A generalization of the Murnaghan-Nakayama rule for K-k£-Schur and £-Schur functions

1 Motivation

A function f(x1,o9,...) is symmetric if f(z1,20,...) = f(%s0), To),...) for all
o€ Sx.
Example 1. There are some fundamental polynomzials in variables x4, ..., x,:

e, = o Xy

1< <<, <n

o h, = Yoo Ty,

1<y <---<4p<n

.pT:x7i+

.x;. elementary symmetric polynomial,
.x; complete homogeneous symmetric polynomial,

+ x; power-sum symmetric polynomial,

)\ +n—j
det(x; Ynxn

H1<z<]<n(37 — ;)

A =D,>o A" graded ring of symmetric functions in variables x1, zo, . . .
cients in Z. We know that A" has a Z-basis {s, | A is a partition of n}.
Fundamental rules: For A\Fn, 0 <r <n,

®5s) = Schur function.

with coeffi-

o Pieri rule: e,.5) = ) %5, hy.5\ = > %5,
pEn pEn

o Murnaghan-Nakayama rule: p,.sy = ) *s,,
ukn

> %Sy,

vkn

(Co)homology theory

e Littlewood-Richardson rule: sy.s, =
H*(Gr(2,4)) = @ (ax2) Zox
(o0)* =202

Counting problems in Algebraic Geometry
Lqy,..., L, general lines in P3
#{lines meet all Lq,..., Ly} =7
associate Schubert clagses
to symmetric functiops characters as
analogue symmetric functions
Y Y

(quantum) K-theory Symmetric Functions
replace H*, H, by QK*, QK. , K*, K., Pieri rule
replace Gr(2,4) by other varieties Murnaghan—Nakayama rule

Littlewood—Richardson rule

Representation Theory

VAR VH = @CKMVU
compute character table

We consider Gr = SLy.1(C((t)))/SLy1(C|[t]]).

« H,(Gr)= @ Zo\".
A<k
& ). Schubert class associated to \.
(A ). k-Schur functions associated to )\
agk).aff Z xoy”) is computed by s\ A sﬂ Z x5k,
K.(Gr)= @ z8\"
M <k

Q(Ak) Schubert class associated to .

gg ). K-k-Schur functions associated to .

Hgk)ﬁgﬂ) = > 0 is computed by gg\ ).g,g ) — > >1<g£k).

In [Ngu24], we introduce a new family of symmetric functions F ik), that generalizes the
constructions via the Piere rule of K-k-Schur functions and Ak-Schur functions. Then
we obtain the Murnaghan-Nakayama rule for the generalized functions. The rule are
described explicitly in the cases of K-k-Schur functions and k-Schur functions, with
concrete descriptions and algorithms for coefficients. Our work recovers the result of
Bandlow, Schilling, and Zabrocki for k-Schur functions [BSZ11], and explains it as a
degeneration of the rule for K-k-Schur functions. In particular, many other special

cases and connections promise to be detailed in the future.

2 Definitions

A=A > >

Al conjugate partition of A ~ reflection of the Young diagram of A through the main

), A € Z>¢: a partition ~ Young diagram.

diagonal.
For A < p,

e 11/ is the shape consisting of all boxes in g but not in A,
e we call /A a ribbon if it does not contain (2, 2),
e then the height of the skew shape ht(u/A) is defined by the number of vertical

dominoes in /.

Example 2. A = (4,2,1,1) ~ A =1(4,2,1,1) ~

w=(4,2,2,1,1,1) ~ , then /X = and ht(u/X) = 1.

§k+1: affine symmetric group with generators sy, ..., s; satisfying relations

s? = 1forall i (1)
SiSi+15i = Si4+15iSi41 for all 4, (2)
sis; = s;s; for all @ — j # £1, (3)

where the indices are taken from Z/(k + 1)Z.
Si+1: symmetric group with generators sq, ..., S.
Si.ip = Sip -+ S,

§2 L1 := {minimum length coset representative of Spi1/Skit}.
For A = (A1, Ao, ... ) such that A\; < k, we have bijections

)\Igw)\Eg]ngllili)\lp%)\.

Example 3. Let k=4, A =

For A% W)y, we use

(4, 2, 1, 1) Then W) = 523043210, and K) =— (6, 2, 1, 1)

123456789
11012340123
240123401 2
31340123401
41234012340
5123401234
6/012340123
71401234012

Forwwiwa\, we use

123456789
11012340123
2401234012
31340123401
41234012340
5123401234
6/012340123
71401234012
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Ay associative algebra over Z with generators Ay, . . ., Ay satisfying relations (2), (3).

A=A A

Zl...ir * Zl Zr'

For0<r <k ACZ/(k+1)Z |A|l =1, we set

da=Aii,, 1A= A i
where (i1 ...4,) is a rearrangement of A such that if 7,4+ 1 € A, then ¢ + 1 occurs
before 7.
Example 4. Let k = 4, A= {O, 2, 4}, then dA — A042 — AQQ4, ’iA = A240 = A42().
We define
e h, = >  da: noncommutative homogeneous symmetric functions.
Ac ([O;k]>
ec, = > i noncommutative homogeneous symmetric functions.
A€<[O;k})
1
(r—i. 1) Z( 1)7h,_;ye;—j: noncommutative hook Schur symmetric functions.
j:
r—1 _
°p, = > (—1)Zs(r_i71¢): noncommutative power sum symmetric functions.
i=0

Ay, ~ C[Sj11] is defined by o . W.
W+ A % Spiq — Ris said to be p-compatiable if Y (af, w) = Y(a, B x, w)p (B, w).
Fix o, 1, let {ft(l,k)}w e50 be a family of symmetric functions such that

+1

k)
]:z'(d —

hr.fﬁ: Z W(da, w)Fyo s
A (M)

dA*prESkH

er-Fé}k) — Z ¢ ZB?
Be(*)

iprwES)

ZB* w’

for w € Skﬂ, 0 <r < k. We define fA( ]:wA for w), € Sk:+1

Example 5.
o A, ~ C[Sy.1] is defined by

siw aif l(s;w) > L(w),
w if l(siw) < l(w).

AZ'*’LU:

~

o, w) = (=Di@-Uexw)tw) yhere [(o) is the number of letters of o and l(w)

s the length of w in §k+1. Then .7'—1(0 = g&,) the K-k-Schur functions.

o A, N C[§k+1] is defined by

siw if l(s;w) > l(w),
AZ'.’LU —

0 otherwise.

Y(a,w) =1. Then FP = P the k-Schur functions.
For u € A,
o 5= supp(u),
e /¢ := canonical cyclic interval of S"

1. Let @ be the minimum in [0, k] such that a € S,

2.then Isisa+1<a+2<---<a-—1.

Example 6. u = Ay € Ay. Then

o S = supp(u) ={0,2,4},
o [ =2<3<4<0.

w 1s called k-connected if S is an interval of [g.
u is called a weak hook word if it has a reduced word of form \/, say hook type V', or

| | with u; = u; 1 for some 7, say hook type U. In this case,

o asc(u) := #{ascents of hook forms \/, | | with respect to the order Ig}.

o C, := {consecutive pairs a < cs.t a # ¢ —1,n0 a < b < ¢ in hook form of u}.
e Coin == min{c| (a < c¢)in C,}. Fact: #cpin € {0, 1,2}

Example 7. 5 =2 < 3 <4 <0, then u is not 4-connected.
u = Aggoq, then hook type of w is V', and ¢, = 4 and it is in right and left sides

of V.
¢
connected

,
#Cmm =2

disconnected < Crinds ON the left side

#Cmm =1

Cminis on the right side

We\ classify u into \three types:
e wc: weak connected, for lines 1, 2.
e wc, left: not weak connected, ¢,,;,, is on the left side
e wc, right: not weak connected, ¢,,;, 18 on the right side.

Notations: u € V"

i we 1N€ans

e the number of letters of u is r,
e weak hook type of uis V,

o asc(u) =i,

e weak connected.

Similar for U’ "__ U’

1,wer Y uwe,lefty i we,right

4 4 4
Example 8. Ayyo4 € Vl,ww Aypos € U 1Lwes Agogo € U 2.w¢, right”

3 Main results

f=Smeans f = > u.

uesS
Lemma 9. Ffor 1 <r <k, we have

r—1

Pr = Z Z‘/;rwc Z

1=0

T_Z zlwc—l_E:

Theorem 10. Suppose that (o, w) depends only on T(oz), a *x, w, w, and we
Then for 1 < r < k and

z 1,we,left

can write 1t as a function QZ on the three variables.
w,w € Sk+17 the coefficient of Fg}:) in pr.fl(uk) 18

r—1 r—2
77;(747 w’,w) <Z V;Twué| + Z ’I“ o Z Tuljwc’ + Z<_1> | i— 1wc left)

1=0 1=1

ra'’
where Xz ,con,stde

15 the subset of all weak hook words u in X such that

1,con,side

U*SO’U}—U}.

Ay, ~ C[S)11] is defined by

siw if [(s;w)
w if I(s;w)

> l(w),
< l(w).

n(A;)(w) = A; xw =

~

(o, w) = (=1)H @)=l +w) where 7( ) is the number of letters of o and [(w) is the
length of w in §k+1. Then Fy (%) — g&) the K-k-Schur functions.

Corollary 11. For 1 <r <k and w € Sk+17 we have

r—1 r—1 r—2
pTngUk) — Z (_1>T_l(wl)+l(w) (Z(1> |V;Twué| Z<_1>Z<r o Z)‘Uzrulj wc‘ + Z(_1> | 1wc left)
1=1 '

!/~ Q0 1=0
weSy,

Corollary 12. For 1 <r <k and XA € P, we have

prgy) =y (=1 (TZE ) Vel + Zl

v 1=0 1=1

r—2
T — 1 ‘U 1wc| Z<_1) ‘Uzrulwc left|> g,u Y
1=1

where the sum runs over u € Py such that

(KO)X C p, A C ™),

(K1) |u/Al <7,
(K2)p~Y(u)/p~t(N\) is a ribbon,
(K3) supp(p~' (1) /p~" (X)) is k-connected, or |supp(p~"(1)/p~ (A))] <,

(K4) ht(p/ ) + Wt () ) AW) <o
Ay, ~ C[S)11] is defined by

siw if [(s;w) > L(w),

0 otherwise.

Y(a,w) = 1. Then FF = s the k-Schur functions.

Corollary 13 (Theorem 3.1, [BSZ11]). For 1 <r <k and w € g,g we have

r—1
( (— >V”U> ",
w’€§2+1 =0

+17

pr-ng) — Z

Corollary 14 (Theorem 1.2, [BSZ11]). For 1 <r <k and \ € Py, we have

prsy) =D (W 1y W)

L 1=0

where the sum runs over u € P;. such that
(k0) X C pu, ¥ C p®),
(K1) |/ Al = 7,
(k2)p~H(w)/p~
(k3) supp(p~(1)/p~

(k4) ht(p/A) + it (™) /A
Algorithm 15. In both cases, we give an effective algorithm to find the sets which

(A) is a ribbon,
L(N\)) is k-connected,

K = — 1.

contribute to the decomposition. Hence, we can compute coefficients by hand easily.

Example 16 (Murnaghan-Nakayama rule for K-k-Schur functions). Let k = 4, r = 4,

A= (4,2,1,1), p=1(4,2,2,2,1). We have k) =(6,2,1,1), x, = (7,3,2,2,1).
123456|7(89
1101 2340/(1(2 3
214 0(1(123401 2
3134101 23401
4121314012340
511234012 34
6012340123
740123401 2

An algorithm on the skew tableau gives us weak hook words

4,
Avgzs € Vi Agioy € Vol Az € ngc, Agny € U e lofer A1134 € Uyt Az31 € Ve

WC) ,WC? C,right’

The coefficient of gﬁl) n p4.g§4) 18

21U = U0 ] =

2, wce

(— 1D ((ghe) = (Vi) + Vst = Vit = 303

0,wc 2,wce 3,wc

4, 4
|UO,%,left‘ + U, 50 left‘)
=3

4 Future directions

Our Murnaghan-Nakayama rule for FP

e K -k-Schur functions gﬁf%

e k-Schur functons ng ),

covers the rule for

e dual A£-Schur functions,
e affine stable Grothendieck polynomials,
e closed K-k-Schur functions,
o ctc.
Future directions:

e Give detail descriptions of the rule for the remaining cases (not gl(uk) , s )).

o Translate the rules to QH*(Flyi1),
H.(Gr) >~ QH*(Flj.1), K-Peterson isomorphism K,(Gr)

QK*(Flg.1) via Peterson isomorphism
~ QK*(Fly.s).
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