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B R
long knots modulo immersions
Emby DREEXETIL
B REAERBA
Kontsevich Z X5 v
FEMNART Y K
ARY FILRF
ARy FOBAEERRY FILRIIDIEIE
Gerstenhaber 1%
ETIVE
left proper 7HE T ILE
AR5y FDETIVE
multiplicative formality M 3EBA
BE : d=30i54



Sinha's spectral sequence

AEfAk ZEAET 5.

FRZy FEWL =B IERFART Y FDZ &.
FIA AR Y F=F A4 VERDBEIZBIT2A RSy K
A RT Y K = BEHOBICHS TE2F RSy K




Sinha's spectral sequence

long knots modulo immersions

long knots modulo immersions

EE 11

long knot &%, BOMNGIEBHAAR-RITtg (-1,1)DEE
f(t) =(t,0,...,0) £L%E5HHD.

Emby : RY R®D long knot D79 22/, (HI48 : C>-topology).

long immersion &[&, long knot DEEHRT MEHAH] Z& [[THAA] [
BEBZI-10.

Immg : R A® long immersion M 729 ZERE.

long knots modulo immersions M7 3 22/ Emby ZRD & SIZEET 5.

Emb, := homotopy fiber of the inclusion Emby; —> Immy
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Sinha's spectral sequence
|—Iong knots modulo immersions

ARl 1.2 (Sinha)

d>3 0K, A&F{& Emby — Immy ~ QS9! [ null-homotopic. %
2, Emby ~ Emby x Q2591

O



Sinha's spectral sequence
L Emby osukETL
L mmwmm

Embd ®$$1$:ET)I/ IL\E,JHHEE

X B TGrAazER.
ERIL—TZH QX ORBEETIL EMY :

EM := X<,
. (#,x1,...,xn)  (i=0)
d'(x,..ooxn) =18 (- oy XiyXiy-..) (1<i<n)

(X1y- oy Xn%)  (i=n+1),
S (XL, ey Xn) = (X1, o Xiy Xig2y - - 2 Xn)-

RHFELYILD : Tot(EMY) = QX.



Sinha's spectral sequence
[

Emby OREEKETIL
L mmeome

EMY [CEEEDETILE long knot IZR L THER L LM

DA



Sinha's spectral sequence
[

Emb,; DRBAKETIL
L mmeome

EMY [CEEEDETILE long knot IZR L THER L LM
loop & long knot M#EE R
> A



Sinha's spectral sequence
L Emby osukETL
L mmwmm

EMY IZ5EDETILZE long knot 12X L THEZE L1zLM
loop & long knot DHEES :
> A — ERISHLT (EREEI) BRY FLEREESE
3. B1%, (RY)*" b Y (= (STRY)XN = (RF)Xn x (S9-1)%n %
EZ2% (STRY : HERER).



Sinha's spectral sequence
L Emby osukETL
L mmwmm

EMY IZ5EDETILZE long knot 12X L THEZE L1zLM
loop & long knot DHEES :
> AIAE — BRI LT (ERESNIT) BV bLERGSE
5. 5, (RY) DftbY IS (TR = (RY)<" x (59-1)n %
EZ2% (STRY : HERER).
> HgHE



Sinha's spectral sequence
L Emby osukETL
L mmwmm

EMY [ZEBDOETILE long knot IZR L THEZER L =L
loop & long knot DHEES :
> AIAE — BRI LT (ERESNIT) BV bLERGSE
3. BB, (RY)X" M Y2 (STRI)*M 2 (RI) X7 x (§9-1)%n %
EZ2% (STRY : HERER).
> BHHE — (RY)*" ORDYIZIEFHEEBZLEM C,(RY) #EX 5.

Co(RY) = {(x1, .-, xn) € (RI)*" | x; # x5 if i # j}



Sinha’s spectral sequence
L Emb, o#BkETL
— mmasen

EM% [CE8LDETIL% long knot [Zxt L THER L1z
loop & long knot DHEES :
> A = ERICH LT (ERESI) BERY bLEMESE
5. BB, (RY)*" ORDOYIZ (STRY)*" = (RY)*" x (S971)*" %
EZ5 (STRY : #EEHRER).
> Bt — (RY)" ORDYICIEFHEEZM C,(RY) &% 5.

CoRY) = {(x1.- x0) € (RE)" | x5 # 3 I i # ]}

> FRER - G(RY) x (8971)*" C EMpo, o1 [(FREER d' THLT
LMLy,



Sinha’s spectral sequence
L Emb, o#BkETL
— mmasen

EM% [CE8LDETIL% long knot [Zxt L THER L1z
loop & long knot DHEES :
> A = ERICH LT (ERESI) BERY bLEMESE
5. BB, (RY)*" ORDOYIZ (STRY)*" = (RY)*" x (S971)*" %
EZ5 (STRY : #EEHRER).
> Bt — (RY)" ORDYICIEFHEEZM C,(RY) &% 5.

CoRY) = {(x1.- x0) € (RE)" | x5 # 3 I i # ]}

> BB Co(RY) x (S91)%" € EML, oo [FREEE &' TALT
LMERLY.
— AREAE S CBREE DL 57 G,(RY) D2 2/3y MMeEE
5.



Sinha's spectral sequence
Emb, OREEETL
L

Kontsevich 7R3 v

Emb, DEEBEIKETIL - Kontsevich AR5 w K

B0 GRY) — [licicjc, ST ERDESITEET S,

O(x1, .-y Xn)

=)
X — xil ij




Sinha's spectral sequence
L Emby osukETL
Kontsevich 7R3 v

Emb, DEEBEIKETIL - Kontsevich AR5 w K

B0 GRY) — [licicjc, ST ERDESITEET S,
Xj — Xi
O(x1,..., Xn) = J d )
(1 ) <|Xj_Xi| i

Image(6) = Co(R%)/ ~
BNEET S, L, ~RUTOERTER SN S RIEBEE

> (EEZEEFE) BEUEX - #E/D
2 1 3 2

~n ———e—e

BRI

» colinear relation :



Sinha's spectral sequence
Emb, OREEETL
Kontsevich 7R3 v

EE 2.1

Ka(n) = Closure(Image()) C [1y<;cjc, S EBEL.

{Ka(n)}nso FRAARF Y FOBEZRFD. COMBEFRI Y F&d
R Kontsevich 7R Z v K &ML

u]
8]
I
i
it



Sinha’s spectral sequence
L Emby osikETL
L Kontsevich R~ 35 K

EE 2.1

Ka(n) = Closure(Image()) C [1y<;cjc, S EBEL.

{Ka(n)}nzo FEEA RS Y FOBEERFD. COMEF Iy FEd
R Kontsevich 7R 5w F &FEA.

A fBEERART Y FET D,

colinear relation &Y, Ki(n) 2%, &->T, HOIEFE R DIEFH’—
HIPMEEZMA_LIZLYART Y FDF A - K BEFES.

BIIEORAAR > RIZEET D EITEY, AXFy FD4
Ki—KqBgond.
BRICEY, RSV RO A — L, MG B.



Sinha's spectral sequence
[

Emby OREEKETIL
L migmA <5y K

Emby DREFKETIV : FENA RS v
E & 2.2 (Gerstenhaber-Voronov)

FERAMANRT Y FDSH A — ODIEEZTEHNATRT Y FEWD.



Sinha's spectral sequence
L Emby osukETL
st <5y K

Emby DRBARETIVL : BEHART YK

E £ 2.2 (Gerstenhaber-Voronov)
ERXHARTY FDEH A — ODILETENART Y FEVS.

FENT RSy FOIZH LT, REKHR O BNRDELSIZEFS.

0" = O(n),
. porx (i=0)
d'(x)=1< xo;p (1<i<n)

poxyx (i=n+1),
s'(x) =xoj1 €

(€ A(2), e € A(0)).
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Sinha's spectral sequence
L Emby osukETL
st <5y K

EIE 2.3 (Sinha)

d>4DEE, BRELE—RE

Tot(K%) ~ Embyg
M#EFET S, (Tot : homotopy totalization)

O

SEBAIZ (& Goodwillie-Weiss ® embedding calculus (BAFDMIESD) &# 5




Sinha’s spectral sequence
L Emb, o#BkETL
—x~5 LR

Emby; DEREBEKETIL : ARY FILRF

RERER Ly 51550 B Bousfield-Kan AREATS—ZARY bL R
B % Sinha DARY RILRFIEESR. ZODARARY MLRFID E2 R—D
[& Poisson ZRZ v KERWTEER TN 5.

E& 2.4

k % Poisson X5 FERDEXIIZEERT S

Li(X1y .oy Xn): RELO DT xq, ..., x, CEELIN DB HRET Lie (K5
LISy b -] ERE%E kK £EIFS.

ALk(x1, - %)) Li(xa, - . xn) TERBE N 5B HREAT AT
RIAHEIME Poissi(n) € A(LiCa - oxa)) & oxao0 BB &S
E—DDOETHBEBXTERINDIILDLETS.
BRIERDFRZFE>TEDS.

[a, be] = [a, blc + (—1)UalF<+DIbl 4 (],



Sinha's spectral sequence

L Emby osukETL
L 2x5 f L%

FEMF A AR5y KO D Hochschild a7REQ P— HH*(0) &I,
O°* O total complex DREAD—DIEEES.

EH 2.5 (Sinha)

Sinha DAY FLRIID E2 R— D& HH*(Poissy_1) LRETHS.
HIZd>4DEEZDARY MILRFIE H(Emby) IZIRET 5. O




Sinha's spectral sequence

FRZ Y FOmAMEERRY FLRFIDRIE

ARZY FOBREEART FILRIIDIRIE

T 3.1
(1) FIAUARS Y KORBDS F: 0 > PABRAETHD LI,
Yn>0I1ZD

LT £, : O(n) — P(n) H¥ quasi-isomorphism TH 2D Z & &
3.

o <




Sinha's spectral sequence
L RSy koRmtte 212 FLRIIOEL

(EEDHE)

2)O: FIAUFRTYFETS.

H (O): O DREADS—Z2E>THLNDIZART Y FET D,
FENF A oA RSy KO B relatively formal THBD &K, Fz A
ARZy FOA#ER

A Py s Pn A
] |
0 O o On H.(0)

TKEAHADHN TR THEABETHIELEDONEET I EEES.



Sinha's spectral sequence

L5y kORI <Y FLRFIOET

C(Kg): Ky DHEKFIAVEE-TEBONEFRTY KET S, B
RICEAMA RS Y REHGT.

FEHE 3.2 (Tamarkin, Kontsevich, Lambrechts-Volic)
d>3, k=RDLE, C.(Ky) & relatively formal. O

u]
8]
I
i
it
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Sinha's spectral sequence
(-

FRZ Y FOmAMEERRY FLRFIDRIE

EE 3.3

FEENF oA AR5y F O D multiplicatively formal TH 5 & (&,
FIAARTy FORHBRERK

I T
0] ) On H.(0)

TKELADHAT A TBRBETHSLDONEET S EESS



Sinha's spectral sequence
L RSy koRmtte 212 FLRIIOEL

L, C.(Kq) D multiplicatively formal 5 (E, C.(K3) & H.(KS) AR
BAF A4 U EAEDBEREE (termwise quasi-isomorphism) THERS. L
N, H(KY) DARY FILRFIE E? R—JTRILTHDT, Sinha M
ARG FILRIID E2 R—TUHhHDRIENE R S.



Sinha's spectral sequence
L RSy koRmtte 212 FLRIIOEL

L, C.(Kq) D multiplicatively formal 5 (E, C.(K3) & H.(KS) AR
BAF A4 U EAEDBEREE (termwise quasi-isomorphism) THERS. L
Mt H(KY) DARY MILRFIF E? R—JTRILTHDT, Sinha M
ARG FILRIID E2 R—TUHhHDRIENE R S.

Lambrechts, Turchin Volic (EC D7 A TT7 &ERTT 5 =OIZEEDAR
S FOSHzxt L TEATEELR Gerstenhaber-Voronov DFERLD 5> BI—
BIELZEAL, d>4MDEED Sinha DARY MLRFIDBIE ZEEA
L7=.
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Sinha's spectral sequence
AR5y KoRmRiEERAY FLRIIORE

EH 3.4 (M., Tsopméné )

d>3, k=RD&EZE, C.(Ky) [F multiplicatively formal.
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Sinha's spectral sequence

Lt x5y kol 2R FLRIIDEL

EHE 3.4 (M., Tsopméné )
d>3, k=R®D&ZE, C.(Kqg) & multiplicatively formal. O

% 35 (M., Tsopméné, d > 4D & E
Lambrechts-Turchin-Volic)

d>3, k=Q®D&EE, SinhaMARY FILRINIE E2 R—JTRIET
5. O

u]
8]
I
i
it
N
»
?



Sinha's spectral sequence
(-

FRZ Y FOWmAMEEZRY FLRFIDRIE
L Gerstenhaber

Gerstenhaber {t#k

O: BEHF A UART Y K

HH*(O) IZIFRD & 5 7 Gerstenhaber KB DBENEFE S
(Gerstenhaber-Voronov)

x-y=pxy)  (neA_?2)
[x,y] = Z(ix ojy)+ Z(iy 0 X)




Sinha’s spectral sequence
A5y FomRELRRY FLRIIOEL
L Gerstenhaber %

Gerstenhaber {£%§
O: FBEHFzAART Y K

HH*(O) IZIZR D & 5 % Gerstenhaber XEDEENEE S.
(Gerstenhaber-Voronov)

x-y=plx,y) (1€ AQ)
oyl = (Exoiy)+ Y (dyoix)

1 1

O FEMMBEA RS v K.

Tot(O*) 121 little 2-cubes DA AS. (McClure-Smith)
H.(Emby) = H,(Tot(KC3)) I= Gerstenhaber KEIDIEEMNFEHEN B,
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Sinha's spectral sequence

RSy FOBREEZRRY FLRIIDEL
L Gerstenhaber

% 36
RD & 5 % Gerstenhaber KD RENEET 5

H.(Embg) = HH*(Poissg_1).

Proof.
i3

_ — EE 3.4
H.(Embg) = H,(Tot(Kg)) ) = HH*(Poissg_1) O



Sinha's spectral sequence

ETLE
ETIVE

ETJLE = “ model for doing homotopy theory ” (Quillen).

M : small limit, colimit TEALC TL\5E.

WEQ, COF, FIB : M OH DY 5 X.

WEQ, COF, FIB IZB ¥ 5% T TN 5BRE1E, cofibration, fibration &
Y, 5, -, » TRY.

u]
8]
I
i
it



Sinha's spectral sequence
Lx7um

EE 4.1
# (M; WEQ, COF,FIB) " ETIBTHS EIE, UTOEGEEHT
SEEES.
> 205 3) M DOERFIREGHTDM (f,g) LT, f, g, gof D
LIONBRELLIE, BY—D2LBREETHD.
» (LSO P)MDEHF, gl LT, FAgDL ST FT gh5H
[E{E (resp. cofibration, fibration) & 51X, f ¥ FEFEE (resp.
cofibration, fibration).



Sinha's spectral sequence

Lerim

(EBEDRE)
> (VIT427) ROZOOEHEEARIEEIC lifting EFFD.

S

» (factorization) M 0)E$ D5fe — o lifk(DJ: SHEIT@EY DREF
HAREED. o e —ve 06 e



Sinha's spectral sequence
Lesum

EF 4.2

M:ETILE fg: XYM §E&ET5.

f & g H¥ left homotopic <= RD & 5 GAMRXNEFET 5.
X
/N
X<~—X —=Y

NA

X

f & g B right homotopic < RD & S HABRXNFET 5.



Sinha's spectral sequence
ETIVE

EIE 4.3 (Quillen)

X : cofibrant (i.e., 0 — X), Y: fibrant (i.e., Y —» %) &35, TDEFE,
ZOm5tf, g: X = Y D left homotopic T#H S Z & & right homotopic
TH5H LILRIE.

[X, Y] = Homap (X, Y)/(right or left homotopic)

EBCE, X Y]IEX &Y OBREEOHKET 3. O



Sinha's spectral sequence
Lz7um

left proper %€ 7 ILE

left proper 7EE T ILE

T 4.4

ETILE M B left proper TH D L&, FZFRHED cofibration [Tk B
pushout WEICHERIETHDH L EES.



Sinha's spectral sequence
ETIVE
L lefe proper % EFILE

M: ETILE, f X>YeMitEdTs.
X/M: X TOREDETHE. e,

Obji(X/M) = {X — A M},
Homx pm(A, B) = {X o D5t LAl iist g : A— B € M}.

BE Ur: Y/ M — X/ M ERD &S IZED S,

U (Y = A — (X5 v = 4



Sinha's spectral sequence
ETILE
L left proper HETILE

M:ETILE, F X>YeMiteEdsb.
X/M: X TOREDETHE. ie.,

Obj(X/M) = {X — A e M)},
Homx ;pm(A, B) = {X Mo D&t L al#7z5t g : A— B € M}

BF U Y/M — XM ERDESIZEDS.
U (Y = A — (X5 Y = A)

fned 4.5

M B left proper T, f: X — Y HBEHED EZE, Ur (TF-EFE—BD
EfE Ho(Y /M) ~ Ho(X/ M) #F&ET 5. O



Sinha’s spectral sequence
ETFLE
AR5y roEFLE

ARSY FOETILE

CH>o : FRABHTRYMFFToN-k LOF 4 VEKXKDILGTE.
OPERZO : CHZO L DIERFEA RS Y FDETHE.
EHE 4.6
OPER >0 IZIERD & 5 73 left proper HETILEDEENAS.
» f: 0 — PHBRE < Yn>0,f,: O(n) = P(n) H
quasi-isomorphism.
» f: 0O — P hfibration <= Vn>0, k> 1, f: O(n)x = P(n)«
negt.

O



Sinha's spectral sequence
ETFIE
L x5y FOETLE

FEE 46 (FLUTOREBICEEMICEEENS.
> AMARTY FD (£3) ETIBEREDEFE
» F42FARF Y K Hinich ('97)
» —ROETIVBLEDARZ v K : Spitzweck ('01), Berger-Moerdijk
('03)
» ERMA RSy FOETIVBBEDHEE : Muro ('11)



Sinha's spectral sequence
multiplicative formality MEB]

multiplicative formality 0 ZEBH

REBARSY FALBREGZART Y FE A ATy FELS.
fHRE 5.1
(1) Bo, By : Ae-A RSy KET 3.
By : cofibrant £ 3%. ARS YKD& f: By — B Z—D2EBEET 5.
ZhrtE, BEf

k* — [Bo, Bi]

ar—axf, (axf),=a"1f,

FEEHTHS.



Sinha's spectral sequence
multiplicative formality MEB]

(REOH=)
(2) OPER 5o 128513 B AR

fi &1

ool
By N B, —£> 0,
#EZ5. By, B, By: Ax-ARZw F, By : cofibrant, 3 : S5REME &

35 h=gofitH<.
:0)&%, hl & h2 [i HO(Bo/O,PgRZ()) 0);@%& L,—CIEJEE



Sinha's spectral sequence
[

multiplicative formality MZEB

Proof.

(1) Homopgnzo (A, A) ~ kX ZIEE.

DA



Sinha'’s spectral sequence
multiplicative formality (ZEBA

Proof.
(1) Homoper.,(A, A) = k* IZIRE.
)

f &1
By —— By ——= 0,

b

By —= By —£5 0,

9, a=id, f=idDHFEEEZEZXD. £ L f & H D homotopic H 5
(&£ hy & hy & right homotopic. & 2T OK.

EoTh=axf, ack* ELTEWL. Ho¢,:0, -0, &
Gan=2a"1:01(n) = O1(n) ICK>TERT DL, . l& mEmME
D BQ/O'P(CJ’RZO 0)*‘1%& L,’C(Dlﬂﬁ'—_’f‘&')é(cko’c HO(Bo/O'PgRZ())
THEE. )



Sinha'’s spectral sequence
multiplicative formality (ZEBA

Proof.
(1) Homoper.,(A, A) = k* IZIRE.
)

f &1
By —— By ——= 0,

b

By —= By —£5 0,

9, a=id, f=idDHFEEEZEZXD. £ L f & H D homotopic H 5

(&£ hy & hy & right homotopic. & 2T OK.

EoTh=axf, ack* ELTEWL. Ho¢,:0, -0, &
an=2a""1:01(n) = O1(N) IZ&>TEET DL, ¢, l& mEmE

D BQ/O'P(CJ’RZO @ﬁ%& L,’C(Dlﬂﬁ'—_’f‘&')é(cko’c HO(Bo/O'PgRZ())

THEE. )

—BOBE. glofi & goaof (X Ho(By/OPERs,) THEE. f &

aofi ICEDIGEEEAT 5L FERMNES. O



Sinha’s spectral sequence

multiplicative formality MEB]

multiplicative formality M ZERA.
A @ cofibrant replacement f : By > A% & 5. HKDWEE relative
formality BRI 5F 4/ D OZUARITERT 5:

Bo Bo Bo Bo
DA
A 2 P A
. L
C.(Kq) O, - On H.(C.(Kq))

Ur(Cu(Kq)) & Ur(H(Ci(Kq)) DY Ho(Bo/OPER o) DRF E L TRIE
ThHdHZ DM D.  left-properness B 5, C.(Ky) & Ho(Cu(Ky)) &
HO(Bo/O'PE’Rzo) ':BL\—CE]EE O
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Sinha's spectral sequence
|—multiplicative formality MEEA

5t : Tsopméné I&, relative formality ZRIB I 54 X5 v FOBRIEZE
BEYLHILICKY, KYONENLGIHHAEZESZTLS.




Sinha's spectral sequence
[

BZ:d=3 0H4E

Emby DETIVIZ “ FERE "EMg x Ky TEA BN D.



Sinha's spectral sequence

Lge.d=3 088

Emby DETILIE “ $EH " EML., x Ky TEZ 5N 3.
EXE 6.1 (Salvatore, Turchin)
Tot(EMS: x K3) [&=&EJL— FZefs.

EIE 6.2 (Budney)
Embs I& prime knot D= THE SN B EHH little 2-cubes {£34.



Sinha's spectral sequence

Lge.d=3 088

71 6.3
Tot(EMS: x K3) I& Embs ) group completion & §87RE b E—RHET &
55. O

FRDBEE : BREBR mo(Embs) — mo(Tot(EMSE: x K3)) HiE 4T

u]
8]
I

i
it




Sinha's spectral sequence

Lgz. d=3 088

FHE 6.3
Tot(EMS: x K3) I& Embs ) group completion & §87RE b E—RHET &
55. O

FRDBEE : BREBR mo(Embs) — mo(Tot(EMSE: x K3)) HiE 4T
EH 6.4 (Volic)

Ho(Tot(C,(K3))) DI xt(& Vassiliev DEREFRLEELHEDEMICHL
Ly O
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Sinha's spectral sequence
Lre.d-308s

— :E

;/ﬁﬂfﬁ& l’) 75')‘s

ESTTNVELE
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