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Background

Throughout in this talk, we consider in the category of spectra.

E: ring spectrum with
e ¢ :S% — E (unit map),
e m: EANE — E (multiplication).

Remark.
In this talk, we don't suppose that E is commutative or associative.

idx: identity map of X
Txy : XANY — Y AX: switching map

If E and F are (commutative, associative) ring spectra, then so is E A F
with the structure below.
SO = SO SOENE EAF
ideATE gAid
(EAFYA(EAF) S EAEAFAF ZELE EAF,
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Background

When E is a commutative associative ring spectrum, m,(E) can be a
(graded) commutative ring.

p: prime number
e M, :=S%U, el: mod p Moore spectrum,

e i, : S — M,: inclusion to the bottom cell,

° jp,: M, — S collapsing map to the top cell,

S0 B, g0 M, %, S1: cofiber sequence of spectra

o If p> 3, then M, is a commutative associative ring spectrum.

o At the prime 3, M3 is a commutative ring spectrum, but it is not
associative. (Toda, '71)
oo o ()
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Background

Z)pL-iy p>2,
° [Mpa Mp] = .p

Z)AZ - p=2.
o mo(Mp) =7Z/pZ - ip.

If M, has a ring spectrum structure, then i, is the unit map.

2idM2 i /\idM2 jz/\isz

Mo Mo Mo A Mo > M>
\//
EIm

2idy, =0 = Contradiction!!

Hence M, has no ring spectrum structure.
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Let E be a commuative associative ring spectrum.
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Let E be a commuative associative ring spectrum.
Problem.

When does E/2 := M, A E become a commutative associative ring
spectrum again ?

5 /20
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Unitality

Lemma
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If E is a ring spectrum, then
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Assume that 2idg, = 0.

21dE/2:0 i2/\idE/2

E/2 My A (E/2) 2 5 (E /2)

A

o

E/2
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If E is a ring spectrum, then

E/2 is a ring spectrum <= 2idg,, = 0.

Assume that 2idg, = 0.

21dE/2:0 i2/\idE/2

E/2 My A (E/2) 2 5 (E /2)

A

o

E/2

For x € [Ma A (E/2), E/2], we define m(x) € [(E/2) A (E/2), E/2] to be
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If E is a ring spectrum, then

E/2 is a ring spectrum <= 2idg,, = 0.

Assume that 2idg, = 0.

21dE/2:0 i2/\idE/2

E/2 My A (E/2) 2 5 (E /2)

A

o

E/2

For x € [Ma A (E/2), E/2], we define m(x) € [(E/2) A (E/2), E/2] to be

idM2 A TE,MQ Nidg
< <

(E/2) A (E/2) Mo A (E/2) A E

M)A (EJ2) 5 E)2

idM2AM2/\m
—_—
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(joNidg)* (i2Aidg)*
_ ——

[XE,E/2] [E/2,E/2] [E, E/?]

idE/2 — ALQ(id/\/]2 A A idE) — 0
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(joNidg)* (i2Aidg)*
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[£E, E/2] [E/2,E/2] [E.E/2]
350 — idE/2 — ﬂo(isz A A idE) — 0
[£(E/2),E/2] 2MME 1sE Eol 2% [5E E/2]

o
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(joNidg)* (i2Aidg)*
_ ——

[ZE.E/2] (E/2,E/2] (E.E/2]
350 — idE/2 — ﬂo(isz A i AidEg) — 0
(5(E/2),E/2] EEN vE Epa) 2% [5E E/2)
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(joNidg)* (i2Aidg)*
_ LA

[ZE.E/2] (E/2,E/2] (E.E/2]
350 — idE/2 — ﬂo(isz A i AidEg) — 0
(5(E/2),E/2] EEN vE Epa) 2% [5E E/2)

3G — o

U1 = o + fl(_jg A idE/z) ([ [M2 A (E/Z), E/2]
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(joNidg)* (i2Aidg)*
_ LA

[ZE.E/2] (E/2,E/2] (E.E/2]
350 — idE/2 — ﬂo(isz A i AidEg) — 0
(5(E/2),E/2] EEN vE Epa) 2% [5E E/2)

3G — o

U1 = o + fl(_jg A idE/z) ([ [M2 A (E/2), E/2]
Then we have m; := m(u1) € [(E/2) A (E/2),E/2].

S0 — G0 5 50 2 E/2 and m; give a ring spectrum structure on E/2.

Mod 2 ring spectra 2012/11/03 7 /20



Commutativity

@ 7. stable complex Hopf map.
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Commutativity

@ 7. stable complex Hopf map.
> M,

. 7
o [EM,, S% = Z/AZ - ij with 24 \

Sl ———>5°.
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Commutativity

@ 7. stable complex Hopf map.

> M,
. 7

o [EM,, S% = Z/AZ - ij with 24 \
St———>50

M>
— T .
-] ’7['2(/\/’2) = Z/4Z - 21 with 2

S? ?51.
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Commutativity

Hereafter we assume that a ring spectrum E we consider satisfies that
21d5/2 - 0

Lemma

If E is a commutative ring spectrum, then the statements below are
equivalent.

© The pair (i Av, my) is a commutative ring spectrum structure on E /2.

@ E satisfies the following equivalent conditions.
@ YnAide =0 € [Z2E,E/2).
@ fiAide =0 € [Z(E/2), E].
@ 1j=0¢c [ZMy, E].
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Associativity

2idg /=0 i Aid j A\id
E/2 0 £/ 5wy A (EJ2)y 2 5 (E/2)
H1 E”ﬁl
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Associativity

2idg/»=0 AdE /5
E/2

Mo A (E 2220 5 (B 2)

N N S

H1 E”ﬂl

E/2

such that
QO (2 Nidgj2)in = ids(g2),
(2] (12 VAN idE/Q)Ml + ,al(,jZ A idE/2) = idl\/lz/\(E/z) and
Q jin =0.
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Associativity

2idg/»=0 AdE /5
E/2

Mo A (E 2220 5 (B 2)

N N S

M1 E”ﬁl

E/2

such that
O (2 Aidgjp2)fn = ids(g/2),
@ (2 Nidgjo)pr + fir(j2 A idgj2) = idm,n(E/2) and
Q jin =0.

The map a € [£(E/2),E/2] is given by

id LAid G AL

S(E/2) RMCE By E PN v, A (EJ2) AE
id m
D A(ER) M E).
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Associativity

2idg/»=0 AdE /5
E/2

Mo A (E 2220 5 (B 2)

N N S

H1 E”ﬂl

E/2

such that
O (2 Aidgjp2)fn = ids(g/2),
@ (2 Nidgjo)pr + fir(j2 A idgj2) = idm,n(E/2) and
Q jin =0.

The map a € [£(E/2),E/2] is given by

S(E/2) PN s(EppynE PN py A (ER)AE
v A (EJ2) ML Ef
p2 = g1+ a2 Nidgjp) € [Ma A(E/2), E/2],
my = m(u2) € [(E/2) N(E/2),E/2].
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Associativity

Let E be a commutative associative ring spectrum such that 2idg , = 0.
Then, if the pair (ip A\ v, my) is a commutative ring spectrum structure,
then (ix A 1, my) gives a commutative associative ring spectrum structure
on E/2.

Theorem
When E is a commutative associative ring spectrum, the spectrum E /2
can be a commutative associative ring spectrum again if E saitsfies
2idg/, = 0 and the following equivalent conditions.

Q Yy Aide =0 € [Z2E,E/2).

Q@ 7Aidg =0€ [X(E/2), E].

Q@ 7=0¢€ XM, E].
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(Zlg

m2(E) 2 ma(E) T2 (=M, E] B2 1 (E) 2 mi(E)

4

(le

0 — m(E)/2ma(E) LEL (M, E] &2 i (B)2] — 0

where 71(E)[2] is the 2-torsion part of 71(E).
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(Zlg

m2(E) 2 ma(E) T2 (=M, E] B2 1 (E) 2 mi(E)

4

(le

0 — m(E)/2ma(E) LEL (M, E] &2 i (B)2] — 0

where 71(E)[2] is the 2-torsion part of 71(E).

Associativity of my is not depend on 73(E) !!
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Applications to Algebraic K-theory

’Algebraic K—theory‘

{Waldhausen categories} Ko, {Spectra}
C — K(C)

e K(C) is called the algebraic K-theory of C.

@ Let R be a ring and Pg be the category of finitely generated
projective R-modules. Then K(R) := K(Pgr) and it is called the
algebraic K-theory of R.

’Topological Hochschild homology‘

{Waldhausen categories} THAC), {Spectra}
C —  THH(C)

e THH(C) is called the topological Hochschild homology of C.
e For aring R, THH(R) := THH(Pr) and is called the topological
Hochschild homology of R.
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Applications to Algebraic K-theory

K.(C) := m.(K(C)) and THH,(C) := m.(THH(C)).
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Applications to Algebraic K-theory

K.(C) := m.(K(C)) and THH,(C) := m.(THH(C)).

’Békstedt trace map‘ B: K(C) — THH(C)

We can get some information of K.(C) by using the map
B, : Ki(C) — THH.(C).
However B, loses much information.

Example.

THH.(Z) is already determined by Bokstedt-Madsen, but K. (Z) still has
many open problems.
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Let p be a prime.
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Let p be a prime.
e THH(C) is an S'-spectrum. (Bokstedt)
@ TR-spectrum of C is given by
TR"(C; p) := THH(C)%"

where C,n-1 is the cyclic group of order p" L.
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Applications to Algebraic K-theory

Let p be a prime.

e THH(C) is an S'-spectrum. (Bokstedt)
@ TR-spectrum of C is given by

TR™(C; p) := THH(C)%"*

where C,n-1 is the cyclic group of order p" L.

e Forany n> 1, maps F,R: TR"(C; p) — TR"(C; p), Frobenius and
restriction, are defined.
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where C,n-1 is the cyclic group of order p" L.
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Applications to Algebraic K-theory

Let p be a prime.

e THH(C) is an S'-spectrum. (Bokstedt)
@ TR-spectrum of C is given by

TR™(C; p) := THH(C)%"*

where C,n-1 is the cyclic group of order p" L.

e Forany n> 1, maps F,R: TR"(C; p) — TR"(C; p), Frobenius and
restriction, are defined.

e TR(C; p) := holimg TR"(C; p).

F—id7g(c:
o TC(C: p) = fiber( TR(C: p) ——2 TR(C; p)), the topological
cyclic homology of C at p.
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Applications to Algebraic K-theory

’ Cycrotomic trace map‘

Boksted-Hsiang-Madsen constructed the map
tr: K(C) — TC(C; p),

cycrotomic trace map,
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Applications to Algebraic K-theory

’ Cycrotomic trace map‘

Boksted-Hsiang-Madsen constructed the map
tr: K(C) — TC(C; p),

cycrotomic trace map, such that

Y

TR"(C; p)

|
THH(C) = TRY(C; p)

is commutative.
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Applications to Algebraic K-theory

’ Cycrotomic trace map‘

Boksted-Hsiang-Madsen constructed the map
tr: K(C) — TC(C; p),

cycrotomic trace map, such that

T

TR"(C; p)

|
THH(C) = TRY(C; p)

is commutative. So tr, : K.(C) — TC.(C; p) := m.(TC(C; p)) has more
information of K,(C) than B,.
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Applications to Algebraic K-theory

@ K: complete discrete valuation field of char.= 0 with the perfect
residue field of char.= p > 0.
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Applications to Algebraic K-theory

@ K: complete discrete valuation field of char.= 0 with the perfect
residue field of char.= p > 0.

e V: valuation ring of K.

In this situation, the Waldhausen category Cy |k is given by

Objects = bounded chain complexes in Py,
Arrows = chain maps,
w-cofibrations = degree-wise monomorphisms,
w-weak equivalences = {f: K ®y f is a quasi-iso.}.
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@ K: complete discrete valuation field of char.= 0 with the perfect
residue field of char.= p > 0.

e V: valuation ring of K.

In this situation, the Waldhausen category Cy |k is given by

Objects = bounded chain complexes in Py,
Arrows = chain maps,
w-cofibrations = degree-wise monomorphisms,
w-weak equivalences = {f: K ®y f is a quasi-iso.}.

THH(V|K) := THH(Cy ).
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Applications to Algebraic K-theory

@ K: complete discrete valuation field of char.= 0 with the perfect
residue field of char.= p > 0.

e V: valuation ring of K.

In this situation, the Waldhausen category Cy |k is given by

Objects = bounded chain complexes in Py,
Arrows = chain maps,
w-cofibrations = degree-wise monomorphisms,
w-weak equivalences = {f: K ®y f is a quasi-iso.}.

THH(V|K) := THH(Cyk)-
TR"(V|K; p) and TC(V|K; p) are given as above.
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Applications to Algebraic K-theory

Hereafter we will consider at p = 2.
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Let W,,QZ‘V M) be the 2-typical de Rham-Witt complex over the canonical
log ring (V, M) of length n.
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Applications to Algebraic K-theory

Hereafter we will consider at p = 2.

Let W,,QZ‘V7M) be the 2-typical de Rham-Witt complex over the canonical

log ring (V, M) of length n.

@ The canonical map

W"QE’V,M) — TRy(VIK;2) == mq(TR"(V|K;2))

is isomorphic for g < 2. (Hesselholt-Madsen)
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Applications to Algebraic K-theory
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Hereafter we will consider at p = 2.

Let W,,QZ‘V7M) be the 2-typical de Rham-Witt complex over the canonical

log ring (V, M) of length n.

@ The canonical map

W"QE’V,M) — TRy(VIK;2) == mq(TR"(V|K;2))

is isomorphic for g < 2. (Hesselholt-Madsen)
e TRJ(V|K;2) is uniquely divisible. (Hesselholt-Madsen)
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TRI(V|K;2) =22 TRI(V|K;2)
CEI=0 e My, TRO(VIK;2)]) T2 TRa(viK; 2)

Mod 2 ring spectra 2012/11/03 18 / 20




Applications to Algebraic K-theory

Hence we have an injection

=M, TRY(VIK:2)] Z25 TRo(VIK:2) = WoQly
L — n = dlog[—l],,
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Applications to Algebraic K-theory

Hence we have an injection

=M, TRY(VIK:2)] Z25 TRo(VIK:2) = WoQly
L — n = dlog[—l],,

o If V=1 € K, then (TR"(V|K;2)/2 2% TRA(V|K;2)/2) = 0.
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Applications to Algebraic K-theory

Hence we have an injection

[EMs, TR™(V|K;2)] (R, TR{(VIK;2) = WaQpy
17 — tn —  dlog[—1],

o If V=1 € K, then (TR"(V|K;2)/2 2% TRA(V|K;2)/2) = 0.
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Applications to Algebraic K-theory

Hence we have an injection

[EMs, TR™(V|K;2)] (R, TR{(VIK;2) = WaQpy
17 — tn —  dlog[—1],

o If V=1 € K, then (TR"(V|K;2)/2 2% TR(V|K;2)/2) =

Theorem

If /=1 € K and dlog[~1], = 0 in W,Q(,, ), then
TR"(V|K;2)/2 = Ma A TR"(V|K; 2) is a commutative associative ring
spectrum. In particular, at n =1, if vV—1 € K, then

THH(V|K)/2 = My AN THH(V|K) has a commutative associative ring
spectrum structure.
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Applications to Algebraic K-theory

When dlog[—1], =0 in WaQ{, ) ?

If this problem is settled, then we can handle TR"(V|K;2)/2 as a ring
spectrum. So we can expect that 2-primary K(K) can be investigated by
the cycrotomic trace map.
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Applications to Algebraic K-theory

When dlog[—1], =0 in WaQ{, ) ?

If this problem is settled, then we can handle TR"(V|K;2)/2 as a ring
spectrum. So we can expect that 2-primary K(K) can be investigated by
the cycrotomic trace map.

Thank you for your attention!
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