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§1. Decomposition of quantum cohomology

from birational geometry

(See [Galkin-lI-Hu-Ke-Li-Su, §6] Counter-examples to Gamma
conjecture |, larXiv:2405.16979)

Small quantum cohomology
QH(X) = (H7(X) ® C[Q], %)

sometimes decomposes as a ring (after an
extension of the Novikov ring C[Q]).
Example:

QH(P" ') = QH(pt)®”


https://arxiv.org/abs/2405.16979

Mori cone: NE(X) C H*(X,R)

Extremal ray is a 1-dimensional face (edge)

R C NE(X) whose generator dy € R satisfies
C1 (X) - dg > 0 (we choose dg to be primitive integral).

3 extremal contraction f: X — Y such that

C' C X is contracted to a point <= [C] € R.
Exceptional quantum product *ex. Is defined by

(04 7‘(exc 67 /V) — Z <047 57 7>g<73,nd0 Qndo

n >0

— the sum in the right-hand side is finite.



The exceptional quantum cohomology
QH o (X) = (H™(X) ® Clg|, *exc) can be
defined over the polynomial ring Clq|, where

q= Q™.

specialization
0

QH(X) QH e (X)

~
deformation

decomp of QHexc (X)‘q:l (finite dimensional C-algebra)
~+ induces a decomp of QH(X).



Question: What is a geometric meaning of each
summand of the decomposition of QH(X)
(associated with an extremal ray)?

Example 1 |Gonzalez-Woodward, Lee-Lin-Wang, I]. | et
X --+ X7 be a toric flip. QH(X) contains
big-QH (X ™) as a direct summand.

Example 2 [I-Koto] Let V' — Y be a vector bundle
of rank r. The projective bundle P(V) — Y is
an extremal contraction and we have

QH(P(V)), = 9::1 QH(Y)@(T)'




§2. Decomposition theorem for blowups.

X: smooth projective variety
Z C X: subvariety of codimension r

~

X = Blz(X): blowup of X along Z

Theorem:

~

QH(X)z

10

r—1
QH(X). (7 ® D QH(Z),, ()
1=1

This decomposition lifts to (formal) quantum

D-modules.



Problems/Applications

o Relative f—conjecture: relate this result to an
SOD of derived categories such as:

D*(X) = (D"(X),D%2),...,D"(Z))

® announced by [Katzarkov-Kontsevich-Pantev-Yu]
— Application to rationality question:
irrationality of generic cubic fourfolds
— Birational Calabi-Yaus have the same
(quantum) cohomology (Batyrev, MclLean)



§3. Teleman’s conjecture (D-module version)

Let W be a smooth proj variety with I'-action.

QH, (W) <«  QH(W/,T)

Fourier
equiv para A quantum conn quaq
shift op O Kahler para @ = et
A, S| = 2S 2Vy4o,,4q] = 2q

e Shift op = Seidel rep = Stability para
e We apply thisto W = Ble{O}(X X Pl)



Shift operator:

e The action Hom(C*,T) ~ LW free loop space
v(el?) = k(er?)v(el?) (k € Hom(C*,T), v € £W)
induces Hom(C*,T) ~ QH,-(W)[Q 1] shire op)

e More precisely, we have the action
HE (W, Z) ~ QHy(W)[Q Y

0= Hoy(W,Z) - Hi (W,Z) - Hi (pt,Z) =0

¥) |
NEn(W) — NEg (W) — Hom(C*, T)

Mori equiv Mori cocharacters



“Equivairant” Kahler moduli space 91

e Equivariant Mori cone NE' (W) is dual to the
T—ample cone [Dolgachev-Hu, Thaddeus]
Cr(W) ={w e Np(W) : Wer(w) # 0}

. CT(VIZ) has the wall and chamber structure

X
dualize\ I
X

equivariant Kahler moduli
—— nlw)g QHp (W) is a sheaf
Amp(W) over

\

0



§4. Proof via Fourier analysis of equivariant
quantum cohomology

Construct Fourier transformations:

b QUEW)
R 7 TN
QH(X) QH(2) QH(X)
(i=1,...,»—1) and show that

e [’z Is an isomorphism
e F'x DFL@---@ F, ! is an isomorphism



Discrete Fourier Transformation for GIT
quotients

Reduction conjecture [I-Sanda]: The discrete
Fourier transformation I of the equivariant
J-function Jy of W lies in the Givental cone of

the smooth GIT quotient W/, T.

= Y (S F(Jw))d

k€Hom(C*,T)

Example: P*~1 = C"/C*, pt = P! JC*.



Continuous Fourier transformations for fixed
components

PI’Op (follows from [Coates—GiventaI]). Let F'C W be a
T-fixed component and set

Gr =TI, === (—2)"¢/*T(~o/2) € H*(F)
(where o ranges over Chern roots of N g y/). The formal
stationary phase asymptotics . (as z — 0)

/JW\F . Gr et UZdN 2z e E S

lies in the Givental cone of F..



Example: W = C”" with scalar T' = C*-action.
Jyw = 1. The continuous Fourier transformation
associated with the fixed point 0 € C” is the
Mellin-Barnes integral

const./l (=2)TTMAED(= N/ 2)TeMesa/z g )

This has » many asymptotic expansions
corresponding to r many critical points.

~ QH(P™) = QH,(C") = QH(pt)®".



Comparison between discrete and continuous
Fourier transformations:

Example: C"/C*. By residue calculations,

1
—2miz

/(_Z)—M/z (—X/2)"e o897 g

continuous FT

AN de
— (Fpr—l ] (—Z)Cl (—Z) Tg Jpr—l (q, Z))
| ———
discrete FT

_ /ew(m)/z d:l?l v dCIZr,a_l
mirror T1 - Lr—_1




Thank you for your attention!



