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Preliminary

Tropical Geometry = "Geometry over tropical semifield T"
T = (RU{—o0}, max,+) ~ (R>g, max, -)
T"=RuU{-0o})"= || R
1c{1,...,n}
where R; := {(x,...,x,) € T" | x; = —o0 iff i € I} ~ R"¥

Definition 1 (Gross—Shokrieh'23, Mikhalkin—Zharkov'14)

A rational polyhedral set in T" is a finite union of the closures
of rational conv. polyhedra in some R,.
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V: an open subset of a rational polyhedral set in T".
Oy): the sheaf of continuous fcns f s.t.

f(x)=mx+-+mx,+a, (meZacR) (1)
= (m,x) +a (2)
for some open nbd of x under the convention 0 - (—o0) = 0.

Definition 2 (Gross—Shokrieh'23, (cf. Mikhalkin—Zharkov'14))

A rational polyhedral space is a pair (S, O¢) where
(i) Sis a 2nd-countable loc. cpt T,-space
(i) Og is a sheaf of abelian groups on S

s.t. for any x € S, there exists an open nbd U of x and an
isomorphism (U, O¢|y) ~ (V, Oy)) for some open subset V' of
a rational polyhedral set.
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Example 3

(i) Every metric finite graph with no 1-valent vertex has a
canonical model of a rational polyhedral space.

(i) Integral affine manifolds (e.g. real tori R"/A).

Definition 4

A n-dimensional integral affine manifold is a pair of
n-dimensional real manifold B and an altas
{(Ui, ¢ : Uy — RM)}igy st ¥y 0 b7t € GL,(Z) x R” locally.

Each example is a tropical manifold, i.e., a rational polyhedral
space S which is locally isomorphic to a direct product of the
Bergman fan X, for some loopless matroid M and T” for
some n.
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D: a divisor on a cpt tropical curve C,

r(D): the (Baker-Norine) rank of D,

Kc: the canonical divisor of C,

Xtop(C): the topological Euler characteristic of C.
Theorem 5 (Tropical Riemann—Roch theorem)

Under the setting above,
r(D) — r(Kc — D) = deg(D) + xtop(C). (3)

Theorem 6 (Hirzebruch—Riemann—Roch—theorem)

Let L be a line bundle on a cpt complex mfd X. Then,

V(H*(X: £)) = / ch(£)td(X). (4)

X

How about for cpt tropical mfds ?
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RHS of HRR

S: a cpt tropical mfd of dimension n.
HP9(S; Z): the (p, q)-th tropical cohomology.
The tropical exponential sequence
0Rs = 0F > Q50
defines the Ist Chern map ¢;: H'(S; O5) — H'(S; Q) and
ch(£) =exp(ci(L)) € H**(S;Z) ®7 Q.
Js: H™(S;Z) — Z: the trace map of S.
td(S): the Todd class of S defined by
de Medrano—Rincén—Shaw (arXiv:2309.00229).

RR(S: £) = / ch(£)td(S). (5)

S
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LHS of HRR

It is difficult to define the Euler characteristic of line bundles
on tropical manifolds:

Reason: T is not an Abelian group.

— We cannot apply homological algebra directly.

On the other hands, tropical geometers expect the following:

Conjecture 7 (de Medrano—Rincén—-Shaw'23)
For any cpt tropical mfd S,

Sl = /s td(S) = RR(S: 0). (6)

In particular, xtop(S) behaves like an analog of the Euler
characteristic of the structure sheaf of a cpt complex mfd.
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Our approach: Consider analogs of Floer complexes of
Lagrangian submanifolds (without differentials).

S: a rational polyhedral space.
exp: T" — R%5: (x1,...,X2) = (exp(x1), ..., exp(xy))

Definition 8 (cf. Mikami(arXiv:2303.09809))

A continuous fcn f: S — R is weakly-smooth if for any x € S
there exists a chart ¢: U, — T" and a positive C*°-function h
on an open subset of R” s.t.

flu, = logoh o exp o). (7)

Remark 9

If S is an integral affine manifold, then f is weakly-smooth if
and only if f is a C*>-function on S.
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A%ek: the sheaf of weakly-smooth fcns. on S.
The exact sequence

0— OF — AT — ATk /0% -0 (8)
gives a surjection HY(S; A2k /OZ) — HY(S; O%); s — [s].
Div(S) = H(S; A%k /O%): the group of C>®-divisors.

Remark 10 (C°°-divisors are analogs of Lagrangian sections)

If B is an integral affine manifold, then every element
s € Div™®(B) defines a Lagrangian section 3 of the standard
Lagrangian torus fibration fg: T*B/T;B — B.

We will construct a graded module LMD*(S; s) for a
permissible C>°-divisor s as an analog of Floer complexes
(without differentials).
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S: a rational polyhedral space,
Qé = Q%,S ®Zs Rs = Og/RS ®Zs Rs,
T..S == Homz((Q 5)x, R),
LC, S(C T,.S): the local cone of S at x,
¢: LC, S — T,S: the canonical inclusion,
Under the identification (%), ~ T5(T.S), we set
SS(S)x = SS(¢¢™ ' Z1,5) N (L), (9)
where SS(¢1¢1Z7,s) is the micro-support of ¢ ¢ Z 7 s.

Example 11
If C is a metric finite graph with no 1-valent vertex, then

Q1! . val(x)—l’ [ ’
501~ { 2 0
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Definition 12
A weakly-smooth fcn f on a rational polyhedral space S is
prepermissible at x € S if

df (x) & spang(SS(S)x) + (,5)x \ (2z,5)x(C (2s)x). (10)
A C>-divisor s = {(U;, ;) }ic; on S is prepermissible if every f;
is prepermissible.

Example 13
(i) Every C*-fcn on an integral affine mfd is prepermissible.

(ii) Let C be a metric finite graph with no 1-valent and
X € Gng, then a weakly-smooth function f is
prepermissible at x iff df (x) € (Qf ¢)x ~ Z*I)71,

If S is compact, {x € S| spang(SS(S)x) = (%)} is finite.
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For any x € S, we set
Xo(S)x = ((Q,5)x/ 5panp(S5«(5)) N (Q,5)x) @z R/Z (11)

Xo(S) = U Xo(S)X

AN
[

Figure: S and Xo(S) (cf. Auroux-Efimov-Katzarkov'22)
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Every prepermissible C*>-divisor s = {(U;, ;) }ic; defines a
section §: S — Xy(S) of fs: Xp(S) — S and the intersection
soN's = fs(Im(3) NIm(3)) with the zero divisor.

Figure: the zero section % and a prepermissible section §
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Definition 14

An intersection data of a prepermissible C*-divisor s is a
family {f,: U, — R} esns of weakly-smooth functions on an
open nbd U, of ps.t. s|y, = (f,) and Crit(f,) = {p}.

For a given intersection data of s, we set
LMD*( = @ H (RT3 (Zu,)p)  (12)

pEsoNs
The graded module LMD*(S; s) is independent of the choice
of intersection data.

Remark 15

If S is a cpt integral affine manifold and the Lagrangian
section L, associated with s intersects with the zero section
transversely, then the corresponding Floer complex is
isomorphic to LMD*(S; s) ®z Aoy as graded modules.
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Let £ be a weakly-smooth function on S s.t. (f) is
prepermissible and s, N (f) = {p} for some p € S. Then,

LMD*(S; (f)) = H*(RT (¢>¢(p)) (Zs),)
~ lim  ATNUN{f <f(p)}:Z) (13)

pe UCopen S

Example 16 (Morse function)
Let fym: R"*’".—HR; (x1, ... X,,+m)|—>ZJ X = X
Then, for a sufficiently small open nbd U of O

LMD*(U; (fo.m)) ~ H*Y(B" x S™ Y, Z) ~ Z[-m] ~ (14)
under the convention S~ = &.
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Example 17
I',, Z:Rzo(l,...,O)U"'URzo(O,...,l)URzo(—l,...,—l)
fn: Thn — R: a weakly-smooth fen s.t. so N () = {0}
X(LMD*(T,, (£,))) = 1 = &(mo({f(v) < £(0)}))  (15)
=:1—gq (16)

™8 o 1 2 3
2N
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Definition 18

A prepermissible C*-divisor s on S is permissible if
f(soN's) < oo and LMD*(S; s) is finitely generated.

Conjecture 19 (T. (a modified version after [M—-R-S523]))

For any permissible C*°-divisor on a cpt tropical manifold S,
the following equation holds

V(LMD*(S: 5)) = /Sch([s])td(S). (17)

Theorem 20 (T. (cf. Auroux—Efimov—Katzarkov'22))

Conjecture 19 is true when S is a cpt tropical curve or integral
affine mftd admitting a Hessian metric.
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P: a d-dimensional Delzant lattice polytope in (R?)Y.

fp(x1,. .., %q) = log Z exp({m, x))

mePN(z9)V
Every fp naturally defines a permissible C*°-divisor sp on the
tropical toric manifold Xg°" of P.

Proposition 21 (T.)

V(LMD* (X5 5p) =4(P 1 (2°)"), (18)
V(LMD (X5 —sp) =(~1)%(int(P) N (Z*)").  (19)
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