QUANTUM RING AND QUANTUM LEFSCHETZ

HIROSHI IRITANI

0.1. Modification of quantum rings. We study the quantum Lefschetz with respect to
a nef line bundle L — X with ¢;(L) = v. Let Y C X denote a smooth hypersurface with
respect to L. We choose a nef integral basis {p1,...,p,} of H*(X) such that v =>"_, v%p,
with v > 0. Let @ = (Q1,...,Q,) denote the Novikov variables dual to {pi,...,p,}; we
write
Q' =@t
with d € Hy(X). We also choose a basis {¢;};_, of H*(X) such that ¢9 = 1, ¢, = p, for
1 <a <r. Let {t'}{_, denote the dual co-ordinate system on H*(X). We write t = Y ;_, t'e;.
Let Eff(X) C Ha(X,Z) denote the set of classes of effective curves.
Write the J-function in the form:

(1) T= Y QTP z)
deEff(X)
Here we use a redundant co-ordinate system (Q1,...,Q,,t°,...,t°) and adopt the convention

that J contains the factor QP/%, so that J satisfies the divisor equation
Qa0q,J = O, 1<a<r.

For simplicity, we write 9; = 9/0t" and 8, = Q,0/0Qq, so that 8,J = 9,J. The hypergeo-
metric modification with respect to the line bundle L is given by:

v-d
modif(J) = Y QU Jy(t,2) [[(v +i2).
deEf(X) i=1

Note that J +— modif(J) is a well-defined operation for any cohomology-valued power series
J of the form (@). The proof of the following lemma is straightforward:

Lemma 1. We have
modif(0;J) = 0; modif(J), modif(8,J) = 9, modif(J),

modif(Qq.J) = Q. (H(zav + iz)) modif (.J)

i=1

where 8, =Y. _v°8q. In particular, if J satisfies the divisor equation, so is modif(J).

Remark 2. The differential operators @, H;’il(zav +iz), a =1,...,r commute each other
and the map

e

Qo — Qq H(zav + ZZ), 204 > 20,
i=1
defines an automorphism of the Weyl algebra C(Q1,...,Q, 281,...,20,, 2).
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By the lemma, we see that if J satisfies a differential relation:
RJ=0
for some differential operator R = R(Q,t, 20, 20, z), then then modif(.J) satisfies

Rmodif(J) =0, with R =R|; o 11 (. iz

Recall the following basic fact:

Proposition 3. If the J-function of X satisfies a differential equation RJ = 0 for R =
R(Q,t, 20,20, z), then we have a relation R(Q,t, z, px, ¢x,0)1 = 0 in the quantum cohomology
algebra of X. Conversely, for any relation f(Q,t,z, px, px)1 = 0 in the quantum cohomology,
there is a differential operator R(Q,t, 20, 20, z) such that R(Q,t, px, ¢x,0) = f and that RJ =
0.

Let 7 = 7(t) denote the mirror map. This is the canonical parameter for the position of
modif(J) in the ruling of the L-twisted Givental cone®, i.e. a cohomology class 7 € H*(X)
such that

modif(J) € 2T
where L™ = J_ 2T, denotes the ruling of the twisted Givental cone such that 2T, N (—z +
2MH_) ={—z+7+0(z"1)}. Since we have added the prefactor QP/# to the J-function, the
mirror map is of the form 7(¢) = plog @ + t + O(Q). Then we have

Proposition 4. If modif(J) satisfies a differential equation ]Tlmodif(J) = 0 for some R=
R(Q,t,20,20,z), then we have the relation:

R(Q,t, (817 )%z, -, (8,7 iy, (0T )%y - - 5 (BsT)Hr, 0)1 =0
in the twisted quantum cohomology of X (thus in the quantum cohomology of the hypersurface

Y with respect to L) with T = 7(t).

Corollary 5. If we have a relation f(Q,t,p,¢) = 0 in the big quantum cohomology algebra
of X (with parameter t), then we have a relation

(2) QB Qu(8,T) 1,017, ..., By, BT, .., DsT) = 0
in the L-twisted quantum cohomology of X with the parameter T = 7(t).

Remark 6. Under the current convention, the mirror map satisfies the divisor equation

0,7 = 0,T.

The corollary says that the twisted quantum cohomology can be obtained from the un-
twisted quantum cohomology just by a co-ordinate change: more precisely, if we regard
the spectrum of the quantum ring as a Lagrangian subvariety in the cotangent bundle of
H?(X,C*) x H*(X), then the Lagrangian subvariety is transformed by a certain symplectic
transformation under the twisting.

Example 7. Consider X = P" and line bundle L = O(k) with 0 < k < n. In this case the
mirror map is trivial for small quantum cohomology (¢ = 0). Let p be a positive generator of
H?(P™). The relation in small quantum cohomology

Pt -Q=0

More precisely, we consider the non-equivariant limit of the twisted cone. We do not need to restrict
ourselves to the case where modif(J) has a good asymptotics: we may allow the hypersurface to be non-weak-
Fano (the mirror map 7 still makes sense).
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is turned into the relation
Pt = Q(kp)* = 0.

Factoring p out, we get a relation p” = Qk*p*~! in the small quantum cohomology ring of
the degree k hypersurface.

Example 8. In the above example, consider the case where k = n, i.e. the hypersurface
is of index 1. In this case the mirror map is nontrivial: since the mirror map is given by
7(t = 0) = n!Q + plog Q, we obtain the relation

(p+nlQ)"* — Qn™(p+nlQ)" = 0.
Again we remove one factor of p + n!Q to get a relation for the hypersurface.

Question 9. The twisted quantum cohomology contains a “trivial” factor which is the kernel
of the restriction map H*(X) — H*(Y). In terms of the Lagrangian subvariety, we have a
closed embedding Spec(QH}, . (Y)) — Spec(QH{,, (X)). Can we see this directly from the
relations (B)?

A possible answer to this question is as follows. Suppose v is ample. If we have a relation
f(Q,v) =0 in the small quantum cohomology of X such that f(0,0) = 0. Then the modified
relation f(Ql(avT)”l, o, Qr(8,T)Y", 8,7) always contain a factor of 8,7. Then it is likely
that we can factor out 9,7 from the relation on the hypersurface.

Let us give a more precise answer: suppose again that v is ample and that we have a
differential operator R = R(Q,t, 20, 20, z) that annihilates .J and belongs to the right ideal®
generated by Q% with d # 0 and 28, i.e. R is of the form

R=28,5+» Q'Ry.
d=£0
Then it follows that

v-d—1
20,5 + Z < H (28, — zz)) QYR!;| modif(J) =0

d#0 \ i=0

for some differential operators R/, and S’. By factoring out 28, from the left, we have

v-d—1
28,Tmodif(J) =0, with T =5+ ( I 8. - iz)) Q'R
d#0 \ i=1
Thus T'modif(J) is a power series annihilated by 28,. Using the fact that v is ample, we find
that T'modif(J) is of the form Qv/ “¢(t, z) for some Q-independent cohomology class ¢(t, z)
such that v U ¢(t,z) = 0. Again using the fact that v is ample, we find i*¢(¢, z) = 0 for the
inclusion i: Y — X (¢(¢, 2) is “coprimitive”). This implies
Ti* modif(J) =0
and thus T gives rise to a relation in the hypersurface:
R(Q1(8,7)", ..., Qr(8,7)"" 1, 87,0,0)
0,7
Question 10. We have observed that the quantum cohomology are related by a certain

co-ordinate change under hyperplane sections. Can we find any (symplectic) “invariants” of
quantum rings preserved by this operation?

=0

2This is reminiscent of the method of Mann-Mignon.
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0.2. Subcanonical hyperplane sections. Suppose that X is a Fano manifold and ¥ C X
is a Fano hypersurface with respect to a line bundle L whose first Chern class is a multiple
of ¢1(X) = —Kx. Let £ be the Fano index and we write —Kx = ¢h and c¢;(L) = kh for some
ample class h and 0 < k < £. Suppose we have a relation in the small quantum cohomology
of X:

f(@Q,h)=0.
We may assume that the relation is homogeneous

FOQq, . X Q \R) = AV F(Q, h),

where we set ¢1(X) =>.! | lwap, with w, € Z>(. The mirror map is of the form:
plog Q ifl—k>1
plogQ + k!>, 0y <[pt]1p >0,1,dQ iff—k=1
Thus we get a relation in the twisted quantum cohomology:
FQu(khYEwr L Qu(kR)*r W) =0  in QHyy
where

5 Vs h 0 k> 1
= OpT = _o\ X .
h+ kD g <[pt]w£ 2>071’de if¢ —k=1.

Using the above homogeneity, we get
(kRYIVEF(Qu, .., Qe W RDETFE =0 in QHy,.

Note that this is a polynomial in A’ (non-integral powers do not appear). Thus the eigen-
values of I/ in the twisted quantum cohomology is either 0 or a solution x to the equation
f(Q, kk/tx1=k/ty = (. This gives the following corollary:

Corollary 11. For a non-zero eigenvalue u' of (W'xY), there is an eigenvalue u of (hxX) such
that

(4) (u) =k = kR,

Question 12. Can we show the converse statement: is every complex number u’ satisfying
(@) for some eigenvalue u of hxX an eigenvalue of h/xY?

0.3. (Super?) characteristic polynomials. Suppose again that X is a Fano manifold and
that Y is a Fano hypersurface in X. Now v = ¢;(L) is not necessarily proportional to ¢;(X)
but we assume that v is ample. We consider the characteristic polynomial P(Q, A) of v* in
the small quantum cohomology of X, that is:

P(Q,)\) = det(A —vk) = AN = AV tr(vk) 4+ -+ + (=1)V det(vx)
where N = dim H*(X). We can also write this as P(Q, \) = det((\A — v)xX). We could also
consider the super-characteristic polynomial:
det gev (A — vx)
- det groa (A — v*)
I am not sure which is better. In the following, I only consider the usual characteristic

polynomial. It gives the relation P(Q,v) = 0 in the quantum ring QH*(X). Thus we have a
relation:

P(Q,\) = sdet(\ — vx) = WO XL gtr () 4 - - -

P(Q,w) = P(Qlwvl, L QY w)=0
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in the twisted quantum cohomology, where w = 9,7 is given by
X

w=v+t(-d) > <[pt]¢01<x>-d*2> (v-d)Q.

(c1(X)—v)-d=1 0,1,d

Note that w = v unless ¢;(X) — v is a primitive class. The polynomial P(Q,v) is weighted
homogeneous of degree N with respect to the standard degree of Q,’s and degv = 1. The
new polynomial P'(Q,w) is also weighted homogeneous but with different degree of Q,; by
the assumption that Y is Fano, the degrees of (), are still positive. Therefore we deduce that
P'(Q,w) is still a monic polynomial of degree N with respect to w.

Question 13. Is P/(Q,w) divisible by w™ with
m = #{v-Lefschetz blocks} = dim Ker(i*: H*(X) — H*(Y))?

This would follow if vx¥ preserves each of Lefschetz blocks since then P(Q,v) decomposes
into the product of characteristic polynomials on each block.

Question 14. If the answer to the previous question is yes, is P'(Q,w)/w™ the characteristic
polynomial of w«' on the ambient part quantum cohomology QH* . (Y)? (Compare with
Question B.)

amb

Question 15. What is the characteristic polynomial of wY on the full quantum cohomology
QH*(Y) including the primitive part? Is it just P'(Q,w)wd™H* V) =dimH*(X)2 [Or if we are
working with super- characteristic polynomials, we would ask if P'(Q, w)wX®)=X(X) is a super-
characteristic polynomial of w«".] For hypersurfaces in P, this seems to be true (including
for index-one hypersurfaces) by the supertrace computation.

0.4. Complete relations of quantum cohomology of hypersurfaces. We describe a
complete set of relations of QH*(Y') in terms of QH*(X) assuming that v = ¢;(L) satisfies
the following:

(1) vUgp=0 = i"(v) =0

for all ¢ € H*(X), where i: Y — X is the inclusion. Note that the converse i*¢ = 0 =
vU¢ = 0 is always true because i.i*¢ = vU ¢. The condition (ff) holds if v is ample. A result
of Mavlyutov shows that semiample hypersurfaces of toric orbifolds satisfy this condition ().

Question 16. When does the condition (ff) hold in general?

We rearrange the basis ¢g, ¢1,...,¢s of H*(X) in such a way that ¢y41,...,¢s form a
basis of Ker(vU) = Ker(i*: H*(X) — H*(Y)). Let Aﬁj(Q,t), C/(Q,t) denote the structure
constants of quantum cohomology of X:

i ¢y = ZA Q. Bpr, vxoi=» CHQ. 1),
=0

In this section we work over the ring A := C[Q, t] of formal power series. We use:
ot = ijo t/¢; for the parameter of the big quantum cohomology QH*(X);
= ijo T ¢; for the parameter of the twisted quantum cohomology QH, (X);
® T = Z“_O T (i*¢;) for the parameter of the ambient part big quantum cohomology

Q amb( )
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These parameters are related by the mirror map 7 = 7(¢). By changing the base, we obtain
the following A := C[Q, t]-algebras:

QHw(X)A = QHyw(X) X[, A,
QHamb (Y)A 1= QHamb(Y) OC[Qy ,i*7] A,

where we regard A as a C[Q, 7]-algebra or as a C[Qy,i*7]-algebra via the mirror map and
the natural map of Novikov variables Qgif — Q™ with d € Hy(Y,Z).

Proposition 17. The twisted quantum cohomology QH, (X)A is a A-algebra generated by
b; = O;T, 0= O,T.
and all relations among them are topologicallif generated by

i = ZA t)or, i = ZC”Q b, b=y v'd;

where we write Q¥ = (Qlﬁ“ e, QY.

Proof. Corollary B and the divisor equation implies that these relations hold in the twisted
quantum cohomology. On the other hand, these relations (@Q-adically) define a free A-module
of the expected rank dim H*(X), because every appearance of ¢ in the right-hand side asso-
ciates non-zero powers of (). Thus these relations are complete. O

Theorem 18. Suppose that the class v satisfies the condition (). The ambient quantum
cohomology QH? . (Y)a is a A-algebra generated by

¢; = i*(9;T), b = i*(8y7)

and all relations among them are topologically generated by

amb

bidj = ZA (Q0Y, 1),

;= ZCg(Qﬁ”,t)gﬁj for0<i<u

S J ~v
bi = M@g foru+1<i<s
=
T
U= anga

Il
—

a
where we use the fact that C’g(Qﬁ“,t) is divisible by ¥ for u+1<1i <s.

Proof. First we show that the third relation holds. (The'other relations are obvious from
Corollary B). Suppose u+ 1 < i < s. We remark that CJ(Q%",t) is divisible by ¢. To see

this, it suffices to show that if Q% appears in the series expansion of C’g (Q,t), then v -d # 0.
Indeed, we have

Z Z (v, i, ¢, 1, >03+nde
dEBR(X) n=0 '

3in the Q-adic topology
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and the term with (d,n) = (0,0) vanishes by the condition v U ¢; = 0 and the terms with
(d,n) # (0,0), v-d = 0 vanish by the divisor equation. Thus C{(Q%",t) is divisible by 9. We
have the differential relation

28,20,0 =Y C1(Q,1)20;.

J

By Lemma O, this yields

28,20, modif(J) = Y~ CY(Q,1)
J

z0; modif(.J).
Qdﬁ(nz;%fl(zav_lz))Qd J ( )

From what we have shown, we can factor out z8, from the left, and obtain

28,7 =0 with T = [ 20, — ) _ C/(Q,1)

J

z0; | modif(J).
Qdﬁ(né;dlfl(zav_lz))Qd J ( )

Setting T'= > jcper(x) cgQ™P/% we have (v + (v-d)z)eqg = 0 for all d; this implies ¢q = 0 for

v-d#0and vUcq =0 for v-d = 0. The condition (fj) implies that i*T = 0. From this we
obtain the relation in the hypersurface Y:

< ,
R C7(QoY,t) -
qﬁi:E &% foru+1<i<s.
, 0
3=0
The rest of the proof is similar to the previous proposition. The third relation determines

q@i, u—+ 1 <4< sin terms of the other ngSj’s and we can see that all these relations define a
A-module of the expected rank dim H , (Y) = v + 1. O

The same argument also shows the following;:

Theorem 19. Suppose that the class v satisfies the condition (). Let éj, v be as in Theorem
b (Y)a is generated by ¢,
j=0,...,s and all relations as a A[0]-module are topologically generated by:

I8. As a A[o]-module, the ambient quantum cohomology QH*

by = ZC;(Q@”,t)gzgj for0<i<u
=0

s .
A C7(QDY,t) - .
qﬁzzzz({))qﬁj foru+1<i<s.
7=0
Remark 20. When X and Y are Fano, and if we are only interested in the small quantum

cohomology (i.e. t = 0), everything is defined over the polynomial ring C[Q1, ..., Q] for the
degree reason, and the word “topologically” can be removed from the above statements.

Remark 21. Suppose we are only interested in the small quantum cohomology. Even in this
case, in order to get the above presentation, we still need the mirror map 7(t) up to the first

order in t¥ ... t° (so that we get the generators QASZ = 0;T|i=0)-

Remark 22. The presentation here determines not only the abstract isomorphism class of
the quantum cohomology rings, but also their structure constants.
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0.5. Characteristic polynomials, revisited. We apply the above method to the case where
Y is a Fano hypersurface in a Fano manifold X. We again assume the condition (ff). This
answers Questions 3, [ affirmatively.

Theorem 23. Suppose thatY is a Fano hypersurface in X and v satisfies (f]). Let P(\, Q) =
det(A — v«X) denote the characteristic polynomial of the small quantum product by v in
QH*(X). Let d = 8,7|i—o be as in Theorem IB. Then the characteristic polynomial P(\, Qy)
of the small quantum product by v in QH} , (Y') satisfies:

P(x = XTP(A, QXY
( 7QY) Q%—)Q“‘d ( aQ )
withm = s —u =dim H*(X) —dim H} , (Y), where Q\" = (QLAY, ..., Q).

Remark 24. Actually the theorem holds separately for the even degree part and the odd
degree part. In the following proof, we only consider the even degree part for simplicity of
notation.

First we show the following:

Proposition 25. With notation as above, the characteristic polynomial of the small twisted
quantum product by v in QH,(X) is given by P(A, QAY).

Proof. The small quantum product by v in QH{, (X) is determined by the formula:
begi=Y_ CHQI)P;
§=0

This gives a “self-referential” matrix representation of the multiplication by ©. What we want
to show is that the characteristic polynomial of this self-referential matrix (C’;7 (Q0")) becomes
the characteristic polynomial of v after setting v = A. Note that, for the degree reason, the
matrix C’Zj (Q0Y) is of the block-form:

*
* % Q
* * 3 A
* *x 34BA
* 3ABABA

with respect to the decomposition H*(X) = H' @ H?> @ --- @ H?". Here © can only appear
in the positions of © since both @ and ¢ have positive degrees (here we use the fact that
Y is Fano). We can obtain from C7(Q%") the (usual) matrix presentation of 9 in the basis
{¢0,...,0s} by the following procedure.
(1) Take the leftmost.column that contains 9. Suppose it is the ith column > 7%_, C’g (Q17) ;.
(2) Take an entry CY(Qv)¢; of the ith column that contains . Then |j| < |i|. Replace
an appearance of 0¢; with > 7, Cj’?(Q@“)m, which by assumption does not contain
0.
(3) If the matrix still contains 0, go back to (1) and repeat the same process.

This process terminates in finite steps because in each step the total number® of powers of ©
appearing in the matrix decreases. In the end we get a matrix presentation for o.

4We count the “number of powers” as follows: each entry co 4+ c19°* + - - - + ¢, 0°* with ¢; # 0 contributes
e1 + -+ + ex to the number of powers.
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Now it suffices to show that the characteristic polynomials with 9 set to be A do not change
under the replacement process in (2). Let C, C’ denote the matrices, respectively, before or
after the replacement. When we write

COj e Co;
C = Cjj a + bv with Cji = a+ bo
L. .. Csj Cg; e
we have
i coj --- Coit bCOj T
C = Cjj a+ ijj
... Csj ... Csit szj i
Therefore
—Coj ce —Co; — bCOj ce ce —Coj ce —Coi
det()\I — C,) = A— Cjj —a — ijj = A — Cjj —a — bA
_Csj NN —Cg; — bcsj NN NN _Csj e —Cg;
which equals det(AI — C) after setting v = . O

Proof of Theorem E3. Recall from (a Fano-adapted version of) Theorem [ that QH , (V)
is a C[Q1, ..., Qr][0]-module generated by ¢i, i =0,...,s with relations

(5) g =Y CHQ",1)¢; for0<i<u
j=0

5 ,
. cl(Qi,t) -
6 ;= : 0 <i<s.

(6) i Z 5 oy foru+1<i<s

7=0

We solve for qgi, u+1<i<sin terms of QASi, 0 < < w using the second equation (B), and
replace ¢;, u+ 1 < i < s in the first equation (B) with those solutions. Then we again obtain

a self-referential matrix of ¥ in the basis ¢y, ..., ¢y:
u
b-gi=>» DI(Q0)d;, 0<i<u
7=0

To be more precise, we write the matrix C’g (QvY) in the block form with respect to the
partition {¢g, ..., ¢y} U{dut1,.-.,¢s} of basis.

(CHQE")osijcs = (2 Z)

Writing ¢(1) = (do, - -, bu) and ¢(2) = (buy1,- .-, ds), we have from (B)
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Hence

By (B), we have
0p(1) = p(1)E + ¢(2)G = ¢(1) (E+ 07 F(I -9 'H)7'G).
Therefore the matrix D above is given by:
D=FE+o'F(I -0 tH)G.

By the same argument as in Proposition A, we can show that the characteristic polynomial
P\ Q) == P(), QY)|Q§Z,—>Q’L'*¢1 of the small quantum product ¢+¥ for Y (with the change of

variables Q{ — Q%) is given by:

P\, Q) = det(A — D)

V=

On the other hand, we have for C' = (Cg(Q@”))0§¢7j§s,

— — —E— —m! —
det()J—C):A E —F ‘)\ E F(O)\ H)~'G A—FH

-G \N—H|
=det(\— F — F(\— H)"'G) det(\ — H)
=detA\— E - X\"'F(1 = ATH)IG) det(1 — ATLH)ASTY
Thus setting © = A, we obtain

det(AI — C)

A

V=

det(1 — 071 H)

=det(A— D
= det(x~ D)

v— V=

Noting that H is divisible by ¢, det(1 — 61 H) is of degree zero and that 9 'H = O(Q), we
have that det(1 — 9~'H) = 1. Hence we obtain P()\, Q\”) = A™P(), Q) as required. O

Remark 26. It seems that we can generalize Theorem B3 to the case where ¢;(Y') is nef, with
a little more effort. When ¢;(Y") is not even nef, P(A, QA\Y) may not be a polynomial of degree
dim H*(X). A naive guess is that we can approximate (in the Q-adic topology) the actual
characteristic polynomial by iteratively replacing higher powers of ¢ appearing in P(\, Q\"),
up to any given order.

0.6. Subcanonical hypersurfaces, revisited. Suppose that X is a Fano manifold of index
£, i.e. —Kx = Lh for a primitive ample class h, and that Y is a Fano hypersurface with respect
to v = kh with 0 < k < £. Suppose that P(A, Q) is the characteristic polynomial of hx in the
small quantum cohomology of X. Then the characteristic polynomial of v is:
ETP(AE, Q)
with s + 1 = dim H*(X). By Theorem 3, the characteristic polynomial of ¢ = kh’ in the
ambient quantum cohomology of Y is:
KA P(Ak, QA

with m = s —u = dim H*(X) — dim H_, (Y'). Finally the characteristic polynomial of h'x in
QH; L (Y) is:

P'(A, Q) = A" P(X, Q(kN)™).

We write
c (-1

POQ) =2 [T TTO = ua)

i=17=0
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with non-zero eigenvalues uy, ..., u. of hxX, where u; = u;(Q) satisfies the homogeneity

ui(Qe™) = eui(Q).
Then
c (-1

P’ Q) = Ama [T TTO = ¢ (0w

i=14=0

— )\~ mH k‘k)\k K

— yeo—mtck TT(AF — kkyl).
z1:[1( i)
Corollary 27. Let X, Y be as above. Let h' € H ,(Y) denote the class (B). Suppose that
the small quantum product hx™ has {uzgg 01 <i<¢0<j5<{?¢—1} as the multi-set of
non-zero eigenvalues. Then the quantum product h'«Y on the ambient part has
(uf¢] :1<i<c,0<j<l—k—1}
as the multi-set of non-zero eigenvalues, where u} is a solution to the equation:

(uf)F = kFuf.

(2



