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2 00

0000000000000 QO,grading00O00OOO0OO.
Definition 2.1. CDGAO Commutative Differential Graded Algebra, 0 00O,
o ab= (—1)llllpg
o degree +10 graded derivation dO d> =00010.
O00.000,e0e0D00O.

Definition 2.2. D 00000 VOOO, commutative graded algebra \V O,
Tensor[V O even generators] ® Exterior[V O odd generators|

D00O00. AVOO word lengthD OO filtration A=V O O D OO

(A,d) € CDGAODODODO,(Ad) — (A d® (A\V,d 0,00000000 KS-
extensiond O 0 :V O filtration, V =2, Vi,Vo Vi C--- 0000,d:V, — AVia
gogo.

Q — (AV,d)0 KS-extensionOd 00 ,(AV,d) O Sullivan algebra0 00 .00 ,Imd C
/\22 VODOO0O Sullivan algebrall minimal model0 O O .



3 Oogg

000000000000000000000 ((THT))OOO.

Lemma 3.1 ([BG]). Connected(H°( ) = 0),augmented, of finite type(H'( )0 00O O
0,Vi) CDGAO ,weak equivalence O quasi-isomorphism, cofibration 0 KS-extension
O00000,fibration 000000 closed model category(/Q)) DD 00 0O0. OO0
ChGA*O0DDODO.

Lemma 3.2. Connected, nilpotent',based, of finite type, CW-space categoryd , weak
equivalenceld H*(;Q)0 000000000, fibration,cofibration0 00000 00O
O ,closed model category OO0 OO0 O000.000 CWwW*OOoOooad.

Theorem 3.3 ([BG]). 00O 00 ’adjoint functors0 000,
App :Top = CDGA : | -],

000000000000000 M : Ho(CW*) 2 Ho(CDGA*) : |-|00000.
00 ,adjunction X — |M(X)| O 0-localization.

CDGA*0 0000000,

{augmented Sullivan algebra/quasi isomorphism, homotopy class of maps }
Oo0o0oDOo,000000,
{augmented minimal model/isomorphism, homotopy class of maps }

O00000.000,0000 CWspaceUUODOODODODODOODO minimal model O O
Oo0o0ooooooog.

Remark 3.4. [Q] Connected differential graded Lie algebras 0 0O O O closed model
category 0 0 00 OO ,1-connected based CW-spaces DO OO D ODOODOOOOOO
oo.

go,ggbbodboobobboboobuobuobobon.

Corollary 3.5. 1-connected based CW-space X O minimal model M(X)O (AV,d)
goo.

e V'~ hom(7;(X),Q).

L71( ) O nilpotent 00 7;( ) (i > 2) O nilpotent 71 ( ) O O

2



edi=y L AV — AV/ABVODOOOOO,
(droyz Ay) = (D) iz ), veViryem(X) Q.
000 [z,y] O Whitehead product0 O O O .
e fibration < KS-extenston OO 00O OO .
e X[ H-spaceOO O d=0.

0000000 D00O0 minimal modelD OO OODO. OOOODOODODO degree
ooooo.

Example 3.6. o M(S21) = (A eans1,0)
o M(5?") = (Alean, wan-1),dw = €?)
« M(SU)) = (N(s, 5. .. 2o 1),0)
o M(CP(n)) = (A(22, w2n11), dw = 2" )
o M(K(V,n))=(AV,0)

000000000 cohomologyOOOOODDODOOOODODOOOOOO, OO Corol-
lary D 000,00 Q00000 LieD00ODDOO0OO. OO0 nDODODOOOOOO
O:>2n0000000000000,000000000000000 0.

00 Eilenberg-McLane OO K(V,n) 00000 ,00000000 Q-cohomology O
ogogooon.

4 Rationally elliptic space

000000 rationally elliptic space 0 0 O OD0O0DOOOOO. DOOOOOO
O0O0OD00O0O00O000O0O00bO0O00O0bO0o0bObOOOO0bObOO0bODOOo.boOoOoDbOo
00000 [FHjOODOOOOOOOoOoooooo.

Definition 4.1. 1-connected CW-complexr X O OO0 0000000 DO, rationally el-
liptic space0 0000 O .

e dimm,(X)®Q < oo,
o dimH*(X;Q) < oo.
0000 X O minimal model (\V,d) D000,

o dimV < oo,



o dimH*(\V,d) < oo

rationally elliptic space0 O OO OO, S*, 0000 H-space, 0000 LieOO OO
O00,0000000000 rationally ellipticO fibrationO OO OO0OODOO.

Definition 4.2. f.dim(A\V,d)0 H(AV,d)=0,i>n) 00000 n000.
Lemma 4.3. (A\V,d) 0 rationally elliptic space D minimal modelO ,
V={(vy,..., 0 dvze/\vl,... Vi—1)

O00.00dnyw=0000.
(AW,d) = (A(va,.. ;i) d) = (AV.d)/(v1) DD D OOD,
1. (AW,d) O rationally elliptic,

o [Rdim(AV.d) + 21 (Jo] = 2n),
gmmmww_{mmmw@—%—1qm:%+u

Proof. 1.0000000.000 caty(X)O X O 0-localization Xy O LS-category O
gooo.

o dimm,()®Q<oco 00O,

dimH™() < 0o & caty( ) < oo.

e f: X =Y, m(f)®Q :injective = catgX < catyY.

000,00 (AV.d) — (AW,doooog.
2. v|=2n000,

0 —— (AV,d) = (AV,d) —— (AW,d) — 0;
00000 long exact sequence
RN Hl(/\ V, d) N H’Z+2n(/\v"d) _ HH—?n(/\mJ) _ Hi-i-l(/\ ‘/'7 d) N

ooo.
v/=2n—-10000000),

0 — (AW.d) —— (AV,d) — (AW,d) — 0

00000 long exact sequence J 0 O .



Definition 4.4. dimV < oo O O Sullivan algebra (ANV,d)000,V =P&Q, P:
odd degrees, () : even degrees 00 O |

AV, =(ANea APy
F'(AV)=(AV)Z,

O filtrationO OO , 0000000 spectral sequence
(Eodo) = (\V,8) = H(\V,d)
O odd spectral sequenced O O .
P=(xy,...,2,),Q =(y1,...,y,000.
Lemma 4.5. (A V.d):elliptic < Qlyi, ... ,yq)/ (01, .., dx,):finite dimensional.

Proof. (=): In,y!" € (y1,...,Yi-1,021,... ,0x,) 0 0000000000000,
Lemma 4300000000000, A(vi,--- +YgT1,...,2p)elliptic 000 0. O
0o,

dn, 4P € /\(yl, Ygs Ty 5 Tp), Yy = dD.
0000000000, e AVePOOO,
=> 9oz, +Q, gy e NQ.Ye A\Ver,
0000. fiy) e ANQ,Qe AVePODOD,
dd = dd + f(y) +Q
oooo,
= gi)oz; + fly) + 2+

Oo000.000 Q+Q=00000.
(«<): odd spectral sequence O O . O

gbogbobooboobboboobuoobooag.
Theorem 4.6. |y;| = 2a;, |z;| = 2b; —1,n = f.dim(\V,d),0z; = fi(va,... ,y,) 00 0.

L.n=>"2b—-1)=>%2a; — 1).
2.dim P > dim Q.
3. n Z Eq 20,1'.



4.2n—1>SP(2b; — 1).

Proof. 1.Lemma 4.300000.
2. Lemma 450000, dimQ[yy, ... ,y,)/(0x1,... ,dz,) < oo 00 ,q < p.
3.a1> - >a,b >--->0,00000000.

@[91,--- 7yq] _ @[91, 7yr]

(01, ... ,0xp) (fityr, -,y 0,000,0), oo, folyn, oo 9, 0,...,0))
yp — 0, >

00000, Lemma4500,00000 00 fi(y,...,4,0,...,000 0000.
0000 fy,,---.f, j>r000.

2o, = || = |fj,| = 4a,, 1<r<q,

n > i(%i —1)— Zq:(Qai —1)= iQ(bi —a;) > Zq:Qai.

O
Euler 0 xOODOOO,0000000000.
Theorem 4.7. 1.p>q= x=0.
2.p=q= x =1Ib;/Ila,.
Proof. 0000000 OOOOODOOO,
F(z)=>_M\2", A=) (=1)dim(/\V)",. O
OO0o0o0ooooooooan.
F(z) = P(1 — 2% JI19(1 — 22%).
Oo00,F(HOOODODOOO x=F)OOoo.
(AV),0 4000000000, N =xaAv) 200,
0 00 ,odd spectral sequence0 00O O OO0OOOOO.
F(1) = Z Ar = XH(AV8) = XH(Bo,do) = XH(Eoo,do) = XH(AV,d) = X-
O

Remark 4.8. p=¢q00 )\ =dimH"(AV,d) 000000000000 ODO.
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