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The Euler characteristic of categories

X1 The Euler characteristic of finite categories [Leinster,2008]

Xz The series Euler characteristic [Berger-Leinster, 2008]

o x(® The [2-Euler characteristic [Fiore-Liick-Sauer, 2010]

x5l The Euler characteristic of N-filtered acyclic categories [2010]
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The definition of an adjacency matrix

Definition 1.1

I :finite category
Ob(l) = {x1,x2,...,Xn}

The adjacency matrix of |

Ar = (#Hom(x;, x;));.;
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The definition of an adjacency matrix

Definition 1.1

I :finite category
Ob(l) = {x1,x2,...,Xn}

The adjacency matrix of |

A; = (#Hom(x;, x;))1.

Example 1.2
Let
l=x_ _x
S—
Then,

v
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The definition of the Euler characteristic of finite categories

Definition 1.3 (Leinster,2008)

Let w, c be row vectors of Q". Then, we say w is a weighting on | if

w1 1

. wo 1
Aiw=A| . | =

Wy, 1

We say c is a coweighting on | if

CAI = (C17C27"‘7CI7)AI = (1”1)

Shinshu (Shinshu Univ.) Beamer 2012 November 2 5/ 24



The Euler characteristic of categories

Definition 1.4 (Leinster,2008)
Define the Euler characteristic x(I) of | by

xu()=>Y weQ
i—1

if I has both a weighting w and a coweighting c.
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The Euler characteristic of categories

Mobius inversion

Definition 1.5 (Leinster,2008)
I : finite category
I has Mébius inversion < JA .

Remark 1.6
xi(1) = sum(A;).
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The Euler characteristic of categories

The Euler characteristic for a simplicial complex and
Leinster’'s one

@ A simplicial complex A can be regarded as a poset by

P(A) = ({Faces}, C).

@ A poset P can be regarded as a category by Ob= P,
Mor= {(x,y) | x < y}.

o x(A) = xu(P(A)).
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The definition of acyclic categories

Definition 1.7
A is an acyclic category if
Q@ ForVx,y objects (x # y) if 3x — y, then Ay — x.

. i=1,
@ For Vx : object, x o
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The definition of acyclic categories

Definition 1.7
A is an acyclic category if
Q@ ForVx,y objects (x # y) if 3x — y, then Ay — x.

. i=1,
@ For Vx : object, x o

Example 1.8
These are acyclic categories.
T
° [ ] o —>0 ——>0
SN y

Shinshu (Shinshu Univ.) Beamer 2012 November 2 9 /24



The definition of acyclic categories

Definition 1.7
A is an acyclic category if
Q@ ForVx,y objects (x # y) if 3x — y, then Ay — x.

. i=1,
@ For Vx : object, x o

Example 1.8
These are acyclic categories.
T
° [ ] o —>0 ——>0
SN y

Example 1.9
These are not acyclic categories.

[ ] [ [ ]
T y
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The Euler characteristic of categories

Theorem 1.10 (Leinster,2008)

A:finite acyclic category

M
Xe(A) =Y (~1)"#Na(A) = x(BA)

n>0

where Wy(A) = { (xo—>x1 —2= ... sy in A [0 < n, £ # 1}

The R.H.S is defined by the alternating sum of the numbers of n-cells
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The Euler characteristic of a finite group as a category

Example 1.11
G: finite group

Ob = %
Cat(G) = Mor — G

ve(Cat(6)) = —=

since Acat(c) = (#G6).

v
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The Euler characteristic of categories

The Euler characteristic of a finite group as a category

Example 1.11
G: finite group

Ob = %
Cat(G) = Mor — G

xw(Cat(6)) = ¢

since Acat(c) = (#G)-
For the fibration

G — EG — BG

X(EG) = x(G)x(BG)

1 = #Gx(BG)
1
x(BG) = %

Shinshu (Shinshu Univ.) Beamer

2012 November 2
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An invariant for equivalence of categories

Theorem 1.12 (Leinster,2008)
I, I : finite categories, they are equivalent
Then,
Ixe(h) & Ixe(h)
In that case,
xL(h) = x(h)

Corollary 1.13 (Leinster,2008)

xe(h) #xe(k) = h #hk
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yv=O0O0oooo

Fact 2.1

I: small category
Ni(1) = {n-cells in BI}

CW-complex OO OODOD0O ncellDOODOODOOOODOOOODOO
O O finite category /000 O0O0O0DO0O

oo

D (1) #N,(1)

n=0

gboogoooooboooo
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Fact 2.1

I: small category
Ni(1) = {n-cells in BI}

CW-complex OO OODOD0O ncellDOODOODOOOODOOOODOO
O O finite category /000 O0O0O0DO0O

oo

D (1) #N,(1)

n=0

gboogoooooboooo

goboobooobbooobooan
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Berger-Leinster [ [0 [J [

> »_ sum(adj(E — (A — E)t))
;#Nn(’)t T det(E — (A - E)t)
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Berger-Leinster [ [0 [J [

> »_ sum(adj(E — (A — E)t))
;#Nn(l)t T det(E — (A - E)t)

Example 2.2

Tttt 4= ——
1-t
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Berger-Leinster [ [0 [J [

> »_ sum(adj(E — (A — E)t))
;#Nn(l)t T det(E — (A - E)t)

Example 2.2
1
1+t+t2 4=
1-1¢
gaogon )
1-14+1—1+4--==
2
goooooboooooo
Shinshu (Shinshu Univ.) Beamer 2012 November 2 14 / 24



The series Euler characteristic yy

Definition 2.3 (Berger-Leinster, 2008)

I : finite category

Define
_ sum(adj(E — (A; — E)t))

it) = = GetE — (A = B)t)

xs(l)=fi(-1) €Q

if it exists.
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The series Euler characteristic

Example 2.4
G: finite group

foar(o)(t) = D_(#G—1)"t"
n=0
_ 1
T 1-(#G- 1)t
1
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The series Euler characteristic

Properties of xy

Theorem 2.5 (Berger-Leinster, 2008)
I :finite category

lo: skeleton of | and HAEI
Then,

(1) HXZ(I)
Q@ xi(/) = x=(1).
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The series Euler characteristic

Properties of xy

Theorem 2.5 (Berger-Leinster, 2008)

I :finite category
lo: skeleton of I and 3A;*
Then,

(1) HXZ(I)
Q@ xi(/) = x=(1).

Fact 1

Xy is not an invariant for equivalence of categories.
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The zeta function of a finite category

Definition 3.1 (N,2012)

I :finite category
Define

(o)
_ #Nm(!) m
G(z) = exp (mEI oz
as a formal power series where

No(l) = { (0 31 — 2o oo Lo iy in 1}
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The simplest example

Example 3.2

Let * be the one-point category.

G(2) = exp (Z #Hvr'nn(*)zm>
m=1

m=1

= exp(—log(1l - 2))
1
1—z
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A covering of small categories

Definition 3.3
A category C is connected < for Vx,y: objects in C

3 x X1 X2 y
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A covering of small categories

Definition 3.3
A category C is connected < for Vx,y: objects in C

3 x X1 X2 y

Definition 3.4
A functor P : E — B between small categories is a covering if

@ B is connected

(2]
P:S(x) — S(P(x))

P: T(x)— T(P(x))

are bijective for Vx € Ob(E) where

S(x)={f:x—x¢€Mor(E)}, T(x) ={g: * - x € Mor(E)}.

v
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A covering of finite categories and (

Theorem 3.5
@ P: E — B: a covering of finite categories
e be Ob(B)
o n= #P71(b): the number of sheet of P

P~1(b) = {e € Ob(E) | P(e) = b}

Then, we have

Ce(2) = CB(2)".
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The zeta function of finite categories

sum(A") = #N,()OOODOOOO

G(z) = - —7_5i
(1- 6z) 7 (1 —iz)"7 Ex (1 +iz) 7
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The zeta function of finite categories

sum(A") = #N,()OOODOOOO

G(z) = - —7_5i
(1- 6z) 7 (1 —iz)"7 Ex (1 +iz) 7

125 | 7451 | =151
Q 3+ + =5 =3
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The zeta function of finite categories

sum(A") = #N,()OOODOOOO

G(z) = - —7_5i
(1- 6z) 7 (1 —iz)"7 Ex (1 +iz) 7

125 | =T45i 4 =T=5i
Q 3+ + =5 =3

@ 6,/,—i are algebraic integers.
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The zeta function of finite categories

sum(A") = #N,()OOODOOOO

G(z) = - —7_5i
(1- 6z) 7 (1 —iz)"7 Ex (1 +iz) 7

o 13275 + —7+5I + —7375: —3
@ 6,/,—i are algebraic integers.
o é13275 1 7+5l + 7’77 5i __ sum(Afl) _ XL(I) _ XZ(I)

i
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Main theorem

Theorem 3.7 (N,2012)
I: finite category, Ixs~(/)

n 1 i bk 'Zj
z) = —  ex J)
@) =11 5= e p(?_;m—akzy

for some ay, brj € C and n, e, € N

v
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Main theorem

Theorem 3.7 (N,2012)
I: finite category, Ixs~(/)
° 1
n 1 €k— bijj )
Z) = — eX 77
@ =11 g, e o ( 2 i 2y

for some ay, brj € C and n, e, € N

° Z bi,o is the number of objects of |
k=1

v
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The zeta function of finite categories

Main theorem

Theorem 3.7 (N,2012)
I: finite category, Ixs~(/)

n 1 el bk7‘Zj
o= e (X 1w 5a7)

j=1

for some ay, brj € C and n, e, € N

° Z bi,o is the number of objects of |

k=1
o Fach ay is an eigen value of A; and it is an algebraic integer.
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Main theorem

Theorem 3.7 (N,2012)
I: finite category, Ixs~(/)

o
n ek—l H
1 kaZ-’
= ¢ v ——
?) kH:l (1= az)oeo ( Z_; J- akzy>

for some ay, brj € C and n, e, € N

n
° Z bi,o is the number of objects of |
k=1
o Fach ay is an eigen value of A; and it is an algebraic integer.

o
nekl

ZZ F‘Xz(’)

k=1 j=0
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oo0ooooo

@ Mobius functionO0 00000

1 (o9}
@ ZM,(: s) > 1)

n=1

where ((s) = .5, L: Riemann zeta function, j: classical M&bius
function

(2 I ENERENN
¢(s) = 2°7° Lsin %swl‘(l —s)((1—5)

7(2

qnt)::iqngtEZ(ﬂ

Q@ ibibUoboDbd

((s)=0,5s ¢R,0 < Re <1=>Re(s) = =
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