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Examples

Background (./-function and Gamma Conjecture I)

It is easy to check that P" is aML. By the stability under taking product and hypersurface,
all Fano hypersurfaces of projective space and its products are also aML. We have also
computed another example: Pps(O @ O(3)). This is an interesting example because the
eigenvalues of ¢;(X )*q look like this:

Let X be a smooth Fano manifold. Consider the Givental J-function in the form:

J(er(X)logt, 1) =Y Jp,t™ )
m=0

where 7 = max{n € N | £¢;(X) € H*(X,Z)} is the Fano index of X.
Assume that ¢;(X)*o : H*(X) — H*(X) has a simple rightmost eigenvalue. The asymp-
totic equivalence of J(t) as t — +o0 is known [1]:

J(t) = 3 eI (A 4 o(1))

where T' is the rightmost eigenvalue of ¢1(X )y, and Ay is the principal asymptotic class
of X.

[t was predicted in [1] as the Gamma Conjecture I that the Gamma class of X gives the
principal asymptotic class of X, i.e.,

In this case, the outmost eigenvalue is negative. For this example, we have computed the
following numbers by putting A = log(p(ci*g)) + 7i:

fX c C- AX.
: : m T m! mita 6—/\(m+2+c1)
Recently counterexamples to Gamma Conjecture I, Pp.(O & O(n)) for even n > 4, have m
been found [2]. In that case. £, Ch(E) € C - A for some 5 -dess /5., The problem 5 (0., —0.249072,0.747216, 0.184877 + 0.7824831, —0.554631 — 2.347451,
becomes: Is it true that for all Fano manifolds, we have 'y Ch(FE) € C - Ay for some 2.19172 — 0.5808081, —6.57515 + 1.74242i, —3.95630 — 4.311221) x 10~
K-class E? How can we find such E? " (0., —0.249367,0.748102, 0.182541 + 0.7834111, —0.547422 — 2.350231,
2.19584 — 0.5734691, —6.58753 + 1.720411, —3.93822 — 4.321131) x 107?
7 (0., —0.249635, 0.748904, 0.180477 + 0.7842511, —0.541431 — 2.352751,
C . 2.19952 — 0.5669851, —6.59856 + 1.700961, —3.92230 — 4.329911) x 102
Definitions 20 (0., —0.251845, 0.755534, 0.166211 + 0.7911931, —0.498632 — 2.373581,
"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" 2.22748 — 0.5221661, —6.68243 + 1.566501, —3.81519 — 4.394901) x 102
We say that J(¢) is (A, Ay)-scaled asymptotically Mittag-Leffler ((A, Ay)-aML) for A € (0., —0.252094, 0.756281, 0.145512 + 0.7919761, —0.436537 — 2.375931,
C and Ay, € H*(X) if the coefficients J,, satisfy the asymptotic equivalence as m — A 2.23873 — 0.4571414, —6.71619 + 1.371421, —3.63163 — 4.427681) x 1073

ek
The A, above is our expected asymptotic class, given by 'y Ch(Op @ O(—2H)), where

E = Pp:(O(3)) and H is the pullback of the hyperplane class. The above computations
give evidence that Pps(O @ O(3)) is aML, but with a non-real A and Ay # I'y.

p(rmg dim X +e1(X))A

[ (1+7rm+5dim X + ¢(X))

- (Ax+o(1)).

Questions

The aML condition satisfies some simple properties:
Let J(t) be (A, Ay)-aML with A, # 0. Then:
1. The scale is unique up to (A, Ay) «— (A + 2771%, e_ZWiéﬂA) for k € Z,
2.2 J(t) is (A, exp(A)A)-aML (but generally ¢ - J(¢) is not aML for any scaling),
3. the tail Yooy Jo £ = 5 Ty M) s also (A, Ay)-aML.

m=0 T

e When does a Fano manifold admit an aML J-function?

e To what level can we relate the scaling (A, A) with eigenvalues of ¢1(X )xq?

To investigate those questions, we have formulated three levels of correlation:

The J-function of X is (A, Ay)-aML for some A\ € C and non-zero A € H*(X).

Level 0 is just the space of aML phase being non-empty. The scaling (X, Ay) may not be

Specifically, when A is real, it is stable under taking product and Fano hypersurface: related to other geometric properties.

If J(t)is (Ax, Ax)-aML for some real Ay, then:

1. if another Fano manifold Y also has an (Ay, Ay )-aML J-function for some real Ay, then

the J-function of X x Y is also aML, with scaling (log(exp Ax 4+ exp Ay), 7x xyaX4L),

rx Ty

The J-function of X is (A, Ay)-aML for some non-zero A € H*(X). (A, Ay) can be
realized by:

1. exp A is an eigenvalue of the operator ¢i(X )xg : H*(X) — H*(X),
2. lexp Al = p(c1(X )*o).

3. 'y Ch(E) o A, for some K-class E.

2.if Z is a degree d Fano hypersurface of X in the linear system |—2Kx| with d =
1,...,7—1and risthe Fano index of X, then the J-function of Z is also asymptotically
Mittag-Leffler.

Level 1 corresponds to the aML phase being a subset of spectral phase (eigenvalues with
maximum modulus). There may be eigenvalues with maximum modulus that cannot be

Main Theorem read from the coefficients of the J-function.

For all eigenvalues of exp A of ¢1(X)*y : H*(X) — H*(X) with maximum modulus,

Assume J(t) is (A, Ay)-aML for some A € C and Ay, € H*(X). Then J(t) exhibits the there exist non-zero A, such that the J-function is (A, Ay)-aML.

following asymptotic equivalence as t — 400,

1 : 1 7 1 1-
; 61(Im)\)(§d1mX+cl(X)) t—ﬁdlmX eexp(Re)\)t . (A)\ 4 0(1)) when Im \ € 277TZ7
t—%dimX eexp(Re)\)t . 0(1)

There exist some K-class £\ such that ) x Ch(F)) o A).

Level 2 is the full correspondence between aML phase and spectral phase. This results in

otherwise. a specific distribution of eigenvalues of ¢;(X )y that resembles positive matrices.

Comparing with the continuous asymptotic of the J-function, when ¢;(X )%y has a simple

rightmost eigenvalue T and the J-function being (A, Ay)-aML with a real A, the scale

(\, A,) can be realized by: Reference

exp A =T (the rightmost eigenvalue of ¢;x),
( | 1] Sergey Galkin, Vasily Golyshev, and Hiroshi Iritani. “Gamma classes and quantum

cohomology of Fano manifolds: gamma conjectures”. In: Duke Math. J. 165.11 (2016),

A eC- Ay (the principal asymptotic class).

So one may compute the principal asymptotic class by finding the (discrete) asymptotic of
the coeflicients of the J-function. This approach is more computable when the J-function
18 already explicitly known as a series.

Notice that under the above conditions, the rightmost eigenvalue must be positive. Do
there exist Fano manifolds such that the rightmost eigenvalue is negative?
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