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L,000000

Sp @ p-local spectra DU OOOOOOO
(p:prime)

E(n) : n-th Jonson-Wilson spectrum

Ly E(n)-local spectra 0000 000000

0400, Bousfield localization functor Ly 1 Sp — L, OOD0OODO.

Definition.
Lo,O0000,

Ly D X iinvertible < Y ¢ £, st. X ANY = L, SO



L,000000

Pic(L£,)O Ly0 invertiblespectrum OO0 0000000000000 Pic(£Ly)
Ooggg.

00, a=[A],b = [B] €Pic(Ly),
a+0b:=[ANA B]
ooooo.

Ln,S™0 invertible0 0000, m = [LnS™],m' = [L,S™] €Pic(Ly)
oooo,

m +m/ = [LpS™ A LpS™] = [L,S™T™].

000, 0=[L,S°l00000Z CPic(L,)0000.



L,000000

Theorem.(Hovey-Sadofsky)
n?+4n<2p—2==Pic(Ly) =Z

p=2n=1=Pic(L1))=EZDZ/2
Theorem.(Kamiya-Shimomura)
p=3,n=2=—Pic(Ly) =ZPZ/3 or Z®ZL/3dP7Z/3
Theorem.(Goerss-Henn-Mahowald-Rezk, Shimomura)

p=3n=2=>Pic(L) ZZDZ/3®7/3



oot otdbootubod

M= [S*]) ePic(£,) 000000 spectrum XO0OODOOOOO

m(X) 1= [SM X] =2 [SO, X A ST 2 ap(X AS™H)
OO000ag.

ogooo,p=3,n=2000000, S3D L 0000000.

Pic(Ly) 2 Z @ 7/3®7Z/3 = E3™*(S9)

P :Pic(L,)0O00O0Z/300000000 invertible spectrum
(w1 € B2*(S%00D0D0000)

Q Pic(L,)0O0O0O0OZ/300000000 invertible spectrum
(wp € Ex*(S0)D0O0DOOD)



V(1)ODODOO000O

M mod 3 Moore spectrum
o :Adams map (BP«(a) = v1)
V() : M S MO0O0DO0Oo0O

T heorem. Ichigi-Shimomura
VIODAPEXZ¥Yy(1)D0O, m(V(A)AP) 2 m(V(1)) ODODO.
00, m(V(1)) Z m(V(D) AQ) = 7 (V(1) A QN2

m(V (1)), m(V(1) AQ) (x € Z) 0000 Ichigi-ShimomuraO OO O
O00O0ooooooooo.



™(V(1)) =EKQ(A®BdC® D) ® E((2)

QW E L X

Z/3[v3,v5°]

Z./3[bol/ (b§)

Py{vbhy,v5b1€ |i=10,1,2,5,6,j =1,2,3,5,6,7}
P3{v5ho,v5¢ |i=1,2,5,6,7,5 =0,2,3,4,7,8}
Ps{v5,v3¢1 |i=0,1,5,7 =2,6,7}

Pp{vhby, vy | i=0,3,4,j =2,3,7}

(V(IDOANQ)Z2EKQ(A B C"aD)YQRE(()DMDNDO)

Q=2 T QW

Py{vbhy,vhbi€ | i =0,1,2,5,6,5 = 1,5,6)}
P3{vbhg,v5¢|i=1,2,5,6,7,5 =2,3,7}

Ps{vbiq | i =2,6,7}

Pa{vhyo | i = 2,3,7}

P3{bg, v2bg, v3b§, vabibg, v3b1bg, V3b1bo, €, V3E, VSE}
Py {v3b1£(0, v3b1£C0, v5b1€¢0}

Z./3{1,v2,v3} ® (Po{v3b1€} & Pa{v3b1(o} & Ps{(2)}
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Then the 3 x 3 Lemma shows the cofiber sequence

v S v Eva) A b)),
which induces the short exact sequence of E(2)s-homology

0 — E(2)+/(3,v1) = E(2)+/(3,v7) ©> E(2)+/(3,v1) — 0.

This gives rise to the long exact sequence

0 — ES(V(1)) -4 O(V) = (V(l)) o EQ(V(]-)) — -

— E5(V(1) =5 B3(V) =5 BS(V(1)) 5 E8+1(V(1)) —

of the Adams-Novikov E>—terms.



Consider the module
P = K(2)«[bo]
F = K(Q)*{lah07h17b17€7¢07w17b1€}'
Put B> = E>(V (1)), then

vy € By 16, hg = [v2t1] € Ey”%, hy =23 e By 20,
= [b10] € E2 2 [’U b11] € E2 4, £ = [?ég 249 € E2 —°
O—[UQfO] EEQ , Y1 = [vy fl] € by

Then,

E5(V (1)) = P ®g(2), I @K (2), £((2)
as a P-module with relation

hoh1 =0, ho§ =0, h1§=0,
hobo = h1b1, v3h1bg = —hgb1,
b1€ = hoy1 = h1vo, v3bo€ = —hotg = v3h1Y1,
v3bg = —b3, v3both1 = —b1vo,  bowo = b1y



K(2)83) = 7/3[F%]

Consider the algebras
B = K(2)8)[bo,b11/(43 + v363)
= K(2)(3l)[bo] ® E(b1) as a module if 1 < 2.
Put L = L{(Dthen, the module E4(V (1)) is expressed as
E5(V(1)) = L® E(h1,%1,¢2) @ K(2)«{&, ho, %0, b1£},

since

K(z)* ® E(bla h17 ¢1) — K(Q)*{la h17w17£b07 bla h0b07¢0b07 blfbo}

The connecting homomorphism 6 : HSK(2)« — HST1K(2). acts
trivially on b; (i« = 0, 1) and the generators of the exterior algebra,
and the action of ¢ is obtained by

d(v3) = svg_l_lhl.



Lemma.
E3(V) = M"® E(¥1,(2) ® R

Here,
M* = L3 @ E(vivhy) @ L{’UL hi}
R* = (K(2):{b16} & K(2)8{vo}) ® E(¢o)
Lemma.
The differential dg acts trivially except for
ds(v3t) = —tw3th b3
o3 TR =1
d5(’01v3t+2) = t1v2 ! :
\O otherwise
tvl’UQt 6b1[)2 7 =2
ds(vy T7h1) = {4 o3 bR j=1
0 i=0

\



Put
wr = v3h11h1Co,

and consider the ideal A(wp) = {z € E5(V) : 2wy = 0}.

Lemma. Let I be the submodule of E5(V) given by

I=M"® E(Y1,() ® R".

Then, I C A(wy) and I is a differential submodule with the dif-
ferential ds. Here, E(v1,(2) = Z/p{%1,¢2,%1(2}.

Lemma. H*(M*;dg) is the direct sum of L9 -modules
L1 hy,v3h1,v5h1; v1v2,v103, v108; vivohy )
L)/ (b8){v3h1,v8h1; vivSh, vivihy}
£ /(b153){v1, v13, v103, v105}



The short exact sequence

0—-I1I—=V*"— E5(V)/I=M"—0

for V* = E5(V) induces the long exact sequence

0 — HF(I;ds) — HF(V*; dg) — HF(M*;dg) & HF5(I:dg) — - -
for 0 < k < 5.

Lemma. For the generator of g; € ES’O(V/\QM), ds(g") = iwog;,
H*(I;ds) = H*(Ig;; ds) and H¥(M*; ds) = H¥(M*g;; ds).



Lemma. H*(I;ds) = H*(M*;ds) ® E(31,(>) ® R*, which is isom-

phic to
S*® H*(M™*;ds) @ Z/3{11,(2} ® R"
where
§* = wpL w53, 031 v3; 01057} @ wa L9/ (B9){1, v3; v1v2, v1v3}

€B¢1C2L(9){1; V102, 01’037 ’Ul’Ug}
®Y1C L) /(b163) {v1, v1v3, V103, v105}.

Proposition. E{(V) = H*(I;ds) ® H*(M*;ds) = H*(M*;ds) ®
E(y1,¢2) ® R* and E§(Vyg;) = A* & B*



Proposition. E}(V) = H*(I;ds) ® H*(M*;ds) = H*(M*;ds) ®
E(1,¢2) ® R* and Ei(Vg;) = A* @ B*

Here,
A* = H*(I,ds)/(w2,v1v0w2)
S*® H*(M*;ds) @ Z/3{1,(2} & R*
B* = Keréd
p— (9){1)2; hl, 2h1b2, U%hlbg; Ulvzbg, vlvg, vlvg; fUl’Uth}
BLO) /(b3){v3h1,vSh1; v1vEhe, v1v5h1}
691—’(9)/(191190){,017fl):l.fvga ’01’087 U].UQ}'
Here,
S = w33, 051 0301057} @ wa L9/ (B3) {03 v1v3}

@1h1 L {1; v1v0, v103, v108}
@¢1<2L(9)/(blb%){v1, ’Ul’vg} P ¢1<2K(2)(9){’01?J%, ’01’08}



Lemma. On Eg-term, dg acts on E5(V) with internal degree in
the Pic(L5>) as follows:

do(v3h1) = b1bg
dg(vivohy) = vlvz_Sblbé’

dg(v1v3) = v3h1bg

do(v1v5) = vih1b}

up to sign.



Lemma. The differential dg acts on H*(M*;ds), and C* =
H*(H*(M*; ds); dg)
c* = LO/(1168) ® B(vivp) & LO) /(68 {v3h1, v5h1}
BL ) /(b3){v3h1, vSh1; v1vsh, v1vshy}
oL /(b1b8){v1,v1v3, v1v3,v105}.

Similarly, B* = H*(B*:dg) and §* = H*(S"; dg) are isomorphic to

B* = L(9)/(b1bo){bo,vlvzbo}@L(g)/(b ){v3h1b3, v5ih1bh}
@L(g)/(bo){vg’hl, UzhL vvahl, vvahl}
@L(g)/(blb%){vl,vlvg,vlvg,vlvg}

§* = woL /() {vyt,v3} B woL®) ) (B8){v3; v1v3}

®162 L /(b168){1; v1v2} |

1L/ (b1b3) {v1,v103} ® K (2)3) {v103, v1 05}



Theorem. Eqg-term for m«(V)(x € Pic(L>)) is given by

ETo(V) = C"® E(¥1,(2) |
® P (S"eC*"®Z/3{¢1,(2} ® B*)g"
=12
= C*®Z/3{y1,C2}gl/(g)

®C* @ E(182) ® P (5* @ BH)g".
i=172



