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Introduction

In this article, we discuss a lifting of elliptic cusp forms to higher dimensional symmetric spaces. We will
consider two cases. The first case is the Siegel modular case [18], and the second case is the hermitian
modular case [19]. The Fourier coefficients of our liftngs are closely related to those of Eisenstein series.
When the degree is 2, our lifting reduces to the classical Saito-Kurokawa lifting or hermitian Maass lifting.

The finite part of the automorphic representation generated by this lifting is isomorphic to a degenerate
principal series. In particular, this is a non-tempered representation.

Part I : Siegel modular case.

1 Basic facts

We recall basic facts about Siegel modular forms. The Siegel upper half space Hn of degree n is defined
by

Hn = {Z = tZ ∈ Mn(C) | Im(Z) > 0}.
Here, Im(Z) > 0 means that Im(Z) is positive definite. Note that H1 = {τ ∈ C | Im(τ ) > 0} is equal to
the upper half plane. The symplectic group

Spn(R) =
{
g ∈ SL2n(R) g

(
0n −1n

1n 0n

)
tg =

(
0n −1n

1n 0n

)}
=

{(
A B
C D

)
∈ SL2n(R) A tB = B tA, C tD = D tC, A tD − B tC = 1n

}

acts on Hn by
(

A B
C D

)
(Z) = (AZ + B)(CZ + D)−1. Put

S′
n(Z) = the set of half-integral symmetric matrices

= {B ∈ 1
2
M2n(Z) |B = tB, Bii ∈ Z (1 ≤ i ≤ 2n)},

S′
n(Z)+ = {B ∈ S2n(Z) |B > 0}
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A holomorphic function F on Hn is called a Siegel modular form of weight l if

F ((AZ + B)(CZ + D)−1) = F (Z) det(CZ + D)l

for any
(

A B
C D

)
∈ Spn(Z). When n = 1, we need to impose that F has a Fourier expansion

F (Z) =
∞∑

N=0

aF (N) exp(2π
√−1NZ), Z ∈ H1.

When n ≥ 2, a Siegel modular form F automatically has a Fourier expansion

F (Z) =
∑

B∈Sn(Z)
B≥0

AF (B)e(BZ).

Here, e(X) = exp(2π
√−1tr(X)). The complex number AF (B) is called the B-th Fourier coefficient of F .

A Siegel modular form F of degree n is called a cusp form if AF (B) = 0 unless B ∈ Sn(Z)+. The space of
Siegel modular (resp. cusp) forms of degree n and weight l is demoted by Ml(Spn(Z)) (resp. Sl(Spn(Z))).

2 Fourier coefficients of the Eisenstein series

Now we assume k ≡ n mod 2 and k > n + 1. Put

Γ (2n)
∞ =

{(
A B
C D

)
∈ Sp2n(Z), C = 0

}
.

The Siegel Eisenstein series on H2n of weight k + n is defined by

E
(2n)
k+n(Z) =

∑
(A B

C D )∈Γ
(2n)
∞ \Sp2n(Z)

det(CZ + D)−k−n.

As we have assumed k > n + 1, E
(2n)
k+n is absolutely convergent. Moreover, E

(2n)
k+n is a Siegel modular form

of weight k + n. We define the normalized Eisenstein series by

E (2n)
k+n(Z) = 2−nζ(1 − k − n)

n∏
i=1

ζ(1 + 2i − 2k − 2n) · E(2n)
k+n(Z).

For B ∈ S2n(Z)+, we put DB = det(2B). The absolute value of the discriminant of Q(
√

(−1)nDB) is
denoted by dB. Put fB =

√
DB/dB. Let χB be the primitive Dirichlet character modulo dB corresponding

to Q(
√

(−1)nDB)/Q.
For each prime p, let ep : Qp → C× be the additive character of Qp such that ep(x) = e(−x) for any

x ∈ Z[1/p].
Recall that the Siegel series for B ∈ S′

2n(Z)+ is defined by

bp(B, s) =
∑

R∈Sym2n(Qp)/Sym2n(Zp)

ep(tr(BR))p− ordp(ν(R))s,
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where
Sym2n(Qp) = {R = tR |R ∈ M2n(Qp)},
Sym2n(Zp) = {R = tR |R ∈ M2n(Zp)},

ν(R) = [RZ2n
p + Z2n

p : Z2n
p ].

Put

γp(B; X) = (1 − X)(1 − pnχB(p)X)−1
n∏

i=1

(1 − p2iX2).

Then there exists a polynomial Fp(B; X) ∈ Z[X] such that

bp(B, s) = γp(B; p−s)Fp(B; p−s).

Katsurada [20] proved the following functional equation

Fp(B; p−2n−1X−1) = (p2n+1X2)−ordpfB Fp(B; X).

In particular, we have degFp(B; X) = 2ordpfB.
It is known that for B ∈ S′

2n(Z)+, the B-th Fourier coefficient of E (2n)
k+n(Z) is equal to

L(1 − k, χB)f2k−1
B

∏
p|DB

Fp(B; p−k−n).

Put F̃p(B; X) = X−ordpfB Fp(B; p−n−(1/2)X). Then Katsurada’s functional equation implies

F̃p(B; X−1) = F̃p(B; X).

In terms of F̃p(B; X), the B-th Fourier coefficient of E (2n)
k+n(Z) can be expressed as

L(1 − k, χB)fk−(1/2)
B

∏
p|fB

F̃p(B; p−k+(1/2)).

3 Kohnen plus space

Let G the group which consists of all pairs (γ, φ(τ )), where γ =
(

a b
c d

)
∈ SL2(R) and φ(τ ) is a holo-

morphic function on H1 satisfying |φ(τ )| = |cτ + d|, with group law defined by (γ1, φ1(τ)) · (γ2, φ2(τ)) =
(γ1γ2, φ1(γ2(τ))φ2(τ)). If h(τ) is a function on H1 and ξ = (γ, φ(τ )) ∈ G, we put

(h|ξ) (τ) =
(
h|k+(1/2)ξ

)
(τ) = φ(τ )−2k−1h(γ(τ)).

Then (h|ξ1)|ξ2 = h|(ξ1ξ2), for ξ1, ξ2 ∈ G. On the other hand, for γ ∈ SL2(R), we put(
h||k+(1/2)γ

)
(τ) = (cτ + d)−(2k+1)/2h(γ(τ)).

Then for γ1, γ2 ∈ SL2(R), we have (h||γ1)||γ2 = t · h||(γ1γ2), for some t ∈ C, |t| = 1.
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There exists an injective homomorphism Γ0(4) → G given by γ �→ γ∗ = (γ, j(γ, τ)), where

j(γ, τ) =
( c

d

)
ε−1
d (cτ + d)1/2, γ =

(
a b
c d

)
∈ Γ0(4).

Here,

εd =

{
1, if d ≡ 1 mod 4,√−1, if d ≡ 3 mod 4.

Recall that Mk+(1/2)(Γ0(4)) (resp. Sk+(1/2)(Γ0(4))) consists of all holomorphic functions h(τ) on H1

which satisfy h|k+(1/2)γ
∗ = h for every γ ∈ Γ0(4) and which are holomorphic (resp. which vanish) at

all cusps. The Kohnen plus space M+
k+(1/2)(Γ0(4)) consists of all h(τ) ∈ Mk+(1/2)(Γ0(4)) whose Fourier

expansion is of the form

h(τ) =
∑
N≥0

(−1)kN≡0,1(4)

c(N)qN , q = exp(2π
√−1τ).

Similarly, the Kohnen plus space S+
k+(1/2)(Γ0(4)) is defined by

S+
k+(1/2)(Γ0(4)) = Sk+(1/2)(Γ0(4)) ∩ M+

k+(1/2)(Γ0(4)).

Kohnen [24] proved that M+
k+(1/2)(Γ0(4)) has a basis that consists of Hecke eigenforms, and that the

Shimura correspondence is one to one, i.e., there is a one-to-one correspondence between Hecke eigenforms
f(τ) ∈ M2k(SL2(Z)) and Hecke eigenforms in h(τ) ∈ M+

k+(1/2)(Γ0(4)), up to scalar multiplication. The
form f(τ) ∈ M2k(SL2(Z)) is a cusp form if and only if the corresponding h(τ) ∈ M+

k+(1/2)(Γ0(4)) is a
cusp form.

Let

f(τ) =
∞∑

N=0

a(N)qN ∈ M2k(SL2(Z)), q = e2π
√−1τ

be a normalized Hecke eigenform of weight 2k. Let α±1
p be the Satake parameter of f at p, i.e.,

(1 − pk−(1/2)αpX)(1 − pk−(1/2)α−1
p X) = 1 − a(p)X + p2k−1X2.

Let h(τ) =
∑

N≥0 c(N)qN ∈ M+
k+(1/2)(Γ0(4)) be a non-zero Hecke eigenform. Then h(τ) corresponds

to f(τ) by the Shimura correspondence if and only if for any fundamental discriminant D such that
(−1)kD > 0, we have

c(|D|f2) = c(|D|)
∑
d|f

μ(d)χ|D|(d)dk−1a(f/d).

Here μ(d) is the Möbius function.
For any positive integer N such that (−1)kN ≡ 0, 1 mod 4,, we denote the absolute value of the

discriminant of Q(
√

(−1)kN)/Q by dN and the positive rational number such that N = dN f2N by fN .
Note that fN is an integer. Let χN be the primitive Dirichlet character corresponding to Q(

√
(−1)kN)/Q.

We define Ψp(N ; Xp) ∈ C[X, X−1] by
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Ψp(N ; X) =
Xe+1 − X−e−1

X − X−1
− p−1/2χN(p)

Xe − X−e

X − X−1
,

Here e = ordpfN . Note that Ψp(N ; X) = 1 if ordpfN = 0. In terms of Ψp(N ; X), we have

c(N) = c(dN)fk−(1/2)
N

∏
p

Ψp(N ; αp).

4 Lifting of cusp forms

Now we consider cusp forms. Let k be an arbitrary positive integer such that k ≡ n mod 2.
Choose a normalized Hecke eigenform

f(τ) =
∞∑

N=1

a(N)qN ∈ S2k(SL2(Z)), a(1) = 1

and a corresponding Hecke eigenform

h(τ) =
∑
N>0

(−1)kN≡0, 1 (4)

c(N)qN ∈ S+
k+(1/2)(Γ0(4)).

Let

L(s, f) =
∞∑

N=1

a(N)N−s

=
∏
p

[(1− pk−(1/2)αpX)(1 − pk−(1/2)α−1
p X)]−1

be the L-function of f . The set {αp, α
−1
p } is called the Satake parameter of f .

Put

A(B) =c(dB)fk−(1/2)
B

∏
p

F̃p(B; αp), B ∈ S2n(Z)+

F (Z) =
∑

B∈S′
2n(Z)+

B= tB>0

A(B)e(BZ), Z ∈ H2n

Note that F̃p(B; αp) does not depend on the choice of αp by Katsurada’s functional equation. Then our
first main theorem as as follows.

Theorem 1. Assume k ≡ n mod 2. Then F ∈ Sk+n(Sp2n(Z)) and F 
≡ 0. Moreover, F is a Hecke
eigenform whose standard L-function is equal to

L(s, F, st) = ζ(s)
2n∏

i=1

L(s + k + n − i, f).
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5 Outline of the proof

We consider the Foureri-Jacobi expansion

F

((
ω z
tz τ

))
=

∑
S∈S2n−1(Z)+

∑
λ∈(2S)−1Z2n−1/Z2n−1

θ[λ](S; τ, z)e(tr(Sω))

×
∑

N∈ZN− tλSλ≥0

AF

((
S Sλ

tλS N

))
e((N − tλSλ)τ).

Here θ[λ](S; τ, z) =
∑

x∈Z2n−1 e( t(x +λ)S(x +λ)τ +2 t(x +λ)Sz). For each S ∈ S2n−1(Z)+, Δ = 2 detS,
one can show that ∑

N∈Z
N− tλSλ≥0

AE(2n)
k′+n

((
S Sλ

tλS N

))
e((N − tλSλ)τ)

=(degenerate terms)

+
∞∑

N=1

H(k′, dN)fk
′−(1/2)

N

⎛
⎝∏

p|N
F̃p

((
S Sλ

tλS tλSλ + N/Δ

))
; p−k′+(1/2)

⎞
⎠ qN/Δ

is in the space generated by some translates of Hk+(1/2)(τ). Note that k′ can be arbitrarily large. From
this, one can show that

∞∑
N=1

c(dN )fk−(1/2)
N

⎛
⎝∏

p|N
F̃p

((
S Sλ

tλS tλSλ + N/Δ

))
; αp

⎞
⎠ qN/Δ

is in the space generated by some translates of h(τ), and has the same K-types. It follows that F (Z) is
modular with respect to both the Siegel parabolic and with respect to Jacobi parabolic subgroup. Since
these two parabolic subgroups generates Sp2n(Z), we have the desired modularity of F (Z)

6 Relation to the Saito-Kurokawa lifts

We shall show that when n = 1, F (Z) is equal to the Saito-Kurokawa lift of f(τ). Let k be an odd integer.
Recall that a Siegel modular form F (Z) =

∑
B∈S′

2(Z) AF (B)e(BZ) of weight k + 1 satisfies a Maass
relation if there is a function βF : Z≥0 → C such that

AF (B) =
∑
d>0

d−1B∈S′
2(Z)

dk · βF

(
DB

d2

)
.

The space of Siegel modular forms of weight k + 1 which satisfies the Maass relation is called the Maass
spezialschar. The Maass spezialschar is canonically isomorphic to the Kornen plus space M+

k+(1/2)(Γ0(4))
by
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ΩSK : F (Z) =
∑

B∈S′
2(Z)

AF (B)e(BZ) �→
∑
n≥0

n≡0,3(4)

βF (n)e(nτ).

Put h(τ) = ΩSK(F ) ∈ M+
k+(1/2)(Γ0(4)). Then F (Z) is a Hecke eigenform if and only if h(τ) is a Hecke

eigenform, and F (Z) is called the Saito-Kurokawa lift of h(τ). If

h(τ) =
∑
n≥0

n≡0,3(4)

c(n)e(nτ),

then B-th Fourier coefficient of F (Z) is equal to

∑
d>0

d−1B∈S′
2(Z)

dkc

(
DB

d2

)
.

Let k′ be a sufficiently large odd integer. It is well-known that E (2)
k′+1(Z) satisfies the Maass relation.

Put H(k′, n) = βE(2)
k′+1

(n). The function

ΩSK(E (2)
k′+1)(τ) = Hk′+(1/2)(τ) =

∑
n≥0

n≡0,3(4)

H(k′, n)e(nτ )

is called the Cohen Eisenstein series (cf. Cohen [8]. [9]).
Since E (2)

k′+1(Z) satisfies the Maass relation, the B-the Fourier coefficent of E (2)
k′+1(Z) is equal to

∑
d>0

d−1B∈S′
2(Z)

dk′
H

(
k′,

DB

d2

)
= H(k′, dB)fk

′−(1/2)
B

∑
d>0

d−1B∈S′
2(Z)

d1/2
∏
p

Ψp

(
DB

d2
; pk′−(1/2)

)
.

Since k′ is arbitrary, we have

∏
p

F̃p(B; Xp) =
∑
d>0

d−1B∈S′
2(Z)

d1/2
∏
p

Ψp

(
DB

d2
; Xp

)
.

It follows that

A(B) =c(dB)fk−(1/2)
B

∏
p

F̃p(B; αp)

=c(dB)fk−(1/2)
B

∑
d|(m,r,l)

d1/2
∏
p

Ψp

(
DB

d2
; αp

)

=
∑
d>0

d−1B∈S′
2(Z)

dkc

(
DB

d2

)
.
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This agrees with the well-known Fourier coefficient formula for the Saito-Kurokawa lift.

Part II : Hermitian modular case

7 Hermitian modular forms and hermitian Eisensetein series

Now we consider the hermitian modular case. Let K = Q(
√−DK ) be an imaginary quadratic field. We

denote the ring of integers of K by O. The non-trivial automorphism of K is denoted by x �→ x̄. The
primitive Dirichlet character corresponding to K/Q is denoted by χ.We denote by O� = (

√−D)−1O the
inverse different ideal of K/Q. For each prime p, we set Kp = K ⊗ Qp and Op = O ⊗ Zp.

The special unitary group SU(m,m) is an algebraic group defined over Q, whose group of R-valued
points is given by {

g ∈ GL2m(R ⊗ K) g
(

0m −1m

1m 0m

)
tḡ =

(
0m −1m

1m 0m

)
, det g = 1

}
for any Q-algebra R.

The special hermitian modular group Γ
(m)
K is defined by SU(m,m)(Q) ∩ SL2m(O). Note that Γ

(1)
K =

SL2(Z).
Put

Γ
(m)
K,∞ = {

(
A B
C D

)
∈ Γ

(m)
K C = 0}.

We define the hermitian upper half space Hm by

Hm = {Z ∈ Mm(C) | 1
2
√−1

(Z − tZ̄) > 0}.

The action of SU(2, 2)(R) on Hm is given by

g〈Z〉 = (AZ + B)(CZ + D)−1 , Z ∈ Hm, g =
(

A B
C D

)
.

We put

Λm(O) = {h = (hij) ∈ Mm(K) | hii ∈ Z, hij = h̄ji ∈ O�, (i 
= j)},
Λm(O)+ = {h ∈ Λm(O) | h > 0}.

For H ∈ Λm(O), det H 
= 0, we put

γ(H) = (−DK )[m/2] det(H).

A holomorphic function F on Hm is called a hermitian modular form of weight l if

F ((AZ + B)(CZ + D)−1) = F (Z) det(CZ + D)l

for any
(

A B
C D

)
∈ Γ

(m)
K . Again, we need a condition on Fourier expantion when n = 1. When m ≥ 2, a

hermitian modular form F automatically has a Fourier expansion
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F (Z) =
∑

H∈Λn(O)
H≥0

AF (H)e(HZ).

The complex number AF (H) is called the H-th Fourier coefficient of F . A hermitian modular form F of
degree m is called a cusp form if AF (H) = 0 unless H ∈ Λm(O)+. The space of hermitian modular (resp.
cusp) form of degree m and weight l is demoted by Sl(Γ

(m)
K ) (resp.Sl(Γ

(m)
K )).

The Siegel series for H ∈ Λm(O)+ is defined by

bp(H, s) =
∑

R∈Hm(Kp)/Hm(O⊗Zp)

ep(tr(HR))p− ordp(ν(R))s

for Re(s) � 0. Here, Hm(Kp) (resp. Hm(O ⊗ Zp)) is the additive group of all hermitian matrices with
entries in Kp (resp. O ⊗ Zp).

The ideal ν(R) ⊂ Zp is defined as follows: Choose an element g =
(

A B
C D

)
∈ SU(2, 2)(Qp)∩SL2m(O⊗

Zp) such that det D 
= 0, D−1C = R. Then ν(R) = det(D) ∈ Zp.
We define a polynomial tp(K/Q; X) ∈ Z[X] by

tp(K/Q; X) =
[(m+1)/2]∏

i=1

(1 − p2iX)
[m/2]∏
i=1

(1 − p2i−1χ(p)X).

Then there exists a polynomial Fp(H; X) ∈ Z[X] such that

bp(H, s) = tp(K/Q; p−s)Fp(H; p−s).

degFp(H; X) = ordpγ(H).

The functional equation of Fp(H; X) is as follows:

Fp(H; p−2mX−1) = χ
p
(γ(H))m−1(pmX)−ordpγ(H)Fp(H; X).

Here, χ
p

is the p-component of the idele character A×
Q/Q× → C× corresponding to χ.

Put
F̃p(H; X) = Xordpγ(H)Fp(H; p−mX−2).

Then

F̃p(H; X−1) = F̃p(H; X), 2 � m

F̃p(H; χ(p)X−1) = F̃p(H; X), 2|m, and χ(p) 
= 0.

Assume k � 0. Put n = [m/2]. We define the Eisenstein series

E
(m)
2k+2n(Z) =

∑
(A B

C D )∈Γ
(m)
K.∞\Γ

(m)
K

det(CZ + D)−2k−2n

and its normalization
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E (m)
2k+2n(Z) = 2−m

m∏
i=1

L(1 + i − 2k − 2n, χi−1) ·E(m)
2k+2n(Z).

Then for each H ∈ Λm(O)+, the H-th Fourier coefficient of E (m)
2k+2n is equal to

|γ(H)|k+n−(m/2)
∏

p|γ(H)

F̃p(H; p−k−n+(m/2)).

8 The case m = 2n + 1.

When m = 2n + 1, the H-th Fourier coefficient of E (2n+1)
2k+2n (Z) is equal to

|γ(H)|k−(1/2)
∏

p|γ(H)

F̃p(H; p−k+(1/2))

for any H ∈ Λ2n+1(O)+.
Now let f(τ) =

∑∞
N=1 a(N)qN ∈ S2k(SL2(Z)) be a normalized Hecke eigenform, whose L-function is

given by

L(f, s) =
∞∑

N=1

a(N)N−s =
∏
p

[
(1 − pk−(1/2)αpX)(1 − pk−(1/2)α−1

p X)
]−1

.

Put
A(H) = |γ(H)|k−(1/2)

∏
p|γ(H)

F̃p(H, αp)

for H ∈ Λ2n+1(O)+ and
F (Z) =

∑
H∈Λ2n+1(O)+

A(H)e(HZ)

for Z ∈ H2n+1.
Then we have

Theorem 2. Assume that m = 2n + 1 is odd. Then F ∈ S2k+2n(Γ (2n+1)
K ) and F 
≡ 0. Moreover, F is a

Hecke eigenform.

9 The case m = 2n.

When m = 2n, the H-th Fourier coefficient of E (2n)
2k+2n(Z) is equal to

|γ(H)|k
∏

p|γ(H)

F̃p(H; p−k)

for any H ∈ Λ2n(O)+.
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Now let f(τ) =
∑∞

N=1 a(N)qN ∈ S2k+1(Γ0(DK ), χ) be a primitive form, whose L-function is given by

L(f, s) =
∞∑

N=1

a(N)N−s

=
∏

p � DK

(1 − a(p)p−s + χ(p)p2k−2s)−1 ×
∏

p|DK

(1 − a(p)p−s)−1.

For each prime p � DK , we define the Satake parameter {αp, βp} = {αp, χ(p)α−1
p } by

(1 − a(p)X + χ(p)p2kX2) = (1 − pkαpX)(1 − pkβpX).

For p | DK , we put αp = p−ka(p).
Put

A(H) = |γ(H)|k
∏

p|γ(H)

F̃p(H, αp)

for H ∈ Λ2n(O)+ and
F (Z) =

∑
H∈Λ2n(O)+

A(H)e(HZ)

for Z ∈ H2n. Then we have

Theorem 3. Assume that m = 2n is even. Then F ∈ S2k+2n(Γ (2n)
K ). Moreover, F is a Hecke eigenform.

F ≡ 0 if and only if n is odd and f(τ) comes from a Hecke character of some imaginary quadratic field.

10 L-functions.

For simplicity, we assume the class number of K is one. Then, the L-function of F is as follows.

L(s, F, ρ) =
2n+1∏
i=1

L(s + k + n − i + (1/2), f)

×
2n+1∏
i=1

L(s + k + n − i + (1/2), f, χ)

for m = 2n + 1, and

L(s, F, ρ) =
2n∏
i=1

L(s + k + n − i + (1/2), f)

×
2n∏
i=1

L(s + k + n − i + (1/2), f, χ)

for m = 2n and F 
≡ 0.
Here, ρ is a 2m-dimensional representation of the L-group of U(m,m).
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11 The case m = 2

The case m = 2 was first considered by Kojima [27] for K = Q(
√−1) and later by Krieg [28] and Sugano

[43] for arbitrary imaginary quadratic field. For simplicity, we assume DK 
= 3, 4.
Recall that

G(Z) =
∑

H∈Λ2(O)

AG(H)e(HZ) ∈ M2k+2(Γ
(2)
2 )

satisfies the Maass relation if and only if there is a function

α∗
G : Z≥0 → C

such that
AG(H) =

∑
d|ε(H)

d2k+1α∗
G( |γ(H)|

d2 ).

Here
ε(H) = max{q ∈ Z>0 | q−1H ∈ Λ2(O)}.

We denote the space of elements of M2k+2(Γ
(2)
2 ) satisfying the Maass relation by MMaass

2k+2(Γ (2)
2 ). We put

aDK (N) =
∏

p|DK

(1 + χp(−N)).

Here, χ =
∏

p|DK
χp is the decomposition to a product of Dirichlet characters with prime power conduc-

tors. The linear map
Ω : MMaass

2k+2 (Γ (2)
K ) → M2k+1(Γ0(DK ), χ)

is defined by

Ω(G)(τ) =
∞∑

N=0

aDK (N)α∗
G(H)qN .

(This definition is slightly modified by a scalar from Krieg’s definition.) Then Krieg proved that the image
of Ω is equal to the space

M∗
2k+1(Γ0(DK), χ) =

⎧⎨
⎩f =

∑
N≥0

a(N)qN ∈ M2k+1(Γ0(DK ), χ) a(N) = 0 for aDK (N) = 0

⎫⎬
⎭ .

Moreover, Ω induces an isomorphism between MMaass
2k+2 (Γ (2)

2 ) and M∗
2k+1(Γ0(DK ), χ). For each primitive

form f ∈ S2k+1(Γ0(DK ), χ), there exists an element f∗ ∈ S∗
2k+1(Γ0(DK ), χ) such that

af∗(n) = aDK (n)af(n), (n, DK) = 1.

When G is equal to the normalized hermitian Eisenstein series

E (2)
2k+2(Z) =

B2k+2B2k+1,χ

8(k + 1)(2k + 1)
E

(2)
2k+2(Z),
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then we have (cf. Krieg [28], p. 679)

α∗
G(N) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 aDK (N) = 0
−B2k+1,χ

4k+2 N = 0
1

aDK
(N)

∑
d|N

∑
Q⊂QDK

χQ(−N
d

)χ′
Q(d)d2k N > 0, aDK(N) 
= 0.

Using these results, one can calculate the polynomial Fp(H; X) as follows: If p � DK , then

Fp(H; X) =
b∑

i=0

p3iXi
a−2i∑
j=0

χ
p
(p)jp2jXj .

If p|DK, then

Fp(H; X) =

{∑b
i=0 p3iXi(1 + χ

p
(γ(H))p2(a−2i)Xa−2i) 2b < a

p3bXb +
∑b−1

i=0 (p3iXi + p4b−iX2b−i) 2b = a

Here a = ordp γ(H), b = ordp ε(H). When the class number of K is one, this has been already calculated
by Nagaoka [35]. Using this result, one can show that Ω−1(f∗) is the lift of the primitive form f ∈
S2k+1(Γ0(DK), χ).
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