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Introduction

Notations

@ G: connected compact Lie group
@ T: maximal torus of G
@ /=dimT:rankof G
@ g, t: Liealgebrasof Gand T
o forX et G/P={Ad(g)X |ge G} Cg:
(generalized) flag variety of type G
o P={ge G|Ad(g)X =X}
e G/Pis a projective variety
W, Wp: Weyl groups of G and P
® aji,...,q: simple roots of G

S1,..., 8. simple reflections corresponding to simple roots

o
e W is the finite group generated by sy,..., s
o

I(w) is the length of w € W
@ wi,...,ws: fundamental weights of G

e H*(BT;Z) = Zwi,...,w]



Introduction

Examples

We can assume that G is simple, 1-connected without losing any generality.
@ G=SU(n), T = diag(e™,...,e"),> =0
o W = S,: n-th symmetric group
@ s; = (I,i+ 1): simple transposition
@ take X € tas regular point ({i | ssX =X} =10)
e P=T
(] Wp = %
e G/P is the ordinary flag manifold SU(n)/T:
the space of flags,0 C V' C V2 C...Cc V"1 Ccv"=C"
@ take X ¢ twith {i | s;X # X} = {m}
@ Pyn=SU(m)x SU(n—m)
o Wp=SnxSi-m
e G/P is a Grassmann manifold SU(n)/SU(m) x SU(n — m):
the space of m-dim linear subspace V™ c C”



Cohomology of flag variety

General Goal
Determine the cohomology ring H*(G/P; Z)

Borel answered this question for the rational coefficients as:

Theorem (Borel)
H*(G/P;Q) = (Qwr, - -, w]) " /((Qlwr, ... ,wi]))

Theorem by Bott-Samelson says:

Theorem (Bott-Samelson)
H*(G/P; Z) is concentrated in even degrees and torsion free

So the problem reduces to the understanding of the inclusion:

H(G/P:Z) — H*(G/P:Q) = (Qws,...,wi)) " /(Qw, ..., w])")



Cohomology of flag variety

Schubert classes

Let W* = W/Wp the left coset.
(There is a canonical set of minimal length left coset representatives:
WP ={we W|vw € wWp, I(W') = I(w) +1})
o WP=WwhenP =T
e WPis (m, n — m)-partition when
G/P = SU(n)/SU(m) x SU(n — m)
H*(G/P;Z) has a good basis which consists of Schubert classes.

Theorem (Basis theorem)
H*(G/P;Z) has a free Z-basis {Z,|w € WF}, where |Z,| = 2/(w).

Definition
A product of two classes Z,Z, is a linear sum of Schubert classes:

ZyZ = Y cuZ

ue Wwp

c! , € Zis called the structure constants.



Cohomology of flag variety

Motivation

Why do we consider H*(G/P; Z) ?
@ Chow ring A*(G/P) is isomorphic to H*(G/P; Z)
and closely related to A*(GF)
@ H*(G/P;7Z) is related to H*(G; Z) and H*(BG,; Z)
@ structure constants have various interpretations in
enumerative geometry, representation theory, etc ...

Goal in Schubert calculus
Determine the structure constants ¢y, ,

@ More generally, the structure constants for Hy, K, Q7, etc...
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Previous results

@ Algorithmic formula for structure constant
o Littlewood-Richardson rule
@ Chevalley formula
o GKM type descriptions
@ Duan’s formula
@ Schubert polynomials (Polynomial representatives for Z,,)
e Schur function for SU(n)/SU(m) x SU(n — m)
e Several definitions for Schubert polynomials
( only for classical type )

@ Borel presentations for H*(G/P; Z) using Toda’s method.
We are especially interested in the case of exceptional Lie types
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example in Schubert calculus

@ G/P=SU(4)/SU(2) x SU(2).
® H*(G/P:Z) = (Zy. 41, Z2y: 41,11, 211 Z2,21)
] H*(G/P, Z) = Z[X1,X2,y1,y2]/(1 + 1 + C2)(1 + C4 + Cé),
where ¢ = X1 + X2, 2 = X1 X2, C; = Y1 + Y2, C, = Y1)2
@ Schur polynomials
)([] = 1,X[1] = C1,)([2] = C12 - Cg,...,X[2$2] = C% — C3C1 = Cg
@ We can compute Xﬁ] = 2Xp 2]
@ From this one can tell that
@ The number of lines which intersects all given 4 lines in CP® is 2
Q (w[f]“)md has 72 2 with multiplicity 2 in irreducible decmposition
(Note there is an 1-1 correspondance between irr-rep of sym. gp.
and partitions)
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Borel presentation

Classification Theorem tells that G is one of the following types:
SuU(n), Spin(n), Sp(n), Gz, F4, Es, E7, Eg
An algebraic argument using the fibration sequence
G— G/P — BP,

H*(G/P; Z) can be calculated as a quotient of polynomial algebra.
And the following list of calculations has been obtained:

@ (Bott-Samelson1958) G/ T

Ishitoya-Toda1977) F4/Ps
Ishitoya1977, Watanabe1998) Eg/P»
Watanabe1975) E;/P;
Nakagawa2001) E7/Py, E;/ T
Nakagawa(preprint)) Eg/Ps, Eg/ T
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Comparison of the two presentations

We have two descriptions for H*(G/P; Z)

Borel presentation Schubert presentation
elements polynomials Schubert classes
geometry no algebraic cycles

ring structure easy hard

Using divided difference operator, we can bridge the two.
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Divided difference operator

Theorem (B-G-G(1973), Demazure(1973))
@ There are well defined operators called the divided difference
operators:
w: H(BT;Z) — H*2"\(BT; 7)), (w € W)
@ Amap c: H*(BT;Z)W — H?%(G/P;Z) defined by

= Y Au(HZ, (Note:A,(f) € Z)
I(w)=k
“converts” Borel presentation to Schubert presentation

@ (Giambelli formula)
«
2= (anm (i
“converts” Schubert presentation to Borel presentation




Cohomology of flag variety

Translation

Borel H*(G/T;Q) Schubert
I
H*(G/T;Z) C HY(BT,Q)/(H"(BT;Q%) > H*(G/T;Z)
I I I
Zlws,..)/(p1,...) C Qlwr, .-, wil/(¢1,...) D> B,ewZ{Zu}
N\ T

/
Q[wh' .. ,UJ/] = H*(BT, @)

(Note that for P # T, the canonical map H*(G/P;Z) — H*(G/T;Z) maps
Schubert classes to themselves)



Our result

Our result

Take X; such that {i | s;,X # X} = {i} and let P; be the corresponding
stabilizer subgroup.

We give a description of H*(G/P; Z) for the following cases:

G =F, Fy E5 E¢& E2 E; Eg
P =P Py P P Py P; P,

as a quotient of a polynomial algebra whose generators correspond
to Schubert classes.
(the above list includes all (co)minuscules of exceptional type)

This can be considered as a intermediate step to finding a candidate
for Schubert polynomial J




Our result

Borel presentation for H*(Eg/P»; Z)

(Qwt,...,w))Y = Qll, b, Ie, lg, o, 2], |l| = 2k

Zlwr,...,w|"? = Z|wz, €2, €3, Cs, C5, Cs), | Ck| = 2k
1 1
Letu= §C3 —wg, V= §(C4 +2wg) —wal,

Theorem (Ishitoya(1977))

H*(Eg/P2; Z) = Z|wz, u, v, Cs]/(ps. ps, p9, p12),

fe = 2wS — wiu — 3wiv + P + 2cs,

rg = wg + 3w§ce — 3V2,

g = —wgCe, + 2ucs,
rz = —wScs + 15wav2 + 15w3ves — 26v2 + 3¢3.




Our result

Schubert presentation for H*(Es/P2; Z)

Denote Z,, =

.whenw =s;s;,---.

iy

Using divided difference operator, we have

we = 2o
u = Zsa
V = Zgsaz + Zaas2 + L34z
C6 = 2136542
—U+4ws = Zago
V—wl = Zyza

Theorem (c.f. Duan-Zhao)

H*(Es/P2; Z) = 7| 2o, Z3az, Z1342, Z136542] / (16, I8, F9, F12)

Similarly, we obtained H*(G/P; Z) for the cases listed above.




Future Work

What is Schubert polynomial

H*(G/T;Z) = Z|wx, . .. ,w] @ Z[uy, .. .]/(ideal),
where w; = Zs,, |wi| = 2 and |u| > 2.

Schubert polynomial {X,,|w € W} can be considered as a family of
representatives of Z, in Z|wy,...,w] ® Z[uy, . . ]
Thus,
XuXy =Y ciy X, mod (ideal)
ueWw

Desirable properties:

@ coefficients of X, are positive

0 AiXys, = Xu if I(ws;) = I(w) +1

@ stable under the inclusion G, — G4 for classical types

Bernstein-Gelfand-Gelfand (1982), Lascoux and Schitzenberger
(1982), Billey-Haiman (1995), Fomin and Kirillov (1996), etc...



Future Work

Future works

@ Give a reasonable characterization of Schubert polynomial
@ Determine a polynomial ring in which Schubert polynomial
resides

© Characterize indecomposable Schubert classes ( which makes a
set of ring generators )

@ Find a presentation of a given Schubert class Z, as a polynomial
in a fixed set of ring generators.
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