COMBINATORIAL NON-RIGIDITY FOR INFINITELY
RENORMALIZABLE UNICRITICAL CUBIC POLYNOMIALS

HIROYUKI INOU AND YIMIN WANG

ABSTRACT. It is well known that there are no real cubic polynomials f with
two distinct critical points such that f is infinitely renormalizable and all the
renormalizations of f are cubic-like maps. This due to the real bounds. In
this paper, we show that there does exist an infinitely renormalizable complex
cubic polynomial F' with two distinct critical points such that all the renor-
malizations are cubic-like. As a consequence, F' has no a priori (complex)
bounds.

Moreover, F' is combinatorially equivalent to a unicritical polynomial. In
particular, such a unicritical polynomial is not combinatorially rigid in the
space of cubic polynomials. We further prove that the combinatorial class of
such a polynomial contains a continuum.

1. INTRODUCTION

Infinitely renormalizable real polynomials have been deeply studied for decades.
Real bounds and complex bounds have been built for such maps [I7]. A remark-
able result proved in this century is on the rigidity of the infinitely renormalizable
real polynomials [I3]. While the rigidity of the infinitely complex polynomials re-
mains open since the combinatorics for complex polynomials are more complicated
than those for real polynomials. As we all know, critical points play an important
role in holomorphic dynamics. The increase of the critical points will make the
combinatorics intricate. Unicritical polynomials can be treated more easily than
multi-critical polynomials. Fortunately, the combinatorics for infinitely renormal-
izable real polynomials are not too complicated due to the real bounds. Indeed, all
the deep renormalizations of infinitely renormalizable real polynomials are compo-
sitions of unicritical maps. (See [19, 20].) As a corollary, deep renormalizations of
an infinitely renormalizable real cubic polynomial with two distinct critical points
cannot be cubic. One may naturally ask whether there exists an infinitely renor-
malizable complex cubic polynomial with two distinct critical points such that all
the renormalizations are cubic-like.

The aim of the paper is to answer the question above affirmatively.

Main Theorem. There ezists an infinitely renormalizable complex cubic polyno-
mial F with two distinct critical points w # w' such that all the renormalizations of
F are cubic-like maps. More precisely, w,w’ € (,, Ky, is non-trivial, where K, is
the filled-Julia set of the n-th renormalization of F.
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The Main Theorem is also related to the combinatorial rigidity problem:

Definition 1.1 (Combinatorial equivalence). We say two polynomials f and g
with connected Julia sets and no indifferent cycles are combinatorially equivalent if
f and g have the same rational lamination.

See § for the definition of rational laminations.

Definition 1.2 (Combinatorial rigidity). We say a polynomial f with connected
Julia set and no indifferent cycle is combinatorially rigid if a polynomial g of the
same degree as f with connected Julia set and no indifferent cycle is combinatorially
equivalent to f, then the composition of the Bottcher coordinates

¢go 7 (C\K(f)) = (C\ K(9))
extends to a quasiconformal homeomorphism on the Riemann sphere C.

McMullen conjectured that every polynomial with connected Julia set and no
indifferent cycle is combinatorially rigid [I4]. A counterexample is first given by
Henriksen [4].

Here we give another counterexample of combinatorial rigidity; in fact, the ex-
istence of such a polynomial F' in the Main Theorem implies that there exists an
infinitely renormalizable cubic unicritical polynomial P(z) = 24 ¢ combinatorially
equivalent to F'. Clearly, F' and P are not combinatorially rigid (see Corollary
for more detail).

Contrary to the fact that our counterexample is unicritical, Henriksen’s coun-
terexample is far from unicritical; it is a cubic polynomial with infinitely many
capture renormalizations, namely, each renormalization is quadratic and contains
only one critical point, and the other critical point outside is eventually captured
by the filled Julia set of the renormalization. Its combinatorial class contains (and
probably is equal to) a quasiconformally homeomorphic image, contained in a 1-
dimensional analytic set, of the combinatorial class in the Julia set of the quadratic
polynomial hybrid equivalent to the first quadratic renormalization (see also [7]).

More strongly, we prove there exists a continuum connecting P and F' in the
combinatorial class (Theorem [4.3). In addition, the important fact is that F' is
constructed as a perturbation of z(1 + 2)2. Hence such a continuum has a defi-
nite diameter, and furthermore, we can have F infinitely renormalizable not only
in the sense of polynomial-like maps, but also in the sense of the near-parabolic
renormalization [10], which should allow us to study the dynamics of F' further.

The combinatorial rigidity conjecture for the unicritical family 2%+ ¢ is still open
for d > 2. Our example does not contradict this; we are working in a bigger family
of the whole cubic polynomials, and the intersection of the combinatorial class with
the uncritical family can be a singleton.

2. PRELIMINARIES

Let f be a polynomial. The filled Julia set K(f) of f is defined as:
K(f)={2€C| Sug\f"(Z)l < oo}
ne

We call the boundary J(f) of K(f) the Julia set of f.
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In this paper, we only concern about the monic centered polynomials with con-
nected Julia set. We use C3 to denote the set of all such maps, that is,

Cs ={f| f is a monic centered cubic polynomial and J(f) is connected}.

2.1. External rays and equipotential curves. For any f € C3, there exists a
unique conformal map ¢ : C\ K(f) — C\ D with the following properties.

e v(z)/z—=1as z— oo.
e o(f(2)) = (p(2))? for all z € C\ K(f).
The Green function of f is defined as

Gy(z) = { log |p(2)], if 2 & K(f);

0 otherwise.

For any s > 1, we call the set G;l(s) the equipotential curve of level s and denote
it by E(s).
For t € R/Z, the external ray Ry (t) of angle ¢ is defined as

Ry(t) = ¢~ ({re*™" | r > 1}).

If the limit
z = lim ¢~ ! (r exp(27ih))
r—1

exists, then we say Ry (0) lands at = and 6 is the landing angle for x.
The rational lamination of f, denoted by A(f), is the equivalence relation on
Q/Z so that 61 ~ 65 if and only if R(61) and R¢(62) land at the same point.

2.2. Yoccoz puzzle. Fix an f € C3. We say that a finite set Z is f-admissible if
the following hold:

e 7 is the union of some repelling periodic cycles.
e for any z € Z, there exist at least two external rays landing at z.

Fix an f-admissible set Z. Let Ty = I'Z denote the union of all the external rays
landing on Z, the set Z itself and the equipotential curve E(1). For each n > 1,
define I',, = f; " (To). A bounded component of C\ T, is called a puzzle piece of
depth n.

2.3. External markings and hybrid conjugacies. We say F' : U — V is a
cubic-like map if F' is a holomorphic proper map of degree 3 and U € V are Jordan
disks in C. Similar to polynomials, we define the filled Julia set K(F) of F as

K(F)= () F™U).

neN

By an admissible path to K(F') we mean a continuous map = : [0,1] — V so that
~v(0,1] € V' \ K(F) and (0) is a fixed point of F. We say two admissible paths o
and y1 to K (F) are homotopic if there exists a continuous map 4 : [0,1] x [0,1] — V
such that

o ¢t — 7(s,t) is an admissible path to K(F') for all s € [0,1];
o 5(0,t) = vo(t) and ¥(1,t) = y1(¢) for all t € [0, 1];
e 3(s,0) = 7(0) for all s € [0,1].
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We say an admissible path v is F-invariant if F(yNU) = . A homotopy class
of F-invariant admissible paths to K(F') is called an external marking of F. An
externally marked cubic-like map (F,[y]) is a cubic-like map F with an external
marking [v]. By abuse of notation, We often omit [y] and simply call g an externally
marked polynomial.

The fixed point v(0) is called the externally marked fixed point for (F,[y]). Note
that every externally marked fixed point has zero combinatorial rotation number.

Note that the external ray R (0) of angle 0 naturally induces an external marking
of a given cubic polynomial f. This external marking is called the standard external
marking of f. In the following, every monic cubic polynomial f is externally marked
by the standard external marking unless otherwise stated.

Two cubic-like maps F': U — V and g : U’ — V' are said to be quasiconformally
conjugate if there exists a quasiconformal map ¢ : C — C such that po F' = G o ¢
near K (F'). We say that F' and G are hybrid equivalent if they are quasiconformally
conjugate and there exists a quasiconformal conjugacy ¢ so that Of = 0 a.e. on
K(F). The following theorem is a special case of [9, Theorem A].

Theorem 2.1 (Straightening). Let F' be a cubic-like map with connected Julia set
and let [y] be an external marking of F. There exists a unique cubic polynomial
f € Cs such that there exists a hybrid conjugacy between F and f sending the
external marking [y] of F to the standard external marking of f.

3. STRAIGHTENING AND TUNING

Recall that C3 denotes the connectedness locus of monic and centered cubic
polynomials. We always consider a polynomial f € C3 externally marked by the
standard external marking. Then Cs is isomorphic to the family of affine conjugacy
classes of externally marked cubic polynomials with connected filled Julia sets.

For any ¢ > 2, fix a unicritical cubic polynomial P,(z) = 2% + ¢, such that
P, is monic and centered;

The unique critical point of P, is periodic of period g.
Py has a repelling fixed point ap, with rotation number 1/q.
ap, is the landing point of Rp, (1/(37 —1)).

Note that P, is the center of the 1/g-satellite copy of the multibrot set Ms

attached to the main hyperbolic component, namely, at

Ti/q 3 27i/q
B B

3V3
emi/a

which has a parabolic fixed point of multiplier €27/ at VR The limit

) eﬂi/q(B _ eZﬂi/q) 2
lim =
a0 3V3 3V3
is the cusp of the main hyperbolic component.
Let C(q) denote the set of combinatorially renormalizable maps with respect to
A(P,), that is,

Clg) ={f €Cs [ A(f) D A(Fy)}-
There exists a subset R(q) C C(g) and a well defined straightening map

Xq * R(Q) — C3
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with the following dynamical property. For any f € R(q), f is renormalizable in
the sense of polynomial-like mapping and its renormalization is hybrid equivalent
to x4(f) respecting external markings. See [9} [I1] for more details.

In this paper, we only consider cubic renormalizations; hence a map f € Cs is
renormalizable if there exists a cubic-like restriction f9: U — V of some iterate of
f with connected filled Julia set such that U contains both of the critical points.
We call the f?: U — V a renormalization of period gq.

Lemma 3.1. Let f € Cs satisfy the following:
(1) There exists a fized point o of rotation number 1/q for f.
(2) There exists a cubic renormalization f9: U — V of period p. Let K be the
filled Julia set of the renormalization.
(3) An external angle 0 of « for f satisfies the following: The connected com-
ponent of C\ (Ry(0) U R¢(30) U{a}) containing Ry (0 + €) for sufficiently
small € contains K \ {a}.
Then by replacing f by —f(—z) if necessary, we have the following:
e 30=1/31-1) in Q/Z, and
. f S R(q)

Note that the third assumption is not only for 6, but also for the renormalization
because there are “crossed” renormalizations [I4] for which such 6 does not exist.

Proof. First observe that since the combinatorial rotation number of « is 1/q,
0,360,320, ...,39710 are ordered counterclockwise.
Rf(g), Rf(39), ceey Rf(3q719)

as well as the landing point « divide the plane into ¢ sectors. Let Sy be the sector
bounded by Ry(3*7160) and R;(3%0). Then S; contains both of the critical points
and f: Sk — Sk41 is a homeomorphism for k = 2,..., ¢ (indices are understood in
modulo q here).

Therefore, the intervals [3*710,3%0] (k = 1,...,q) partition R/Z and their
lengths ¢}, satisfy

30, =2+ 4, 30y, = lryq (k=2,...7q).
Hence it follows that

SO

= mod 1.
39 -1
Therefore, we have
1 Lo
T3—1 M1y
By taking a conjugacy by z — —z (in other words, by replacing f by —f(—z)) for
the latter case, we have 36 = =

30

39—1°
Since K C Sy, it is easy to see that f € R(q). O
We proceed to define C(q,,) for any finite sequence ¢, = (¢1,42, - ,qn), ¢5 > 2

for all j. By the main theorem of [I1] (or [9, Theorem B and C]), there exists a
unique hyperbolic and post-critically finite cubic polynomial P, 4, € C(g1) such
that xg, (Pyy,q.) = Pg,- We then define P, , inductively such that P, € C(¢q1) and
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Xaq1 (qu) = Po’(qn)y where U(thQa e 7Qn) = (QQ7 e 7qn) is the shift map. Fina‘HYa
let B

Clan) = {f € Cs | A() 2 A(Py,)}-

Lemma 3.2. For any infinite sequence ¢ = (q1,q2,--+) with q; > 2 for all j, let
4n = (q17QQ7 e 7QTL) fOT' alln > 1. Then

C(qn) € C(gn-1).

Proof. By construction, P, € C (¢n-1). Hence the lemma follows from the defini-
tion of C(gn). O

Lemma 3.3. For any infinite sequence q = (qu,qz,---) with q; > 2 for all j, let
G = (q1,92,-++ ,qn) for all n > 1. If a sequence {f,} of cubic polynomials with
Jn € C(qn) converges to f, then

fec(a)=()Clam)

Moreover, f is infinitely renormalizable. In particular, C(q) is a nonempty compact
set.

Note that C(gy,) is not compact. This lemma is essentially proved in [§] in a more
general situation, but we provide a simpler proof under our current situation.

Proof. For n € N, Let @, = P,,. Note that @, has a periodic point «, with
period s, = q1q2---qn_1 and rotation number 1/qn. Let ©,, be the set of all
external angles of a,, for @,. For each n € Z,, fix an angle 0,, € ©,, and let 3,
be the landing point of the external ray R(6,). By [6, Lemma B.1], it suffices to
show that each (3, is repelling.

We first show that ; is repelling. To obtain a contradiction, we assume that 5y
is parabolic.

Case 1. f; is repelling. It follows from [6, Lemma B.1] that R;(t) lands at (2
for all t € ©2. We use all the external rays with angles in ©4 and the equipotential
curve of level 1 to make Yoccoz puzzle. Note that there exist critical puzzle pieces
chlquqz) of depth kqiqo (k € Z) such that the first return map

qu]z . chkquh) - Yc(g(k_l)qqu)

2 2

is a 3-to-1 covering map. Since f, € C(Q2), the corresponding first return map
faa Yf(kqlfh) N Yf((kfl)tnqz)
. Yf(k‘hqz) N Yf((k—l)qwz)

is also a 3-to-1 covering map. Thus f71% is a 3-to-
1 covering. This implies the orbits of two critical points of f can never escape
U?fgil fI (Yf(qlqz)). However the parabolic fixed point 51 must attract at least one
critical point of f. Hence 8; has to lie in Ugfgil fi (Yf(qlqz)). By the definition
of f1 and [y, B cannot belong to the boundary of any puzzle piece. So 1 €
U?lzqoz_l 17 (Yf(qm)). This contradicts with the fact that
g2 . v (0192) (0)
faae 1Yy - Y

is a first return map.
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Case 2. [ is parabolic. Then f3 must be repelling since a cubic polynomial
can have at most two parabolic cycles. By using a same argument in case 1, one
can show that this is impossible.

Similarly, one can show that 3, is repelling for all n € Z ..

|

Definition 3.4. Let f and g are cubic polynomials with connected Julia sets. Let
a be a fixed point of f, and S be a [-fixed point of g, i.e., a fixed point with
combinatorial rotation number 0. Let p/q be an irreducible fraction with ¢ > 2.
We say (f,«) is a p/g-rotatory of (g, 8) if there exist topological disks U € V' with
the following properties.

The rotation number of « is p/q and « € U.
7.0 — V is a cubic-like map with connected Julia set K.
Both of the critical points of f lie in U.
There exists a hybrid conjugacy h between f9|U and g such that h(a) = 5.

If g is externally marked, we further require the following: There exists 6 € Q/Z
such that

e the external ray Ry(f) lands at z;
e K\ {z} is contained in a component of

p—1

C\ (U f"(Ry(0)) U {$}> ;
n=0

o the external marking for f¢: U — V defined by R;(#) (note that this does

not depend on the choice of 8) corresponds to the standard external marking
by the hybrid conjugacy h.

Note that no rotatory exists if 3 is parabolic. Otherwise, rotatories always exist:

Theorem 3.5. Let p/q be an irreducible fraction with ¢ > 2 and let g be an exter-
nally marked cubic polynomial with connected Julia set. If the externally marked
fized point is repelling, then there exists a p/q-rotatory of (g, ).

Indeed, a quasiconformal surgery construction is given in [IT], Theorem 4.1] under
more general settings.

In the following, we only consider the case p = 1; i.e., 1/g-rotatories. Then by
Lemma the following further holds:

Corollary 3.6. Under the assumption of the theorem, consider further the case
p = 1. Then there exists a 1/q-rotatory (f,«) of (g,8) such that

(1) the combinatorial rotation number of o for f is 1/q,

(2) the external ray Ry(z7—=) lands at o, and
(3) feR()

We recursively apply this corollary to construct infinitely renormalizable poly-
nomials. However, since we want to start with parabolic maps, The first step is
done explicitly as follows:

For ¢ > 2, let

(3.1) Go(2) = ™92 (1 4 2).
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FIGURE 1. The Julia set of §i125. The biggest yellow region is the
filled Julia set of the combinatorial (or parabolic-like) renormaliza-
tion. There is a critical point located at the thinnest part of the
region, which the preimage of the parabolic fixed point of multi-
plier €27/128 at the origin.

Note that g, has a parabolic fixed point 0 with rotation number 1/¢q and there
exists a critical point —1 satisfies
@\q(_l) =0.

Let Bq = e ™/9 — 1 be the repelling fixed point of gy that is close to 0. Note
that there is a unique external ray landing at Bq. Such an external ray induces an
external marking x4 of ;. By Theorern there exists a unique cubic polynomial
gq € C3 so that it is hybrid equivalent to g, and there exists a hybrid conjugacy
between g, and g, that sends the standard external marking of g, to the external
marking k, of g,. Consequently, g, and g, are affinely conjugate. Let 8, and ay
be the fixed point of g, which corresponds to Bq and 0 respectively by the affine
conjugacy between g, and g,. Let w, and w; be the critical points of g, such that
wy lies in the parabolic basin of a, and g,(wy,) = ay.

Let goo = limy_,oc g4- It is & monic centered cubic polynomial affinely conjugate
t0 Goo = limg, = 2z(1 + 2)2.

Lemma 3.7. Let f be a monic and centered cubic polynomial. Assume that f has
a parabolic fized point xo with multiplier €2™/9 for some ¢ € N and there exists a
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critical point ¢ which satisfies
f(c) = zo.
Then f is affinely conjugate to gq.

Proof. Let ¢ : C — C be an affine map such that ¢(zg) = 0 and ¢(c) = —1. Then

it is easy to see

/g\q:(pofogo_l_

O

Lemma 3.8 (QC-rigidity). Let g, be the polynomial as above. Assume that f € Cs
is quasiconformally conjugate to g,. If there exists a quasiconformal conjugacy ¢
sending the standard external markings of f to that of gq, then f = gq.

Proof. Since g4 and f are quasiconformally conjugate, f has a parabolic fixed point
xo with multiplier €>™/9 and there exists a critical point ¢y of f such that f(cp) =
zo. By Lemma @ f is affinely conjugate to g,. The conclusion follows since the
conjugacy respects the standard external marking of f and g,. O

Lemma 3.9. For any p,q > 2, there exists a monic and centered cubic polynomial
9p.q € R(p) such that

® gp.q has a repelling fized point o, , with rotation number 1/p;

® (9p.q»p,q) 18 a 1/p-rotatory of (g4, By)-
Moreover, as q tends to infinity,

® gy q converges to gp.

o Let a;w be the parabolic periodic point of g, 4 of period p whose immediate
basin contains a critical point. Then both oy, 4 and oy, , converge to ay,.
Proof. First of all, for any p,q > 2, it follows from Corollarythat a 1/p-rotatory
(9p.q> Op,q) exists and g, , € R(p). Let w4 and wj, , be the critical points of g, 4
such that w4 lies in the immediate basin of the parabolic periodic point a;’q, and

Ip.a(Wp.q) = Ip.a(apq)-

The task now is to show that g,, converges to g,. Since the connectedness
locus C3 of cubic polynomials is compact, any subsequence of {g, 4 }4>2 has a con-
vergent subsequence. It suffices to show that the limit function of any convergent
subsequence of {g, ¢ }4>2 is just g,.

To this end, we assume that {g, 4 }4>2 itself converges to some cubic polynomial
Q@ and show that ) = g,. By passing to a subsequence, we may further assume
that the following holds.

(1) As ¢ — o0, a4 converges to a fixed point a of @ and o,
fixed point o of QP. Moreover, (QP) (a/) = 1.
(2) w]’g’q converges to a critical point ¢ of @ such that QP(c) = Q(a).

We claim that a« = o'. Assume by contradiction that « # «o’. Since one of
the critical point of @ is in the basin of o’ and the other is eventually mapped to
o', a must be a repelling fixed point of ). As there are p external rays landing
at oy, with rotation number 1/p, there are also p external rays landing at « with
the same rotation number 1/p. Clearly, g, , and @ are immediately renormalizable
with respect to the fixed point «;, and o respectively. More precisely, there exists
quasidisks U, € V and U € V such that

e gb .Uy — V is hybrid equivalent to g,;

q converges to a
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FIGURE 2. The Julia set of Xoz(1 + bpz + 22) with \g =
0.9987956669... + 0.04906469347...i and by = 1.776923343... +
0.09663115176...4, which is affinely conjugate to giog,12s. This is
a 1/128-rotatory of gios, and the yellow regions correspond to the
yellow region in Figure

e QP : U — V is hybrid equivalent to goc.

Let h, be a hybrid conjugacy between gb |U and g,. Since gb , converges to Q7,
we may assume that the dilatation of h, is uniformly bounded from above. Thus
hg lies in a compact family. Without loss of generality, we may assume that A,
converges to a quasiconformal map h. Note that hy(ag) = 8, and hy(ag) = 0. Let
q — 00, we have h(a) = 0 = h(a’). This lead to a contradiction since « # /.

Since the rotation number of ;4 is 1/p and o = ' is parabolic, Q'(a) =
e?™/P by the Yoccoz inequality [5]. Therefore, by the condition (2) above, @ is
affinely conjugate to g, by Lemma @ Since ) and g, are monic centered cubic
polynomials, @ is either equal to g, or —g,(—z). Hence a = o is the unique
parabolic fixed point for Q.

Since gp 4 is a 1/p-rotatory, a4 is the landing point of R, . (31,%1) Moreover,

since

. . 1
a= lim a,, € limsup R (—)
gy P doo apa \ 37T
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and there is no parabolic fixed point other than «, it follows that « is the landing

point of RQ(%%). Hence @ is in fact equal to g, and we have proved

lim g, , = Q = gp. O

q—o0

Now we repeatedly apply Corollary to construct a sequence of finitely renor-
malizable polynomials. For any given integer n > 1 and ¢, = (q1,92, - ,qn),
we define gg, € C(gn) and a sequence of periodic points (fq,, aéi), .. .,a,(li)) by
induction on n:

For n = 1, we identify ¢1 = (¢) with ¢, and let g, and 3, be defined as above.
Let agl) = ay.

For n = 2, let us denote g2 = (¢1,¢2) = (p,q)- Let g4, = gp,q be asin Lemma
Let qu be the landing point of 0-external ray and let

1 — 2 _ 4
Ag1iq2 = %pg Qg1iqs = Pp g
, .
where a4 and «;, , are as in the proof of Lemma

For n > 3, let (gqn,aéi)) be a 1/gi-rotatory of (g,(q,), Bo(q,))- (Recall that
o is the shift map.) Ey aking an affine conjugacy if necessary, we may assume
9q, € R(q1) and X(94,) = 9o(q,)- Let By, be the landing point of 0-external ray for
g, - Take a hybrid conjugacy h from a renormalization gf! : U — V to Yo (qn) and
for k=2,...,n,let

_ k-1
O[((ILZ) = h 1(0[5‘(&)))
Observe that ozt(llj) is of period Hf;ll q; and ag) is a parabolic periodic point whose

4, De the critical points of

immediate basin contains a critical point. Let w,, and w
Jq,, such that

(Z), and

® wy, lies in the immediate basin of a
* 90, (wh,) = 9o (0f)).
Definition 3.10. We say a polynomial f € Cs is quasiconformally rigid if there
is no polynomial g # f € C3 such that there exists a quasiconformal conjugacy
between f and g which respects the standard external markings of f and g.

The following lemma will be one of the main ingredients in the proof of the main
theorem.

Lemma 3.11. Fizn > 1. For g, = (q1,q2, - ,qn), let gk = (q1, 42, , qn, k) be
the concatenation of g, and k. Then

® gq, 1S quasiconformally rigid.

® gg.k converges to gq, as k — oo.

Proof. The proof is by induction on n. For n = 1, the conclusion follows from
Lemma [3.8 and Lemma [3.91

Now suppose n > 2 and the conclusion holds for n — 1, we proceed to prove it
also holds for n. The proof will be divided into two parts.

We first show that g, converges to gq, as k — oo. By passing to a subsequence,
we may assume that gian converges to some @ € Cz. It suffices to prove that

Q:gqi-
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Claim. @ lies in R(q1) and x(Q) = x(g4.), where x : R(q1) — Cs is the
corresponding straightening map. o

It follows from the Claim and the injectivity of x ([9, Theorem B]) that g,, = @.

Proof of the Claim. Let us consider two sequences o

@1 =0(qn) = (92,43, , qn),
q;’L—lk = U(qjk) = (qQ7Q37 e aQTLak)'

Set hnr =g

¢,k and hy = g, . By hypothesis, h. is quasiconformally rigid

1
o or Fauk,
which is a repelling fixed point of g,k With rotation number 1 /q1. By passing to a

1
subsequence, we may assume that 0‘1(1 )k
n

and hyp — he as k — o0o. Let 0 = Sql%l be a landing angle of «

converges to a fixed point « of @ as k — oo.
By a similar argument in the proof of Lemma [3.3} one can show that « is a repelling
fixed point of Q. It follows from [0, Lemma B.1] that € is an external angle of «
for @ and Ry, ,(0) converges to Rq(f) in the Hausdorff topology.

Let ¢ = 3719 and let S, be the sector bounded by Ry, (O)UR,  (0)U

{O‘E;i)k}' Since g4,k € C(q1), any critical point w of g, x satisfies ggzlk(w) € Sqk-

Therefore the rational lamination of @ contains that of P, , so0it follows that

QeClq) ={f €Cs [ A(f) 2 A(Fy)}-

By [0 Lemma 5.13], @ € R(q1) and there exists an analytic family of cubic-like
renormalizations near Q. Then as in [3, Chapter II, Section 7], we may choose
hybrid conjugacies ¢,, between x(gq, k) = hnr and the renormalization of g4, so
that the maximal dilatation of ¢,, is uniformly bounded. Passing to a further subse-
quence, we see that x(Q) is quasiconformally conjugate to kli_)n;o X(9q,k) Tespecting

the standard external markings. Note that
im x(gg,k) = m hp_1k = he = X(9q,)-
k—oo — k—oo 9n

Thus x(Q) is quasiconformally conjugate to X(gqi ) respecting the standard external
markings. By hypothesis, x(gq,) = h« is quasiconformally rigid. Hence x(gq,) =
x(Q).

Now we proceed to prove that g,, is quasiconformally rigid. Assume that there
exists a f € C3 and a quasiconfor;al conjugacy ¥ between f and g,, which re-
spects the standard external markings. We must have A(gq,) = )\(7?) By the
definition of g,,,, gq, lies in R(q1) and x(gg,) = h«. Thus ]731570 lies in R(q1). Note

that conjugacy 1 naturally induced a quasiconformal conjugacy between x(f) and
X(gLn ) = h. respecting the standard external markings. Since h, is quasiconfor-

mally rigid, we have x(f) = h. = x(gq,)- It follows from the injectivity of x ([9,
Theorem B]) that f = 9q,.- O

Theorem 3.12. Let q = (q1, 2, ... ) satisfy q; > 2 for all j. If q; grows sufficiently
fast, then there exists some 9q € C(q) with two distinct critical points.

Proof. Fix ¢ > 2. Recall that g,, has a repelling fixed point o with rotation
number 1/¢;. Moreover, one critical point w; lies in the parabolic basin and the
other w} is mapped to a by gq,. In particular, wy # w. Let n = |w; — wi|.
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By Lemma[3.17] if ¢,, grows sufficiently fast, then the sequence of cubic polyno-
mials g,, constructed as above has the following properties:
e for any n > 2, gqi € C(ql) where 4n = (qlana e 7qn)
e for any n > 2, 9q,, has two critical points w;, and wh.
o for any n > 2, |w, —wy 1| < g7 and |wy, —w;, 4| < 1=
Passing to a subsequence, we may assume that g,, converges to a polynomial
gq € C3 and wy, (resp. wj,) converges to a critical point w (resp. w') of gq- Note
that
n n
lw —wi| < Z lwn, — wn—1] < 0 and |w' — wi| < Z lwl, — wi,_q] < 0
Hence w # w'.
It follows from Lemma that g, € C(g). Clearly, g, is infinitely cubic-like
renormalizable. O

4. COMBINATORIAL NON-RIGIDITY

For any infinite sequence ¢ = (ql,qg, -) with ¢; > 2 for all j, there exists a
unicritical polynomial Py(z) = z* + ¢, € C(q). Hence under the assumption of
Theorem v-, we have obtained two distinct polynomials Py and g4 in C ().

Lemma 4.1. The combinatorial class of Py is equal to C(q), i.e.,

Clg) ={F € Cs [ A(f) = MPy)}-
The following holds from the lemma and Theorem
Corollary 4.2. If ¢ = (q1,q2,...) satisfy Theorem then Py is not combina-
torially rigid.

Proof. Let g4 € C(g) be as in Theorem
By the lemma, we have A(g;) = A(F). Now assume the composition of the
Bottcher coordinates

g, © Op,: (C\ K (Fy)) = (C\ K(gg))

extends to a quasiconformal homeomorphism h on C.
Since both P, and g, do not have any bounded Fatou component, we have

(C\K(P)) = (C\ K(g,)) = C,

hence h: C — C is a quasiconformal conjugacy from Py to g,.

However, there is no topological conjugacy from F, to gq because P is unicritical
and g, is not. Therefore, there is no such a quasmonformal extension and the
combinatorial non-rigidity for P, holds. O

Proof of Lemma[4.1 By definition,

Cla) ={f €Cs | A(f) D A(F, ) for any n}.
Hence it suffices to prove that any f € C(¢g) and any A(f)-equivalent 6;,6> € Q/Z,
there exists some n such that ¢, and 6, are \(P, ) equivalent.

Let us denote A, )\(P ) Now assume 6, and 0y are not A,-equivalent for a
given n. Then they are contained in an infinite \,-unlinked class (gap) L (see [9]
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and [I2] for details), hence for the common landing point « of R;(61) and Ry(62)
is contained in
U r ),
Jj=0
where K, is the filled Julia set of a A,,-renormalization (in other words, n-th renor-
malization) of f. In particular, the eventual period of #; under 6 — 36 is greater
n)

than the Hz;i g (note that this is the period of oz((ln for gy, )-

Hence 6, and 05 are \,-equivalent for sufficiently large n. O

Now we prove the following:

Theorem 4.3. If ¢ = (q1,qo,...) satisfy Theorem then there exists a contin-
uum connecting Py and g4 contained in C(q)

Proof. We just modify the construction in Section

First, recall that Py is the center of the 1/g-satellite copy of M3 and Py, € C(q,)
is the hyperbolic post-critically finite unicritical polynomial such that x; (P,,) =
P, , forn>2. o

Now we construct a sequence ('yn)Lof paths with v, C H,. First take an
arbitrary continuous path v;: [0,1] — H; such that
b ’71(0) = Plh and 71(1) =9q¢:>
o v (t) € Hy for t € [0,1).
Then apply the same construction as gg, , starting from every map g € 71, we obtain

a continuous path 7, connecting P, and g, in Hnp.

Then the set
K= m U 'Yn([ov 1])
N>0n>N

is a continuum containing P; and g4. It follows by Lemma that L C C(q). O

5. NEAR-PARABOLIC RENORMALIZATIONS

In this section, we introduce another kind of renormalization, which is called the
near-parabolic renormalization [10].

We use the notations in Section (3} Let ¢ = (g1, go, . .. ) satisfy Theorem and
let g4 be as in the theorem. As in the proof, g, is a subsequential limit of g, , so
9q has a sequence of periodic points - B

(B, a2, ..)

which is a subsequential limit of (5,,, ag;), agi), ceey afﬁ)). Then a(gn_l) and aé") are
fixed points of n-th (polynomial-like) renormalization of g,. Similarly, let w, and
w; be the critical points which are subsequential limits of w,, and w!, respectively.

Let
n—1
Pn = H q;
j=1

be the period of ai™.

The purpose of this section is to prove the following:
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Theorem 5.1. Let ¢ = (q1,q2,...). If we further assume every q; is sufficiently
large and q; grows sufficiently fast (that is, possibly even faster than Theorem ,
then there exist a universal constant k € N and a decreasing sequence (y)nen of
open sets such that
(1) Qn+1 C Q.
(2) Q, contains the periodic orbit of agl) for gq,
(3) Wy € Qn,_but w’g ZQ0,.
(4) gé(wg)hgé(wé) €Qy for 1 <j<pn—kpn-1.
In particular, the postcritical set is contained in
Nan
n>0

hence w; 18 not recurrent.

Recall that the postceritical set of a given polynomial f of degree at least two is
defined by

P(f) = J fr(Crit(f))

n>1
where Crit(f) is the set of critical points of f.

5.1. Near-parabolic renormalizations. Let P(z) = z(1+2)% and V = ¢ (C\ E),

where
. z+0.18\° Y \2
. = = [ — — <
(5.1) E {z :z:+zy€(C< To4 > +(1.04> _1},
4z
nE) = -7

Consider the following family of holomorphic maps:

©: V= o(V): univalent, ¢(0) =0, ¢'(0) =1, }

_ _ -1,
F1= {h =Poypip(V) = C ’ © has a quasiconformal extension to C

For h = Po ! € Fy, let Dom(f) = (V) be the domain of definition of h.
For a set X € C, let
X x Fi ={f(z) = h(e*™2) |a € X, h € F}.
For f(z) = h(e®>™%2) € X x F, let
Dom(f) = e 2™ Dom(h) = e 2™ ¥p(V)

denote the domain of definition of f.
Now let a, > 0 be small and let

<«={acC|0<|a] <ay, |argal < T},
»={acC|0<]a| <o, |arg(—a)| < T},
>4 =>» U«
In the following, we consider maps of the form f(z) = h(e?™*®h) € 4 x F;. The

argument for the case a € B is parallel. In fact, if f(z) = h(e*™“2) € » x JF, it is
conjugate by complex conjugate to the map of the form

f(z) = [(3) = h(e2m=2z),
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which lies in <« x F; since we have —a € <« and h(Z) € F;. Note that V is
symmetric with respect to the real axis.

Proposition 5.2. If a, is sufficiently small, there exists a constant k > 0 and a
neighborhood W of the origin such that the following holds:

For any f = h(e*™*z) € 4 x F1, f has a unique non-zero fized point ocf € W,
and there exist a domain Py € Dom(f), and a univalent map ®;: Py — C such
that

(1) The boundary of Py is a piecewise smooth curve containing 0, o¢ and cpy =

g.
(2) Im®s(z) > +o0 as z = 0 and Im P (z) - —o0 as z — oy in Py.
(3) @s(cpy) =0 and
{we C|Rew € (0,2)} C &4(Py).

) ®r(f(2)) = @s(2) + 1, where both sides are defined.

) @ is uniquely determined by the above conditions.
) ®; depends holomorphically on (o, h).
) ©4(Ps) ={w e C|0<Rew < Re(%) - k}.

See [2 Propositions 2.1-2.3]. When « € », the same statement holds with (2)
replaced by

(2) Im®y(z) » —co as z — 0 and Im P (2) — +o0 as z — oy in Py.
The ®; above is called the (normalized) Fatou coordinate of f.

For f € w4 x F1, define « = o(f) and 8 = S5(f) b
(5.2) f'(0) = exp(2mia(f)), f'(of) = exp(2miB(f))-

Now let
(5.3) Af 4= @;1({w€C|%§Rew§%, +Imw > 2}),
. Cy :z@‘l({w€C|%§Rew§§, -2 <Imw < 2}).
Proposition 5.3. Under the assumptzon of Proposition[5.3, there exist a positive
integer kf, domains Af L and Cf L' such that

_ Tt
(1) The fized point O lies in the boundary of Af,]jrf , and oy lies in the boundary
of A"
(2) For0 <k <ky, let

kE—k kfi —k KE—k kT
f:t—f (A7), Cri=[f"777(C ).
Then Afi = A+ and Cﬁi =Cy.
(3) We have

—k¥ _—kF 1 1
Af,i,Cfi - ZE’Pf|§<Re(I)f(Z)<Reafk .

(4) The maps
frAf L = AR (—kF
fiCfy— ck“ (—k7 <
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are univalent, and
f:Cry =Y
s a proper branched covering of degree two.
See [2, Propositions 2.6, 2.7].
The petal P; approaches to the fixed points 0 and o5 as Im®(z) tends to

+o0o. Asymptotically, it approaches the fixed points in logarithmic spirals when
Ima,Im g # 0:

Proposition 5.4. There exists a constant k' such that the following holds:
Under the situation in Proposition[5.3, there exist continuous branches of argw
on Py and on Py — oy such that

(1) Forall¢ € (0,Re: — k),
lim (arg <I>J?1(( +i€) + 2réIma) = argoy + 2n¢ Re v + 5.

£—+o0
(2) Forall¢ € (0,Re: — k),
. lim (arg(®;'(C +1i€) — o) + 2nEIm §) = arg oy + 2mC Re f + ¢
——0c0

where o = a(f) and B = B(f), and ¢y, c’f are constants depending on f with
lesls[ef] < K/(1 —log|al)).

See [2, Proposition 2.4].

Let . .

+._ 27k —k}
Sp = Af"i~ uc, .
Then we can define the lifted horn maps S?E by
~ + _
Efi =®s0 fFr o CI)flz @lf(S]jf) — C.
Then g‘fi satisfies the following functional equation
Er(w+1)=Ef(w)+1

where both sides are defined (that is, on the “left” boundary arc).

Therefore, there exist well-defined holomorphic maps Efi defined near the origin
such thatp

Ejjf(z) o BExp® = ExpT o £F,
where
+ 4 :
Exp™(w) := ~ exp(£2miw).
As in the case of parabolic renormalizations, the origin is a removable singularity

and they have the forms
Ef(2) = e a2 1+ 0(2%), £ (2) = e ™52 4+ 0(22).
The maps £* are called the horn maps.
Theorem 5.5 ([10]). If . is sufficiently small, then for any map f(z) = h(e®™?z) €
« X Fp, the horn maps 5fi can be extended to a map of the form
EF(2) = hy(e ¥ 2), £ (2) = h_(e7™'52)

with hy € F1.
Moreover, ho depends holomorphically on f.
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See [10] for the complex structure on F;. We only need the continuity of (a, h) +—
h+. As above, the statement hold also for the case o € B, by exchanging « and .

Now we have the upper renormalization h; and the lower renormalization h_.
For near parabolic case, it is rather important which fixed point the renormalization
under considerration goes around, hence it is often more convinient to use the notion
of top and bottom renormalizations, following Cheraghi and Shishikura [2]:

Definition 5.6. We denote the extensions of 5; (resp. ;) in the above theorem
by R:(f) (resp. Rip(f)) and call it the top (resp. bottom) near-parabolic renormal-
izations of f.

For the case f € » x F1, We denote the extension £~ by R;(f) and that of £

by R (f).
In other words, we define the top and bottom renormalizations in a consistent
way by the following property:

e the top near-parabolic renormalization is (the extension of) the horn map
at the origin, and

e the bottom near-parabolic renormalization is (the extension of) the horn
map at the bifurcated fixed point o.

Recall the neighborhood W of 0 in Proposition[5.2] We may assume f € {a}xF;
contains a unique non-zero fixed point oy in W not only if o« € »« but also if
a €D,, ={aeC|l|a] <a.}. Thus B(f) = 5= log f'(cy) is defined even in this
case.

Lemma 5.7. There exists some q.. < o such that for f € {a} x F with |a| < a,
if B €R and |B] < aux, then a = a(f) € »a.
In particular, the top and the bottom near-parabolic renormalizations are defined

for f.

See also [2, Lemma 6.8].

Proof. For f € 4 x F1, let

1 dz
I“”:%ﬁéwz—ﬂw'

By the precompactness of Fi, I(f) depends continuously (even holomorphically)
on f and is bounded (see [2, Lemma 3.24] for more detail).
Thus the lemma follows easily by the equality

1 1
"D =1=p0) " 1= oy

In fact, if 8 > 0 is sufficiently small, then I(f,05)) = % is large and

ReI(f, Uf)
Im](f, O'f)

is close to 0. Hence
1
I(f,0) = ———==1I(f) -1
(1:0) = =g = 1)~ 1(.09)
has large negative imaginary part and uniformly bounded real part. This implies
a € pd.
The case 5 < 0 is similar. O
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Note that the assumption that 5 € R is too strong, and we only need to assume
that |Re 8| > k|Im | for some k > 1. Also, if 8 > 0, then we have Rea < 0, and
vice versa.

6. DEEP RENORMALIZATIONS

Here we consider the case that a given map f € »« X F7 is several times near-
parabolic renormalizable, especially the case of bottom renormalizations.

In this section, we fix f = fy € »« x F1, which is (at least) twice near-parabolic
renormalizable. More precisely, f1 := R.(f) (x = t,b) again lies in »4 x F;. Let
s0 € {+, —} be such that R.(f) = £;° near the origin.

As in the previous section, there exists a domain So := S7° C Py such that

Exp® oR,(f) = &0 fk;o o @;1 o Exp®® (x =t,b).
on Exp*®°(Sp).

Then since fkfs‘o (So) = Ay 5, UCY, it follows by (5.3)), Propositionand Propo-
sition @ that

lo
U = J "(So)
n=0

is a neighborhood of 0 (the case * =t) or oy (the case * = b), where
X 1
lo =k} + {Re kJ .
o

Now we further assume f is N-times near-parabolic renormalizable, and the j-th
renormalization is bottom for j = 2,..., N. Namely, for each j = 2,3,..., N, we
assume f;_1 € p4 X Fi, hence f; := Rp(fj—1) is well-defined.

Let s; € {+, —} satisfy f; = 5;; and let

S5 - . 1 —_
S =57, = ke + {Rea(fj) kJ

L
Uy = £y
n=0

Since f; is the bottom renormalization of f;_; for j > 2, U; is a neighborhood of
0j—1:= O-fj—l'

We want to define a set Uj" (0 < m < j < N) in the phase space for f,, which
is a neighborhood of a periodic orbit of f,,, and “corresponds to” U; =: L{j -1

To this end, we want to define an appropriate inverse branch 7; of Exp® o®; on
Uji1, where ; = &, is the Fatou coordinate for f;. Observe that P; 1 approaches
the fixed point at 0 in a logarithmic spiral, the image of every inverse branch of
Exp® on Pj4+1 does not contained in the vertical strip ®;(P;). However, this spiral
part at 0 is not contained in U}, and we have the following:

Lemma 6.1. There exists a universal constant C' > 0 such that we can choose a
contiuous branch of the argument on U; such that |argz| < C for all z € U;.

In particular, if aj_1 is sufficiently large, then there exists a continuous inverse
branch n; of Exp™~* on U; such that

n;U;) C Pj-1.
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Proof. We may assume o; = «a(f;) > 0. First we recall some results in [I8] and
[10]. Consider the pre-Fatou coordinate z = 7;(w) defined by
— 93
Tj(w) T 1 — e—2micjw .
Let F;(w) be the lift of f; by 7; such that
Fi(w)=w+14+0(1) as Imw — +o0.

Then there exists a domain P; such that 7; maps P;) conformally to P;.
Recall that 7;(w) converges locally uniformly to —X as o;; — 0 [I8] § 3.3.2], and
F;(w) also converges to
@: V@ = ¢(V?): univalent,
.7:1Q ={H=Qop ' p(V) = C| p(co) =00, lim,_ s ‘Piz) =1, ,
¢ has a quasiconformal extension to C

up to affine conjugacy, where V& = C \ E and
116
(1+3)
1\4°
(1-2)
Moreover, if F; — H € ]-"1Q as a; — 0 (by taking an affine conjugate, and passing
to a subsequence if necessary), the Fatou coordinate ®; o 7; for F; converges to
an attracting Fatou coordinates ®p atr of H locally uniformly on some domain
Dom(® g attr) containing a right half plane.
Moreover, @ g attr(cvpr) = 1 where cvy = 27 is the unique critical value, and the

image P g attr (Dom(P® g attr)) contains the right half plane H = {z € C | Rez > 0}
[10, Propositions 5.6, 5.7]. Also,

Qz) ==

%% %

This essentially follows from [0} §5].
In fact, let h € F; (i.e., consider the parabolic case o = 0) and let H = ¢Oofo¢(;1
where ¥g(z) = —%. The map H can be written as H = Q o ¢~ where Q(z) =

1+1)° : . S P .
z (1+ z )4 and ¢ is a univalent map tangent to the identity at infinity, defined outside

the eflipse E defined by (5.1)).
Then oo is the corresponding parabolic fixed point for H and its attracting petal

P = ®ge({z € C | Rez > 1))
is contained in
V:V(uo,%”) ={z€C|z#up, |arg(z —up)| < %”},

where ® g a4y is the attracting Fatou coordinate normalized so that @ g ager(cvp) =
1, cvy = 27 is the critical value, and ug = % [10, Propositon 5.6].

For simplicity, we consider the upper renormalization. The parabolic renormal-
ization of f is obtained by taking appropriate inverse images of the closures of the
following domains

D, = q);l}attr({z |1<Rez <2, —2<Imz<2}),
D} =@t .({z]1<Rez <2 Imz > 2}).
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Let U be the union of those inverse images (i.e., U in [10, §5]) and {J,—, H"(Dy U DY).

Then U is a simply connected domain in C*.
Then the argument in [10) §5] shows that those inverse images can be regarded
as subsets of a Riemann surface

(VuX)/~,

where X is the Riemann surface defined in [I0, §5] with the natural projection
mx: X — C, and ~ is defined by

VozryweX <= z=nx(w), and w € X1, UXy_.

Moreover, there is a continuous branch of the argument on X taking values in
(—m,3m). In particular, there exists an arc v : [0,1) — C\ U such that

= lim I t —
7(0) =0, Ji Im y(t) — —oo,
argy(t) € (—2m,4m).

Recall that f; is a small perturbation of some map h € F;. (Precisely speaking,
we take «, suffuciently small such that the following hold.) Consider the pre-Fatou
coordinate z = 7;(w) defined by

— 9;
Tj(w) T 1— e—27riajw :

where o; = a(f;).

Define S;. Let
L
Z:[j = U F]nfl(Sj).
n=0

Then by the construction and the continuity of Fatou coordinates, it follows that
U; is contained in a small perturbation of .

In particular, we still have an arc v as above disjoint from Z;{j.
O

Let @, be the Fatou coordinate for fi. It is defined on Py, := Py, , which contains
Sk+1. Note that Vi := Exp®* o®;_1(S)) is a punctured neighborhood of 0 and it
contains oy for k=2,..., N — 1. Let

o= (Bxp™ ! o®p_1)ls,_,) " (on).

Then a’,z*l is a periodic orbit of fi_1. As a(fr—1) tends to zero, the whole perdiodic
orbit of U’,j_l tends to op_1.
Now recall some detail on Fatou coordinates (see [I8] for more details). For each

k, let

Pp— O.k
Tk(w) T 1— 6727Tiakw .
We consider new coordinate w, called the pre-Fatou coordinate for fi, defined by

z = (w) where ay = o(fy). Fix a large constant b > 0 and let

(5 -v-w)l <3}
arg | ——b—w|| < =-m;,.
o 2

If «v, is sufficiently small, we can take a lift Fy of fi by 7% such that it is univalent
on Q,, and

3
Qy = {wE(C | |arg(w — b)| < 2™

Frp(w)=w+1+4+0(1) as Imw — +oo.

inconsistent indices!
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Then there exists a Fatou coordinate @y, : W, — C, ie., a univalent map satisfying
P (Fi(w)) = Op(w) + 1
where both sides are defined. Moreover, there exist constants cki such that
(6.1) Df(w) =w+cf +o(1)
as w — oo satisfying 0] < arg(£(w—wp) < 0 where wy € Cand T < 6] < 0, < 2F
Lemma 6.2. If «, is sufficiently small, there exists a holomorphic extension of an
inverse branch ny of Exp®* =t o®y_1 defined on Py such that
Ne(Ag,s, UCs) C Pr_i.

Note that by Proposition the petal Pj, approach to 0 in logarithmic spiral
when a(fx) # R, and this implies that 7 (Px) is not contained in Pj_1.

Proof. O

7. CONTROLLING CRITICAL ORBITS

Now consider the sequence of polynomials (g, )nen for a sequence ¢ = (g1, g2, - - -)
growing sufficiently fast in Theorem [3.12
Recall that the first element g,, is affinely conjugate to

gq1 — eZm‘/qlz(l + 2)2 _ eQTri/qlP(Z)7
whose linear conjugate satisfies
e 2/ ng, (e2™92) € pa x Fi.

Hence we can consider the near-parabolic renormalizations of g4, at the parabolic
fixed point as those of §,,. The top near-parabolic renormalization R;(gq, ). Then
by definition, R;(gq, ) has a parabolic fixed point at the origin, i.e., Ri(gq,) € F1
by Theorem 5.5

Since gq,,q, is & perturbation of g4, , it is natural to expect that g4, 4, is twice
near-parabolic renormalizable, and so on.

By induction, assume gy, , is (n — 1)-times near-parabolic renormalizable such

that only the first near-parabolic renormalization is top, but the other (n — 2)
renormalizations are bottom.
Now fix the sequence g. We see that

fok =R 1 oRi(g,,) (1<k<n)
are defined.

Let n > 2 and assume f,,—1 5 (1 <k <n—1) are defined. By Lemma 9an
is a perturbation of g,, ,. Hence if g, is sufficiently large, f,x (1 < k < n) are
defined, and f, ,—1 lies in D, X Fi.

By Proposition [5.4]

In fact, by induction, we have the following:

Lemma 7.1. If ¢ = (q1,q2,-..) grows sufficiently fast, then g,, is n-times near-
parabolic renormalizable. Only the first near-parabolic renormalization is top, but
the other (n — 1) renormalizations are bottom.

Moreover,
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(1) Ry" ' oRi(gq,) € Fi.
(2) Let sp—1 € {+,—} satisfy

Proof. We have already shown for the case n = 1.
Let n > 2 and assume g, , satisfies the lemma.
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