4 for new items b4 and b5. The conditional probabil-
ity estimated from the model by Ab4>b5^b1>b2>b3/Ab1>b2>b3

provides a clue which of b4 and b5 to recommend to this
customer. We perform the following two experiments that
are in this line with the SUSHI dataset.

(i) The model is used to predict the ranking position of
sea eel (1) depending on judges’ preference between egg
(6) to tuna (2).

(ii) Let ↵ 2 {2, 4, 6, 8, 10}. From a complete dataset, each
judge reveals a partial ranking of randomly chosen ↵

labels (↵ = 10 means the complete ranking). The chosen
labels may di↵er for each judge. We train our model by
using this simulated incomplete dataset and evaluate
the resulting distribution for all 10 labels.

In these experiments, the embedding dimension is set to
m = 9.

With the former experiments, we would like to see if our
model can capture the dependence of the preference of sea
eel on that of egg versus tuna. The result is shown in Figure
4. Note that both sea eel and egg are non-raw options. This
is reflected in the di↵erence in the histograms. This result
demonstrates that the conditional probability is well captured
by our model.

The latter experiment is evaluated in the same way as
the representation capacity (see Table 3). It should be noted
that only a single pairwise comparison is revealed for each
judge when ↵ = 2. This means, knowing b1 > b2 provides no
information on the ranking of another label b3. Therefore,
the condition ↵ � 3 is necessary to capture the correlations
among labels. This explains why the performance is consid-
erably worse when ↵ = 2. Note also that the number of
pairwise comparisons among ↵ labels is ↵(↵� 1)/2. Hence,
for example, the amount of information for ↵ = 8 (respec-
tively, ↵ = 6) compared to that of ↵ = 10 in terms of the
number of pairwise comparisons is 28/45 ⇡ 0.62 (respectively,
15/45 ⇡ 0.33). Considering the fact that the amount of in-
formation in the training data is proportional to the square
of ↵, our model retains reasonable performance even when
trained with a small ↵ (a large reduction in data) in terms
of the evaluation metrics. To support this observation, we
produce the visualisation of the model (Figure 5) for ↵ = 4
and 6. Comparing with Figure 2 trained with the complete
rankings, we observe that our model successfully captures
general characteristics of the data even when learned with
partial information.

Figure 4: Conditional distribution of ranking posi-
tions of sea eel (left) when egg is preferred to tuna
(right) when tuna is preferred to egg. Blue bars
on the left indicate the data and orange bars on
the right indicate the fitted model. The plots indi-
cate that the preference of sea eel (non-raw option)
depends on the preference between egg (non-raw)
and tuna (raw). Our model successfully captures the
characteristics of the data.

7 CONCLUSION
In this paper, we introduce a geometric representation of
ranking distributions that can be learned with data consisting
of pairwise comparisons. Our model does not assume the
existence of central ranking(s) as in (mixed) Mallows models,
and can allow heterogeneous distributions with any number
of modes. Thus, it has a rich capacity to capture complexity

Comparison target: α = 10Our model Evaluation metrics for top-4 rankings

How to interpret:
If you are given the ranking of 4 = 4

random items from each judge 
(the choice of four items varies for 

each judge), you can tell the 
population’s top-4 ranking 

distribution fairly well (corr = 0.795).



Summary
We proposed model for ranking data which
◦has high representation capacity
◦utilises a geometric structure as regularisation
◦ is relatively low dimensional
◦ is easy to sample from
◦ is mathematically interesting
◦comes with an implementation: 
https://github.com/shizuo-kaji/rankLearning

Reference: A Hyper-surface Arrangement Model of Ranking Distributions, ACM SIGKDD '21



Open problem
◦ Efficient conditional sampling
◦ Stricter bounds for embedding dimension

(taking the volume into consideration)
◦ Choice of the ambient manifold
◦ Combinatorics of arrangement as a topological invariant

(c.f. the homotopy type of the configuration space 
can sometimes distinguish homotpy equivalent but 
non-homeomorphic manifolds)
◦ Optimal transport on Sn 

(e.g., how the combinatorics helps computation?)
◦ Evaluation by eating a lot of sushi!

Toy example of  S1

1
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123 321
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132

Notice the antipodal symmetry


