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Introduction

In this article, we discuss a lifting of elliptic cusp forms to higher dimensional symmetric spaces. We will
consider two cases. The first case is the Siegel modular case [18], and the second case is the hermitian
modular case [19]. The Fourier coefficients of our liftngs are closely related to those of Eisenstein series.
When the degree is 2, our lifting reduces to the classical Saito-Kurokawa lifting or hermitian Maass lifting.

The finite part of the automorphic representation generated by this lifting is isomorphic to a degenerate
principal series. In particular, this is a non-tempered representation.

Part I : Siegel modular case.

1 Basic facts

We recall basic facts about Siegel modular forms. The Siegel upper half space $,, of degree n is defined
by
9, ={Z="7¢€M,(C)|Im(Z) > 0}.

Here, Im(Z) > 0 means that Im(Z) is positive definite. Note that $; = {r € C|Im(7) > 0} is equal to
the upper half plane. The symplectic group

so®) ={o e stan®)|o (32 707) = (37 70r)}

:{(é g) ESL%(R)‘AtB:BtA, C'D=D'C, AtD_Btczln}

acts on §),, by (é g) (Z) = (AZ + B)(CZ + D)~ *. Put

S/ (Z) = the set of half-integral symmetric matrices
={B€iM,(Z)|B="B,B;; € Z (1 <i<2n)},
S(Z)T ={B € 8,(Z)| B> 0}
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A holomorphic function F on $), is called a Siegel modular form of weight [ if

F((AZ + B)(CZ 4+ D)™ ') = F(Z)det(CZ + D)!

for any A B) ¢ Sp,,(Z). When n = 1, we need to impose that F has a Fourier expansion
C D n
(o]
F(Z)=Y ap(N)exp(2nV/=INZ),  Z€ 9.
N=0

When n > 2, a Siegel modular form F' automatically has a Fourier expansion

F(Z)= Y Ap(B)e(BZ).
B%SZ”éZ)

Here, e(X) = exp(2my/—1tr(X)). The complex number Ap(B) is called the B-th Fourier coefficient of F.
A Siegel modular form F of degree n is called a cusp form if Ar(B) = 0 unless B € S,,(Z)*. The space of
Siegel modular (resp. cusp) forms of degree n and weight I is demoted by M;(Sp,,(Z)) (resp. Si(Sp,,(Z))).

2 Fourier coefficients of the Eisenstein series

Now we assume k =n mod 2 and &k > n + 1. Put

rem = {(é g) eSan(Z),Czo}.

The Siegel Eisenstein series on )2, of weight k + n is defined by
EN(Z) = 3 det(CZ + D)~
(& B)erl™\sp,,(2)
(2n)

As we have assumed k > n+1, ;7 is absolutely convergent. Moreover, E
of weight k 4+ n. We define the normalized Eisenstein series by

(2n)

%1n 18 a Siegel modular form

n

ENIZ) =27C( = k=) [T €O +2i = 2k = 2n) - BT)(2).

i=1
For B € 85,(Z)", we put D = det(2B). The absolute value of the discriminant of Q(y/(—1)"Dp) is
denoted by 05. Put f5 = v/ Dp/05. Let x5 be the primitive Dirichlet character modulo 5 corresponding

to Q(/(-1)"Dp)/Q.

For each prime p, let e, : @, — C* be the additive character of Q, such that e,(r) = e(—x) for any
x € Z[1/p].
Recall that the Siegel series for B € S}, (Z)* is defined by

bp(B,s) = > ep(tr(BR))p~ ("R,
ReSymy,, (Qp)/Symy, (Zp)
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where
Symy, (Qp) = {R = ‘R | R € M2, (Qp)}
Symy, (Zy) = {R = ‘R | R € Moy (Zp)},
v(R) = [RZ" + 72" : 7.2").
Put

n

(B X) = (1-X)(1—p"xs@X)" ' ] -p*X?).

i=1

Then there exists a polynomial F,(B; X) € Z[X] such that
bp(B; ) = p(Bip™*) Fp(B; p™°).
Katsurada [20] proved the following functional equation
Fp(B;p_Zn_lX_l) — (p2n+1x2)—ordpf5 Fp(By X)

In particular, we have degF,(B; X) = 2ord,f5.
It is known that for B € 8%, (Z)", the B-th Fourier coefficient of E,iing(Z) is equal to

(1_kXBf2k1HF —kn

p|Dp
Put F,(B; X) = X o%fe F (B; p~"~(1/2)X). Then Katsurada’s functional equation implies
F,(B; X71) = F(B; X).
In terms of F,(B; X), the B-th Fourier coefficient of E,ging(Z) can be expressed as

L(1 =k, xB)f5 k—(1/2) H F —k+(1/2))
plfB

3 Kohnen plus space

ab
c d>
morphic function on $; satisfying |¢(7)| = |e7 + d|, with group law defined by (71, ¢1(7)) - (72, ¢p2(7)) =
(71772, &1(72(7))P2(7)). If h(7) is a function on $H; and & = (v, ¢(7)) € B, we put

(&) (7) = (Alrr1/2)€) (1) = &(1) "2 " h(~(7)).
Then (h|€1)|62 = h|(€1&2), for &1, &2 € &. On the other hand, for v € SLa(R), we put
(Mlkry2yy) (1) = (e + d)~FFFED2h(4 (7).

Then for 1,72 € SL2(R), we have (h||y1)||v2 =t - h||(7172), for some t € C, |t| = 1.

Let & the group which consists of all pairs (v, ¢(7)), where v = ( € SLy(R) and ¢(7) is a holo-
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There exists an injective homomorphism IH(4) — & given by v — v* = (v, j(v, 7)), where

iy, 1) = (g) 6;1(67'4- d)1/2, N = ((z Z) € Io(4).

Here,
1, if d =1 mod 4,
€ =
¢ v—1, if d =3 mod 4.

Recall that My (1/2)(L0(4)) (resp. Sk4(1/2)(I0(4))) consists of all holomorphic functions A(7) on 9
which satisfy h|p4(1/2)7" = h for every v € Iy(4) and which are holomorphic (resp. which vanish) at

all cusps. The Kohnen plus space M;" (I'v(4)) consists of all h(1) € M (1/2)(I'0(4)) whose Fourier

k+(1/2)
expansion is of the form

h(r) = Z c(N)gY, q=exp(2rV/—17).
N>0
(=1)*N=0,1(4)

Similarly, the Kohnen plus space S}j+(1 /2) (I'0(4)) is defined by

S;+(1/2)(F0(4)) = Sk+(1/2)(F0(4)) N MJ+(1/2)(F0(4)).

Kohnen [24] proved that M," (1/2)({0(4)) has a basis that consists of Hecke eigenforms, and that the

Shimura correspondence is one to one, i.e., there is a one-to-one correspondence between Hecke eigenforms
f(T) € My(SLy(Z)) and Hecke eigenforms in h(r) € M, (I'v(4)), up to scalar multiplication. The

k+(1/2
form f(7) € Mar(SL2(Z)) is a cusp form if and only if th(e /C())rresponding h(r) € MJ+(1/2)(F0(4)) is a
cusp form.
Let -
f(r) =3 a(N)g" € Mao(SLa(2)), g =m0
N=0

be a normalized Hecke eigenform of weight 2k. Let oz;,tl be the Satake parameter of f at p, i.e.,
(1 _pk—(l/z)apX)(l _ pk—(1/2)a;1X) =1-a(p)X +p2k—1X2.

Let A(1) = Y nsoc(N)gY € M/j+(1/2)

to f(7) by the Shimura correspondence if and only if for any fundamental discriminant D such that
(—=1)*D > 0, we have

(I'h(4)) be a non-zero Hecke eigenform. Then h(7) corresponds

c(|DIf?) = e(1D]) Y pld)x|p|(d)d*~ a(f/d).
dlf
Here p(d) is the Mobius function.

For any positive integer N such that (—1)* N = 0,1 mod 4,, we denote the absolute value of the
discriminant of Q(1/(—1)*N)/Q by dn and the positive rational number such that N = dnf% by fn.
Note that f is an integer. Let x 5 be the primitive Dirichlet character corresponding to Q(1/(—1)*N)/Q.

We define ¥,(N; X)) € C[X, X~ !] by
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Xe+1 _X—e—l B _1/2XN(p) Xe — X—¢
X X! X-—X1

Here e = ord,fy. Note that ¥,(N; X) =1 if ordyfy = 0. In terms of ¥, (N; X), we have

e(N) = c(on) e 2 T (N5 ).

¥ (N; X) =

4 Lifting of cusp forms

Now we consider cusp forms. Let k be an arbitrary positive integer such that £ = n mod 2.
Choose a normalized Hecke eigenform

e}

Fr) =3 aV)gN € Sar(SLa(Z)),  a(1) =1

N=1
and a corresponding Hecke eigenform
h(T) = Z C(N)QN € S;j_;_(l/g) (FO(4))-
N>0

(-1)*N=0,1 (4)

Let

be the L-function of f. The set {y, o, '} is called the Satake parameter of f.
Put

A(B) =c@p)fly VP T Bo(Biay), B € Sm(Z)*

p
F(Z) = Z A(B)e(BZ), Z € 9,
BeS}, (2)*
B=tB>0

Note that E,(B;a,) does not depend on the choice of a,, by Katsurada’s functional equation. Then our
first main theorem as as follows.

Theorem 1. Assume k = n mod 2. Then F € Si1n(Sps,(Z)) and F % 0. Moreover, F is a Hecke
eigenform whose standard L-function is equal to

2n

L(s,F,st) = ((s) [[L(s + k+n—1i, f).

i=1
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5 Outline of the proof

We consider the Foureri-Jacobi expansion

F ((w >) . S a(Sim)e(tn(Sw)

SESon_1(Z)+ N\€(28)—172n—1 /72n—1

S (<th ?@)) (N — ASA)7).

NEZN—]ASA>0

Here 05 (S;7,2) =3 cpen1 e(*(x+X)S(z + A\)7 + 242+ X)Sz). For each S € S, 1(Z)", A = 2det S,
one can show that

S Awn (<th ?@)) (N — ASA)7)

NezZ
N—"]ASA>0

=(degenecrate terms)
.- ’ K'—(1/2) * S SA Lo—k+(1/2) | N/A
+N§:1H(kaaN)fN ll_][va (<t)\5t)\5/\+N/A>)7p q
= P

is in the space generated by some translates of Hj.y(1/2)(7). Note that k" can be arbitrarily large. From
this, one can show that

> _ - S SA
> comiy M TT 5 (<tAS EASA + N/A>) 0 K

N=1 p|N

is in the space generated by some translates of h(7), and has the same K-types. It follows that F'(Z) is
modular with respect to both the Siegel parabolic and with respect to Jacobi parabolic subgroup. Since
these two parabolic subgroups generates Sp,,,(Z), we have the desired modularity of F(Z)

6 Relation to the Saito-Kurokawa lifts

We shall show that when n = 1, F(Z) is equal to the Saito-Kurokawa lift of f(7). Let k be an odd integer.
Recall that a Siegel modular form F(Z) = ZBE‘%(Z) Ar(B)e(BZ) of weight k + 1 satisfies a Maass

relation if there is a function Br : Z>¢ — C such that

Dp
Ap(B)= > d*pr (d_> |
d>0
d~'BeS;(2)
The space of Siegel modular forms of weight k£ + 1 which satisfies the Maass relation is called the Maass
spezialschar. The Maass spezialschar is canonically isomorphic to the Kornen plus space M, ,j L /2)(F 0(4))
by
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QK F(Z)= > Ap(B =Y Brn

BeS}, (2) n>0
n=0,3(4)

Put k() = 2°K(F) ¢ MJ+(1/2)(F0(4)). Then F(Z) is a Hecke eigenform if and only if h(7) is a Hecke
eigenform, and F(Z) is called the Saito-Kurokawa lift of h(r). If

hr)y= Y cn)e(nr),
n>0
n=0,3(4)

then B-th Fourier coefficient of F(Z) is equal to

Dp
T d%Q_>

2

d>0 d
d~'BeSy(Z)

Let k' be a sufficiently large odd integer. It is well-known that &

Y +1( ) satisfies the Maass relation.
Put H(k',n) = Bgﬁl (n). The function

OSKED D)) =Hirqm(r) = Y. H(K n)e(nr)
n>0
n=0,3(4)

is called the Cohen Eisenstein series (cf. Cohen [8]. [9]).
Since E,g?il(Z) satisfies the Maass relation, the B-the Fourier coefficent of E,g?il(Z) is equal to

! K —(1/2 Dp r_
Z d~ H (k;/ 2 > — H(k/;aB)fB (1/2) Z dl/QH% (?;pk (1/2)> .
d>0 d>0 p
d~'BeSy(Z) 4~ Bes,(2)
Since k’ is arbitrary, we have
HFP(B;XP): Z d1/2Hw(d27 >
p d>0

d~'Besy(2)

It follows that

AB) =c(op)fyy VP T] Fo(B; o)

p
o 5 2T (20
d|(m,r,0)
D
_ k B
= > d <d2>.

d>0
d~'Besy(z)
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This agrees with the well-known Fourier coefficient formula for the Saito-Kurokawa lift.

Part IT : Hermitian modular case

7 Hermitian modular forms and hermitian Eisensetein series

Now we consider the hermitian modular case. Let K = Q(v/—Dx) be an imaginary quadratic field. We
denote the ring of integers of K by O. The non-trivial automorphism of K is denoted by = +— Z. The
primitive Dirichlet character corresponding to K/Q is denoted by x.We denote by O% = (v/—=D)~1O the
inverse different ideal of K/Q. For each prime p, we set K, = K ® Q, and O, = O ® Z,,.

The special unitary group SU(m,m) is an algebraic group defined over Q, whose group of R-valued
points is given by

{oecran@omo(Rn )= (37 5 ) ders =1}

for any Q-algebra R.

The special hermitian modular group l}((m) is defined by SU(m, m)(Q) N SLa,, (O). Note that Ff((l) =

SLo(Z).
Put
He) = (A B) e rilo =0y
We define the hermitian upper half space H,, by
1 _
Hmz{ZeM%@HgvfﬂZ—%)>m.

The action of SU(2,2)(R) on H,, is given by
9(Z)=(AZ+B)(CZ+D)"', ZeHn g= (é g) :
We put

Am(O) = {h = (hij) S Mm(K) | hii S Z, hij = Bji S Oﬁ, (Z 75 ])},
A (O)t ={h € A4,,(O) | h > 0}.

For H € A,,(0), det H # 0, we put
A(H) = (—~Di)™/? det(H).
A holomorphic function F' on H,, is called a hermitian modular form of weight [ if
F((AZ + B)(CZ 4+ D) ') = F(Z)det(CZ + D)!

A B
C D
hermitian modular form F' automatically has a Fourier expansion

for any ( erl I((m). Again, we need a condition on Fourier expantion when n = 1. When m > 2, a
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F(Z)= Y Ap(H)e(HZ).
2"

The complex number Apr(H) is called the H-th Fourier coefficient of F'. A hermitian modular form F of
degree m is called a cusp form if Ap(H) = 0 unless H € A,,,(O)*. The space of hermitian modular (resp.

cusp) form of degree m and weight [ is demoted by Sl(l}((m)) (resp.S; (l}((m))).
The Siegel series for H € A,,(O)" is defined by

bp(H,s) = Z ep(tr(HR))p_ordp(u(R))s
REH 1 (Kp)/Him (ORZyp)

for Re(s) > 0. Here, H,,(K,) (resp. H;n(O @ Z,)) is the additive group of all hermitian matrices with
entries in K, (resp. O Q Zy,).

The ideal v(R) C Z,, is defined as follows: Choose an element g = (é g) € SU(2,2)(Qp)NSL2,n (O®
Zp) such that det D # 0, D'C = R. Then v(R) = det(D) € Z,,.

We define a polynomial ¢,(K/Q; X) € Z[X] by

[(m+1)/2] /2 4
t(K/QX)= [ (-p"Xx) J] @ -p""x(p)X).
=1 =1

Then there exists a polynomial F,(H; X) € Z[X] such that
bp(H, s) = tp(K/Q;p~°)Fp(H; p~*).
degF,(H; X) = ord,y(H).
The functional equation of F,(H; X) is as follows:

Fy(Hsp "X 1) = x (y(H)"™H (p" X) " E, (H; X).

=p

Here, X, is the p-component of the idele character Aa /Q* — C* corresponding to x.

Put ~
Fy(H; X) = XD F (H; p~ X 72).

Then

E,(H; X7 ') = F,(H; X), 2{m
Fy(H; x(p)X ') = Fy(H; X),  2|m, and x(p) # 0.

Assume k > 0. Put n = [m/2]. We define the Eisenstein series

ES™M . (Z) = > det(CZ + D)~ 2k—2n

(4 Byergri

and its normalization
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m
EGon(Z) =27m [0 +i—2k—2n""")- B, (2).
=1

Then for each H € A,,,(O)", the H-th Fourier coefficient of 52(22% is equal to

|,Y(H)|k+n—(m/2) H FP(H;p—k—n-i-(m/Q))_
plv(H)

8 The case m = 2n + 1.

When m = 2n + 1, the H-th Fourier coefficient of Eéii—gi)(Z) is equal to
()= D T B pH0/2)
plv(H)

for any H € Agpi1(O)T.
Now let f(1) = > %_; a(N)g" € Sa,(SL2(Z)) be a normalized Hecke eigenform, whose L-function is
given by

L($,5) = i (NN~ =TT |0 =50, X)(1 = /D0 x) -
N=1 P

Put
A(H) = [y )[F~02 ] Fp(H, ap)
ply(H)

for H € A2n+1(0)+ and
F(zZ)y= Y  A(H)e(HZ)
HeAzp41(0)*

for Z € H2n+1.
Then we have

Theorem 2. Assume that m = 2n+ 1 is odd. Then F € Sgk+2n(FI((-2n+1)) and F # 0. Moreover, F is a
Hecke eigenform.

9 The case m = 2n.

When m = 2n, the H-th Fourier coefficient of Eéii)Qn(Z) is equal to

NE)F T] Fo(H;p")
ply(H)

for any H € A2,(O)*.
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Now let f(7) = 35—, a(N)g" € Sap41(In(Dk), x) be a primitive form, whose L-function is given by

L(f.5)=Y_ a(N)N~*
N=1
= I =ap +x@p* )" x [] 0 -app )"
pt Dk p|Dk

For each prime p t D, we define the Satake parameter {a,, 8p} = {ap, X(p)ozgl} by

(1 —a(P)X +x(pp*X?) = (1 - p ", X)(1 = p" 5, X).

—k

For p | D, we put a, = p~"a(p).

Put -
AH) = E)F T Fo(H, o)
plv(H)

for H € A3, (O)* and

F(Z)y= Y  A(H)e(HZ)

HeAz, (0)*

for Z € Ho,. Then we have
Theorem 3. Assume that m = 2n is even. Then F € Sgk+2n(FI((2n)). Moreover, F is a Hecke eigenform.
F =0 if and only if n is odd and f(7) comes from a Hecke character of some imaginary quadratic field.

10 L-functions.

For simplicity, we assume the class number of K is one. Then, the L-function of F' is as follows.

2n+1
L(s,F,p) = [[ Lis + k+n—i+(1/2),f)
= 2n+1
X H L(s+k+n—i+(1/2), f,x)
i=1
for m =2n + 1, and
2n
L(s,F.p) =[[ L(s + k+n—i+(1/2), f)
i=1
2n
X HL(s+k+n—i+(1/2)af7X)
i=1

for m = 2n and F # 0.
Here, p is a 2m-dimensional representation of the L-group of U(m, m).
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11 The case m = 2

The case m = 2 was first considered by Kojima [27] for K = Q(v/—1) and later by Krieg [28] and Sugano
[43] for arbitrary imaginary quadratic field. For simplicity, we assume Dy # 3, 4.
Recall that
G(Z)= Y Ac(H)e(HZ) € My yo(I37)
HeAx(O)

satisfies the Maass relation if and only if there is a function
ag Lo — C

such that
Ac(H)= Y d+lag (il
d|e(H)

Here
e(H) = max{q € Zso|q "H € A2(0)}.

We denote the space of elements of M2k+2(F2(2)) satisfying the Maass relation by Mé‘,‘;_;Q(FQ(Q)) We put
ap (V) = [ 1+ xp(=N)).
p|Dx

Here, x = le Dy Xp 18 the decomposition to a product of Dirichlet characters with prime power conduc-
tors. The linear map
aass 2
022 Myjes (T2) = Moy 1 (To(Dxc ), )

is defined by
2G)(r) =Y ap (N)ag(H)g".
N=0

(This definition is slightly modified by a scalar from Krieg’s definition.) Then Krieg proved that the image
of {2 is equal to the space

M3 ((To(Dk ), x) =S f =D a(N)g™ € Moy 41(I'o(Dk ), x) |a(N) = 0 for ap, (N) =0
N>0

Moreover, (2 induces an isomorphism between Mgy5 (I 2(2)) and My, (I'o(Dk), x). For each primitive
form f € Sorp11(I0(Dk ), x), there exists an element f* € S5, | (I'0(Dx ), x) such that

af*(n) :aDK(n)af(n)v (n7DK) =L
When G is equal to the normalized hermitian Eisenstein series

BogoBogt1x  (2)
- - =" A 2
(2) 8(k+1)(2k+1) 2k+2( )
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then we have (cf. Krieg [28], p. 679)

0 AP (N) =0
) = | e
G - —
aom Y Y xe(Gxg(d)d* N> 0,ap,(N) #0.
d|N QCQpy

Using these results, one can calculate the polynomial Fj,(H; X) as follows: If p { Dk, then

a—21

b
Fy(H; X) =Y p"X' Y x (0)p”X7.
i—=0 =0

If p| D, then

Z?:o p3iXi(1 _‘_Xp(,y(H))pQ(a—Qi)Xa—Qi) 2% < a

F,(H;X) = P ) )
10( ) {pBbxb + Zi’;é (p3lX’L + p4b—zx2b—z) 2% =a

Here a = ord, y(H), b = ord, e(H). When the class number of K is one, this has been already calculated
by Nagaoka [35]. Using this result, one can show that 271(f*) is the lift of the primitive form f €
Sar+1(LI0(Dk ), x)-
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