ON THE LIFTING OF HERMITIAN MODULAR
FORMS

TAMOTSU IKEDA

To my parents

ABSTRACT. Let K be an imaginary quadratic field with discrimi-
nant —D. We denote by O the ring of integers of K. Put x(N) =
(52). Let F%n) = U(m, m)(Q) N GL2,(O) be the hermitian mod-
ular group of degree m. We construct a lifting from Saj(SL2(Z))
to Sakton (anﬂ), det™"™) and a lifting from Saz41(To(D), x) to
Sok+on (I‘(I?n) , det_k_”). We give an explicit Fourier coeflicient for-
mula of the lifting. This is a generalization of the Maass lift consid-
ered by Kojima, Krieg and Sugano. We also discuss its extension
to the adele group of U(m,m).

Introduction

In this paper, we are going to discuss a lifting of elliptic cusp forms
to hermitian modular forms. This is a hermitian modular analogue of
the lifting constructed in [9]. In [9], the author constructed a Siegel
cusp form whose Fourier coefficients are closely related to the Fourier
coefficients of Eisenstein series of Siegel type.

Let us describe our results. Let K = Q(v/—Dg) be an imaginary
quadratic field. We denote the ring of integers of K by O. The prim-
itive Dirichlet character corresponding to K/Q is denoted by x. The

hermitian modular group an) = U(m, m)(Q) N GLy,,(O) is the group

of all elements (é g) € GLy,,(O) such that

A'B=B'A, C'D=D'C, A'D - B'C =1,,.
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We let T’ ?{nio be the subset of elements (é g) € F(Km) such that C' = 0.

The hermitian upper half space of degree m is defined by

Hn ={Z € Myu(C) | 57=(Z — 'Z) > 0}.

For g = <é ) € U(m,m)(R) and Z € H,,, we put

9(Z) =

Let o be a character of F?(n). A holomorphic function F' on H,, (m > 2)
is called a hermitian modular form of weight [ with character o if
F(g(2)) = 0(9)F(2)j(g, Z)! for any g € T{{".

Recall that a semi-integral hermitian matrix is a hermitian matrix
H ¢ \/—DKfle((’)) whose diagonal entries are integral. We de-
note the set of semi-integral hermitian matrices by A,,(O). The set
of positive definite elements of A,,(O) is denoted by A,,(O)". For
H € A, (0), we put v(H) = (—Dg )™ det H. Note that y(H) € Z.
A hermitian modular form F' is called a cusp form if it has a Fourier
expansion of the form

F(Z)= Y A(H)exp(2ry—1tr(HZ)).

HeMAn (0)+

(el

—~

AZ +B)(CZ+ D)™,  j(g,Z) =det(CZ + D).

We denote the space of cusp forms of weight | with character o by
Sl (F(Km), o ) .

The Eisenstein series Eé;n)(Z ) of weight 2/ with character det™" is
defined by

B(Z)= Y (detg)i(g, 2)”*
gery iz
This is absolutely convergent for [ > m. We define the normalized
Eisenstein series £5™ (Z) by
&"(2) =2 [] LG 2.7 - By (2).
i=1

If H € A,(O)T, then the H-th Fourier coefficient of 52(?1)(Z) is equal
to

V() T Fp(H;pm ),

ply(H)

(See §4.) Here, F,,(H; X) is a certain Laurent polynomial arising from
the Siegel series for H.
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Then our main theorem can be stated as follows. For simplicity, we
assume that m = 2n is even. Let

f(r) = Z G(N)QN € Sop+1(Io(Dk), X)

be a primitive form, whose L-function is given by

L(f,s)= J] (01 = a@p~ +xep**)" [[ 1 = alp)p™) "

p{ Dk p|Dk

For each prime p t Dg, we define the Satake parameter {a,, 5,} =
{O‘pa X(p)&;l} by

(1—a(p)X + x(p)p*X?) = (1 — pFa, X)(1 — p*3,X).
For p | Dk, we put a, = p~"a(p). Put

AH) = ()" [] B(H;ap), H € Ao(O)F,

plv(H)

F(Z)= Y  A(H)exp2rvV—=1tr(HZ)), Z € Ha,.
HeAn (O)F
Then our first main theorem in the even case is as follows.

Theorem 5.1. Assume that m = 2n is even. Let f(1), A(H) and
F(Z) be as above. Then we have F € SQH%(F(I?R), det ™).

(For the case when m is odd, see Theorem 5.2.) To prove this theo-
rem, we use the theory of compatible family of Eisenstein series as in
[9]. The theory of compatible family of Eisenstein series is a method to
prove that a certain Fourier series is a modular form. The Fourier series
we consider can be regarded as a sum of Whittaker function, and the
behavior of Whittaker function is determined by Fourier coefficients of
Eisenstein series. We consider a compatible family of Eisenstein series
of integral weight. This case is a little more complicated than that of
[9] because the automorphic representation of SLy(A) generated by f
may be reducible. Instead of using a Whittaker function on SLy(A), we
extend it to GLo(A). We have to show that this extension to GLa(A)
is possible in a compatible way for a family of Eisenstein series arising
from the Fourier-Jacobi coefficients of 52(,292%.
problem and is treated in §8.

In §12 and §13, we prove that the lift F' can be extended to an
automorphic form on the adele group of the unitary group U(m,m).
The extension Lz'ft(m)( f) is a common Hecke eigenform of all Hecke
operators of the unitary group, if it is not identically zero (Theorem

This is a purely local
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13.6). Moreover, the standard L-function L(s, Lift*(f),st) is given
by

TTLGs+k+n—i+(1/2), f)L(s+k+n—i+(1/2),f,x):

i=1
(See Theorem 18.1.)

Following Kohnen [14], we discuss the “linearization” of the lifting.
The case when m is odd is fairly easy, and will be treated in §14. As-
sume now m = 2n is even. Then we reformulate the main theorem
in terms of a certain linear map from a subspace S5, (I'o(Dx), x) C

Sok+1(Lo(Dk), x) to Sngrgn(Fg"),det*k*"). (In fact, we need to con-
sider certain twisting by an ideal ¢ of K, but for simplicity we consider
the case ¢ = O here.) Decompose the character y into a product
x =] gDy Xa> where x4 is a character whose conductor is a power of
a prime ¢. Put

ap (N) = [ 1+ xg((=1)"N)).

q|Dk

Following Krieg [16], we define S5, (I'o(Dx), x) by the space of cusp
forms

folr) = ag(N)g" € Sops1(To(Di), X)

N>0

such that ay,(N) = 0 whenever ap, (N) = 0. For each primitive form
[ € Sop1(To(Dk), x), we define f* € S5, (F'o(Dxk), x) as the unique
element of So,41(o(Dk), x) such that ap(N) = ap, (N)ag(N) when-
ever (N,Dg) = 1. Then we can show that there exists an injective
linear map

851 (To(Dk), x) — S2k+2n(an), det_k_”)

such that F'(Z) is equal to ¢(f*) (Theorem 15.18). It follows that F' = 0
if and only if f* = 0. It is easy to prove that f* = 0 if and only if n is
odd and f comes from a Hecke character of some imaginary quadratic
field (Corollary 15.12). As for the lifting Lift®™ (f) to the adele group
U(2n, 2n)(A), we show that Lift®(f) = 0 if and only if n is odd and
f comes from a Hecke character of K (Corollary 15.21).

We discuss the case m = 2 in §16. In this case, the theory of the
lifting has been already treated by Kojima [15], Gritsenko [5], Krieg
[16], Sugano [26], and Klosin [13]. In §17, we calculate the Petersson
inner product of the hermitian Maass lift in the case m = 2, by using
the results of Sugano [26].
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In §18, we discuss the relation to the Arthur conjecture. The Arthur
parameter associated to our lift can be described as follows. (Here,
m need not be even.) We now admit the Arthur conjecture and the
existence of the hypothetical Langlands group Lg. Recall that the L-
group of G = U(m,m) is a semi-direct product GLs,,(C) x Wy, where
Wq is the Weil group of Q. The canonical homomorphism Lo — Wy
is denoted by pr. Let 7 be an irreducible cuspidal automorphic rep-
resentation of GLy(Ag) generated by f. Note that the central char-
acter w, is equal to Y™ . We denote the Langlands parameter of
7 by pr + Lo — GLy(C). Let Sym™ ' : SLy(C) — SL,,(C) be the
m-~dimensional irreducible representation of SLy(C). We put

S () — (wT(u)a.lm Zim) i pr(u),

wr(u)e- 1, m

for u € Lo, pr(u) = <CCL Z), and put

) () = (Sym”z)l(:r) o WQ_I(@) “l

for z € SLy(C). Then, the Arthur parameter of Lift™ (f) should

be pgm). By using this A-parameter, we will show that our result is
compatible with the conjectural Arthur multiplicity formula.

Notation

Let K be an imaginary quadratic field with discriminant —D =
—Dpg. When there is no fear of confusion, we drop the subscript K.
We denote by O = Ok the ring of integers of K. The number of roots of
unity contained in K is denoted by wg. The non-trivial automorphism
of K is denoted by = +— Z. The primitive Dirichlet character corre-
sponding to K/Q is denoted by x. We denote by O* = (v/—=D)~1O the
inverse different ideal of K/Q. For each prime p, we set K, = K ® Q,
and O, = O ® Z,. The set of hermitian matrices of size m with entries
in K, K,, O, and O, are denoted by H,,(K), H,,(K,), H,(O), and
Hm(O,), respectively.

We set e(T') = exp(2my/—1tr(T)) if T' is a square matrix with entries
in C. When p is a prime, e, is the unique additive character of @, such
that e,(z) = exp(—2my/—1z) for x € Z[p~!]. Note that e, is of order
0. The adele ring of Q is denoted by Ag or A. The finite part of the
adele ring is denoted by A¢. We put ex(x) = e(vx) [[,- €p(zp) for
an adele z = (z,), € A.

p<o0
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Let x = ®,x, be the character of the idele class group A*/Q*
determined by y. Then X, Is the character of Q) corresponding to

Q,(v—D)/Q, and is given by the Hilbert symbol Xv(t) = <%) for
teQr. We put Z = [1,Z, and 7x = [, Z)
In §3 and §8, F' will denote a non-archimedean local field. When

1 is an additive character of F' and p is a quasi-character of F'*, the
L-factor L(s, p) and the e-factor (s, p, ) are defined as in Tate [28].

We set €'(s, p,¥0) = (s, p, ) L(1 — s, p~ ", 40) L(s, p) "

1. Unitary groups and hermitian modular forms

We recall some basic facts about hermitian modular forms.
The unitary group G = U(m,m) is an algebraic group defined
over Q, whose group of R-valued points is given by

0 —-1,,\o 0 -1,
peaummem (P2 )

for any QQ-algebra R. When there is no fear of confusion, we drop the
superscript (m). We define the hermitian modular group by F(Km) =

G (Q) N GLyy (0). Put I, = {(é g) S fﬁ?)‘c - 0}. Note that

Fg) = SLy(Z) - {av- 13| € O*}. A hermitian matrix H € J,,(K)
is called semi-integral if tr(HR) € Z for any R € H,,(O). Note that
H € H,,(K) is semi-integral if and only if the diagonal entries of H are
integral and \/—Dy - H € M,,(O). We denote the set of semi-integral
hermitian matrices of size m by A,,(O). Similarly, we define A,,(O,).
Then we have A,,,(0,) = A(O) ®z Z,. The subset of A,,(O) consisting
of all positive definite elements is denoted by A,,(O)".
The hermitian upper half space H,, is defined by

Ho ={Z € Mu(C) | 55 (Z — 'Z) > 0},

Note that H; = $; is the usual upper half plane. Then the unitary
group G (R) acts on H,,, by

g(Z) =(AZ+B)(CZ+D)", Z€Hpn g= (é g) € GM(R).

We put j(g, Z) = det(CZ+D) for Z € H,, and g = <é g) € GM(R).

If F(Z) is a function on H,,, we put

(Fli9)(Z2) = F(9(2))j(9,2)"
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for g € G (R). When [ is clear from the context, we sometimes drop

it. Let o be a character of Fg’l), which is trivial on { < 10’” 1Bm) € fg’l)}

A holomorphic function F' on H,, is called a hermitian modular form

of weight [ with character o if F|,g = o(g)F for any g € Fg?l). When
m = 1, the usual holomorphy condition at the cusp is required. A
hermitian modular form F(Z) has a Fourier expansion of the form

F(Z)= Y  A(H)e(HZ).
HeAm (0)

Here, H > 0 means that the hermitian matrix H is positive semi-
definite. A hermitian modular form F' is called a cusp form if Fourier
coefficients A(H) vanish unless H € A(O)". The space of hermitian
modular forms (resp. hermitian cusp forms) of weight { with character

o is denoted by MZ(F?), o) (resp. SZ(F(Km), 0)).

2. Siegel series for unitary groups

In this section, we consider Siegel series associated to non-degenerate
semi-integral hermitian matrices. Fix a prime p. Put &, = x(p), i.e.,

1 ifK,~Q,d»Q,
& =< —1 if K,/Q, is an unramified quadratic extension
0 if K,,/Q, is a ramified quadratic extension.

For H € A,,(O,), det H # 0, we put
v(H) = (=Dg)™? det H.

It is easily seen that y(H) € Z,. Note that v(H) € Z for H € A,,,(O).
The Siegel series for H is defined by

by(H,s) = > e, (tr(HR))p~ 4 )s  Re(s) > 0.
REHm (Kp)/Hm (Op)

The ideal v(R) C Z, is defined as follows: Choose an element ( g g) €

G™(Q,) N SLy,,(0,) such that det D # 0, D7'C' = R. Then v(R) =
(det D)Z,. Note that det D € Q,.
We define a polynomial t,(K/Q; X) € Z[X] by

[(m+1)/2] [m/2]

LIE/QX) =[] -p"X) J](-p""'¢X).

i=1 =1
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There exists a polynomial F,(H; X) € Z[X] with constant term 1 such
that
Fy(H;p™*) = by(H, s)t,(K/Qip~*) 7.
For a proof of this fact, see [24]. Clearly, F,('fAHA; X) = F,(H; X)

for any A € GL,,(O,). Moreover, F,(H;X) satisfies the following
functional equation:

Ey(H;p™® XY = x (v(H))" ' (p" X)W E,(H; X).
This functional equation follows from the results of Kudla and Sweet
[17]. We will discuss it in the next section.

The functional equation implies that degF,(H; X) = ord,y(H). In
particular, if p{vy(H), then F,(H;X) = 1.

Definition 2.1. For H € A,,(O,), det H # 0, we put
Ey(H; X) = X W E (. p~m X —2),

Note that the highest term and the lowest term of F,(H;X) are
Xordpv(H) and Xp(’y(H )t X —orde () - regpectively.  The following

lemma follows immediately from the functional equation of F,(H; X).

Lemma 2.2. For H € A,,(O,), det H # 0, we have

E(H; XY =F,(H; X), if m is odd
Ey(H; X7 =x 2

(
(v(H))F,(H; X), ifmis even
Fp(HSpr_l) :ﬁ’p(H;X), if m is even and pt Dy.

We will need the following lemma later.

Lemma 2.3. There exists a constant M > 0 such that
Fy(H; )] < pHrss o)

for any H € A,,,(O,), det H # 0 and any w € C, |w| = 1. The constant
M does not depend on p.

Proof. We may assume p|y(H). Put d = ord,(y(H)) = degF,(H; X).
For each

p(X) = anX" € CIX]],
N=0
we put Hy(¢) = max(|agl, . .., |aq|). Then

Ha(p1p2) < (d+ 1) Ha(p1)Ha(ip2)
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for @1, o € C[[X]]. For each positive integer [, we define a formal
power series ab; (t) such that

alli(p_s) = Z ep(tr(HR))p_ ordy (v(R))s
Rep='Am (Op)/Am (Op)

Then it is proved by Shimura [24] that if [ > 2d + 1, then ol (p~*) =
b,(H,s). Since b,(H,s) = t,(K/Q;p~*)F,(H;p~*®), we have

Hy(t,(K/Q; X)F,(H; X)) < pdthm® < pidm?,
On the other hand,

m

Haty(0/Q: %)) <H[ [0~ 9X) )
<(d-+ 1) T Hal(1 - 5x) )

=1
S(d + 1)m71pdm(m+1)/2 )

By the obvious estimate (d + 1) < p?, we have

Ha(Ey(H; X)) < (d+ 1)mplm(m D/2gme. £ pmmyz
Since |w| = 1, we have
|y (H30)] = [Ey(H: p )| < (d+ plmssom)2 < ptimicoms2))2
It follows that | F,(H;w)| < pdTm*+3m+2)/2, ]

3. A proof of the functional equation

In this section, F' = F,, is a non-archimedean local field. We denote
the ring of integers, the absolute value, and the order of the residue field
by o, | | and g, respectively. Let E be either a quadratic extension of
F or F@& F. We denote the character corresponding to E/F by x. We
denote the discriminant ideal of E/F by ©. Put G = SU(m,m)g/r.
For a quasi-character p : F* — C*, we denote the degenerate principal
series Ind$(p - | |°) by I(p,s). Here P is the Siegel parabolic subgroup
of G. The space of I(p, s) consists of all locally constant functions ®(g)

on GG such that
A B stm
o (5 ) e) = laeearag)
B

for any (61 tA_l) € P and any g € G.
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Fix an additive character ¢ of F. For ®(g) € I(p,s) and a non-
degenerate hermitian matrix H € H,,(F), put

1n,

M(s, p)®(g) = /}(m(E) d(w ( 0 1”;) g, ) du.

Wha(ate) = [ aw () g i de

These integrals are absolutely convergent for Re(s) > 0 and can be
meromorphically continued to the whole complex plane. If s is not a
pole of M(s, p), then M (s, p)®(g) € I(p~*, —s). Moreover, it is known
that Why(s) is entire.

Proposition 3.1. (Kudla and Sweet) The following functional equa-
tion holds:

Whpy(—s)o M(s,p) = ku(s, p,v)Whg(s),

where

ku(s, p, ) =p(det H)_1| det H|~*~(E/F, ¢)m(m—1)/2

x x(det H)™ ! He’(s —m -+, pg’l, )7t

r=1

Here y(E/F, ) is the Weil factor for F/F with respect to 1, and
(s, p,b) = (s, p,w)L(1—s,p~1)L(s, p)~t. This proposition is Propo-
sition 3.1 of Kudla and Sweet [17] when E' is a quadratic extension of
F. When E = F & F, see [17], p. 303.

We assume ¢ has order 0 and p = 1 is the trivial character. Let
®' € I(s,1) be the unique element such that ®o(g) = 1 for g €
GNSLgy(0). Then WhH(s)@és)(lm) is an analogue of the Siegel series
considered in the last section. It is known (cf. Shimura [24]) that there
exists a polynomial F,(H;X) € Z[X] such that WhH(s)@éS)(lgm) is
equal to

- 1
yg‘m(m—l)/ZLH —
T:1L(S+m+1_T’X )

-Fy(H;q7°7™).

By standard Gindikin-Karpelevich argument, we have

o L(s—m4+rx"h
M 1 CI)(S) — D m(m—1)/2 | | ) A ( 5)'
(57 ) 0 ‘ ’ et L(s—l—m—l—l _Tyxr—l) 0
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It follows that
Whis(—s) 0 M(s, 1) (1a,)

_ | |m(m=1)/2 o Ls—mA4r X
=10 HL(S—I—m—I—l—r,X’"l)

r=1

- 1
X
E L(—=s+m—r+1,x"1)

-F(H; ™).

By Proposition 3.1, we have
et H| "y ) “7 % x(det B
det HI™*~(E/F m(m 1)/2_ det HY™ 1

X H€(S —m+r, XT_17¢)_1 : Fv(Ha q—s—m)

r=1
:‘gym(mfl)/4Fvv(}I7 qsfm)'
Since =(s, x, ) = 1(E/F, ) D102 and A(E/F,)* = x(—1), we
obtain the following functional equation for F,(H; X).

Corollary 3.2. The polynomial F,(H; X) satisfies the following func-
tional equation:
If m = 2n,

Fy(H;q7 " X1 = x((—1)" det H)(q™X)~ 4@ E (H; X).
If m=2n+1,
Fy(H;q 2 XY = (¢ X)~on@" dett) o (. X)),
Remark 3.3. When E/F = K,,/Q,, we obtain the functional equation

of F,(H; X). Note that Xp(_l) = Xp(_D)’ since Xp(D) = <%> =1

4. Fourier coefficients of hermitian Eisenstein series

For simplicity, we assume that [ is a sufficiently large integer. Let

Egln)(Z ,8) be the Eisenstein series of weight 21 on the hermitian upper-
half space H,,,. For Z € H,,, we put X = (Z + 'Z)/2 and YV =

(Z — 'Z)/(2y/=1). Then the hermitian Eisenstein series ES™(Z, s) is
defined by

EY(Z,s) = (detY)™ N (detg)i(g. 2) |j(g, Z)| >

ger T\
Egn)(Z, s) is absolutely convergent for Re(s) > m and
By (5, )l g = (det g) By (5, 5)
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m)

forany g € T §( . Then the Fourier expansion of Eé;n) (Z, s) is as follows.

By (Z,s)= Y & (HY,s)e(HX).
HeAn(0)

If H is non-degenerate, we have

(m—1)/4
SM(H: Y, s) = (4) (det Y ' E(Y,Hys+ 1,5 — 1)

X pr(H,p_2S)
P

—m(m—1)/4 —
D =(Y, H; l,s —1
(= (det Y)*™ m( itk a )

4 [[2 L(2s+ 1 —d,x"1)

X H Fp(H;p_2S).

plv(H)

Here,
E(g,h;s,s'):/ e(—hz) det(x + vV—1g) > det(z — vV/—1g)~* da.
Hm (C)

(See Shimura [24].) When s = [, we get the Fourier expansion of the
holomorphic hermitian Eisenstein series E;;”)(Z ) € MQl(fg”); det™). If
H e A,(0)F,

(_1)ml2m(21—m+1)ﬂ.2ml

Tn(20)

=(Y, H;21,0) = (det H)*~™e(v/—1HY),

where .
To(s) = 7" D2 T 0(s + 1 — ).
i=1
The H-th Fourier coefficient of Eé;n)(Z ) for H € A,,,(O)7" is equal to
(_1)ml2(4ml—m2+m)/2D—m(m—1)/4ﬂ_2ml

T T e e CLE R § IR (C

plv(H)

It follows that the H-th Fourier coefficient of Eé;n)(Z ) for H € A,,,(O)*
is equal to the product of

A2 [T LG =20 1)

=1

and

|7(H)|21_m H Fp(H;p_Ql) |l (m/2) H l—(m/Z))‘

ply(H) ~(H)
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Here

1 ifm=2n+1,
Am = .
(=)™ if m=2n.

Observe that
[T A=y = 11 x, (i (E) " Ey(H; p=t+ /)

plv(H) plv(H)
= A, H F —l+(m/2))
ply(H)

by Lemma 2.2. We define the normalized Eisenstein series by

G2y =27 [ LG —2,x"™") - ESY(Z) € My (T det™).

i=1

When m = 2n + 1, the H-th Fourier coefficient of Séiff; (Z) is equal

to
| |k/ (1/2) H F —k +(1/2))
plv(H)
for any H € Ag,11(O)" and any sufficiently large integer k’. When
= 2n, the H-th Fourier coefficient of EQ(i, Lon(Z) is equal to

|k/ H F _k,/
plv(H)

for any H € Ay,(O)" and any sufficiently large integer k'

5. Main theorems

We first consider the case when m = 2n is even. We refer this case
as Case E. In this case, let f(7) = Y v_; a(N)¢" € Sor1(Lo(D), x) be
a primitive form, whose L-function is given by

L(f,s) =[]0 = app™ + x(0)p™ ) [[(1 = alg)g ).
ptD qlD
For each prime p { D, we define the Satake parameter {a,,3,} =
{O‘pa X(p)&;;l} by
(1—a(p)X + x(p)p*X?) = (1 — pFa, X)(1 — p*3,X).

For ¢ | D, we put a, = ¢ *a(q).
For each H € Ay,(O)*, we put

A(H) |kHFHO‘p

ply(H)
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Here p extends over all primes which divide y(H). We put
F(Z)y= Y A(H)e(HZ), Z € Hay.
HGAQn(O)+
Then our main theorem for Case E is as follows:

Theorem 5.1. (Case E) Assume that m = 2n. Let f(7), A(H) and
F(Z) be as above. Then we have F € SQH%(F(I?R), det ™).

Now we consider the case when m = 2n + 1 is odd. We refer this
case as Case O. In this case, let f(7) = D N_; a(N)g" € So(SLa(Z))
be a normalized Hecke eigenform, whose L-function is given by

L(f,s) = H(1 —a(p)p~® 4 pPIE

For each prime p, we define the Satake parameter {a,, o, 1 by
(1—alp)X +p*1X?) =(1- pk_(1/2)osz)(1 — pk_(lﬂ)oz;lX).
Put
A(H) = |y (H)[F02 T Fp(H;ap),  H € Mypia(0)Y,
plv(H)
F(Z)y= Y  A(H)e(HZ), Z€Hon.
HeAzn41(0)*

Then our main theorem for Case O is as follows:

Theorem 5.2. (Case O) Assume that m = 2n + 1. Let f(r), A(H)
and F(Z) be as above. Then we have F' € S%Hn(rﬁ?”“), det_k_”),

In both Case E and Case O, the definition of F(Z) is independent of
the choice of a;, by Lemma 2.2. Observe that F'(Z) is absolutely conver-
gent on H,, by Lemma 2.3 for any m. Since F,('fAHA; X) = F,(H; X)
for any H € A, (O) and any A € GL,,(O), we have Flogiong =
(det g)~*"F for any g € I'7. We call F(Z) the lift of f(r) to

Sngrgn(F%n), detfkfn) and denote it by Lift(m)(f).

6. Fourier-Jacobi expansions

We define the Jacobi group J,,,.(O) by

M=

eI™ | det M =1

* O % *

O o B G
=

* O % %

O OO -
=




15

We consider only the case r = m — 1. Fix S € A,,_1(O)".

For a holomorphic function ¢(7, 21, 22) on $; x C™"~' x C™~, we de-
fine a function on H,, 1 xH; xC™" 1 xC™ 1 by ¢(Z) = e(Sw) (7, 21, 29).
Here

W 21 _
Z:(t T), wWE Hpm1,TE H1, 21,20 € CT L

We shall say that the function ¢ is a weak Jacobi form of index S and
weight [, if and only if

ol M= ¢
for any M € Jy,m-1(0). A weak Jacobi form is called a Jacobi form if
¢ has a Fourier expansion

(T, 21, 22) = Z Z c(z, N)e('Tz, + 'r20)e(NT)

ze(Ot)ym=1 NeZ

such that c(x, N) = 0 unless N — S~z > 0.
For each £ € K™™', we define the theta function 0 (S; T, 21, 22) by

01 (S; 7,21, 22) = Z e("(x+&)S(x+&)T+ (x + £)Sz1+ (2+£)S2).
zeOm—1
Choose a complete representative = = =(5) for S~1(OF)m=1 /Om~1,
Then a Jacobi form ¢(7, 21, 22) of index S can be expressed as a sum

¢(T7 21 ZQ) = Z ‘9[5] (S’ Ty %1, Z2)¢§(7)7
{eE
¢e(1)= > oS¢ Ne((N — €9)r).

NezZ
N—T%Se>0

It is well-known that for each v = (CCL Z) € SLy(Z), there exists a

unitary representation ug : SLo(Z) — GL(C*=) with kernel containing
some congruence subgroup I' C SLy(Z) such that

Oig (S;7', 21, 2)
=(ct + )™ Z us(Y)ne €(Sz1(cr + d) " e22)0, (S; T, 21, 22),
ne=

where 7 = (a7 + b)(cT + d)71, 2} = zi(er +d)7Y, (i = 1,2). Tt follows
that

Ge(1(7)) = (er+d) "y " us(y)ge b ()

nes
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for any v = <Ccl Z) € SLy(Z) and any £ € =.

Let §(Z) be a holomorphic function on H,, which has a Fourier
expansion

3(2) = S A(H)e(HZ).

Here H extends over positive semi-definite elements of A,,(0). We
assume that A(XHX) = A(H) for any X € GL,,(O) and any H €
A (O). For each S € A,,_1(O), we put

Ss(7,21,22) = Z A(H)e(N7)e( Tz + wz).
(&%)

Here H extends over all positive semi-definite elements of A,,(O) which

is of the form H = (tsj ]C\C[) As in [9], we have an expansion

Fo(r21,2) = Y 0(S;7, 21, 22)Fs(7),

£eE

where

s = X w((gy ) el - €6

Nez
N—%Se>0

We call §g¢(7) the (S, &)-component of the Fourier-Jacobi expansion of
§(Z). Since the set {0(S; 7,21, 22) | € Z} are linearly independent,
Ss(T, 21, 22) is a Jacobi form of index S and weight 2/ if and only if

Foe(V(m) = (7 + d)™™ Y " ug(Y) e T ()

nes

for any v = <a b) € SLy(Z) and any £ € =.

cd

7. Vector-valued modular forms
Let K, = SLy(Z,) be the standard maximal compact subgroup of
SLe(Qp). We put K = [, K, Let (u,V) be a finite-dimensional

continuous representation of . A V-valued modular form E(T) with
type u is a holomorphic function of 7 € $; with values in V' which
satisfies the following conditions (1) and (2):

(1) h(g(r)) = (e7 + d)"u(g)~"h(r) for any g € SLy(Z).
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(2) h(7) has a Fourier expansion of the form
h(r) = eN)g"™M
N=0
for some positive integer M.

We define vector-valued cusp forms similarly.

For each prime p, let R, = C[X,, X'] be a copy of the Laurent
polynomial ring. Put R = ®,R,. Then R is the ring of Laurent
polynomials ®(X) = ®(Xy, X3,...) € C[Xy, X3!, X3, X3!, .. ]. Let ay,
as,. .., Ap, ... be non-zero complex numbers. Then the value of ®(X)
at (X9, X3,...,X,,...) = (ag,as,...,ap,...)is denoted by ®({a,}).

Lemma 7.1. Let ®(X) be an element of R. Assume that ({p~—°}) =0
for an infinite number of s € R. Then ®(X) is identically 0.

Proof. Write ®(X) as a sum of monomials:

r
= E a; H X;i’P.
=1 D

Here ¢;, = 0 for almost all p. Put N; = Hp p®r. Then our assump-

tion implies Y a;N;® = 0 for infinitely many real number s. Since
Ni, ..., N, are mutually distinct, we have a; = --- =a, = 0. 0

Definition 7.2. Let h(7) be a modular form of weight s for some
congruence subgroup I'. Then we denote by V(h) the C-vector space
spanned by {h|y | v € GL(Q)"}. If u : £ — GL4(C) is a represen-
tation of rank d, then Z(V(h)? u) is the space of C%valued modular
forms of type u whose entries belong to V(h).

We first consider Case E. For Case E, we put

B
Eopy14(7) = — 42’“13%2 > x(d)d™ | ¢V € Myys1(To(D), X).
N=1 \dIN

Note that L(s, Eort1,) = C(s)L(s — 2k, x). In particular, the Satake
parameter of Fogy1,(7) is {p~*, x(p)p*} for pt D and {q~*} for ¢q|D.

Definition 7.3. (Case E) We define a compatible family of Eisenstein
series {Fop41(7)}w>ry as follows: A compatible family of Eisenstein
series is a family of modular forms

Fora(T) = (2K + 1,00+ > N¥b(2K + 1;N)g"
NeQX}

satisfying the following conditions (1), (2), and (3).
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(1) Forrs1 € V(Eopr41,y) for any integer k' > kj.
(2) For each N € QZ, there exists an element ®y(X) € R such
that
b(2K' + 1;N) = n({p™}).
(3) There exists a congruence subgroup I' C SLg(Z) such that
ka’-I—l € M%/H(F) for all £ > ]{36
As in [9], we have to prove the following lemma.
Lemma 7.4. Let
f(r) =) a(N)g" € Sya(To(D), X)
N>0
be a primitive form and o, a Satake parameter of f(T). Assume that
there are a finite-dimensional representation (u, C?) of K and éN(X) =
(D1 n(X),...,Pun(X)) € R, (N € QF) satisfying the following con-
ditions (1) and (2):
(1) For each sufficiently large integer k', there exists a vector-valued
modular form

Forra (1) = b(2K +1;0)+ > N¥b(2K' + 1; N)g"
NeQX}

of type u.
(2) For each i (1 < i < d), the i-th component F;op41(T) of

f2k’+1(7') 18 a compatible family of Fisenstein series such that
Here b(2K' + 1; N) = (b (2K’ + 1; N), ..., ba(2K' + 1; N)).

)= Y Noy({a})e"

NeQ}

Then we have h(t) € Z(V(f)% u).

Put

8. Behavior of the Whittaker functions

In this section, we will investigate the behavior of Whittaker func-
tions on GLy, which will be used to prove Lemma 7.4.

In this section, F' = F, will denote a non-archimedean local field.
We fix a non-trivial additive character ¥ of F'. The maximal order of
F', the prime ideal, and the order of the residue field are denoted by o,
p, and ¢, respectively. We put R, = C[¢®, ¢~*] and K = GLy(0). The
Borel subgroup of GL; which consists of all upper triangular matrices
are denoted by B. We put B = BN SLy, and K = K N SL,.
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Let x, x, and x, be characters of F*. The principal series represen-
tation f(xl X x,.s) = IndgL2 CARN-PH \*SN) is the representation of
GLs which is induced from the character of B given by

(8 Z) = X, (@)x,(d)|ad "],

Similarly, the principal series representation I(x,s) = Indj*(x| |°) is
the representation of SLy which is induced from the character of B

given by
a b s
(6 1) = x@ar

Then the restriction of I (Xl X x,,s) to SLy is canonically isomorphic
to T(x,x;"s25)-
In this section, we assume x is a unitary character.

Lemma 8.1. Let x be a character of F* such that XQ = 1. Any

wrreducible representation of K is multiplicity free in f(l X X_l,s).
Moreover, the set of irreducible representations of IC which occur in

I(1X x ', s) is independent of s.

Proof. Tt is enough to consider the restriction of (1 X X', s) to SLy.
Note that the restriction is isomorphic to I(x,2s). Put B = BNK
and N = {(é 711) ‘ n e 0}. We are going to prove that the induced

representation Indg X is multiplicity-free. It is enough to prove that the
Hecke algebra

H (B\K/B; x)
= {6 € CF(K) | ¢(bikby) = x(b1ba)$(k), b1, by € B,k € K}

is commutative.

We consider the anti-involution T<x y) = (w y) of IC. We shall
z w z X

prove that for any k = (i g}) € IC, there exist by,by € B such that
"k = bikby and x(biby) = 1. If z € 0, then one can easily find
ny,ny € N such that Tk = nikny. If 2 € p, then k — b(z, (1’) for
=T7)

1
some 2z’ € p and b € B. In this case one can choose b; = b1, by
This completes the proof of the first assertion. The last assertion of
the lemma is clear. 0
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We need to investigate the behavior of Whittaker functions at the
points of reducibility of I(y,2s). Since I(x||*',2s) =~ I(x,2(s + §)),
we have only to consider real s by changing y if necessary. If x% # 1,
then there are no real points of reducibility of I(x,2s). When x = 1,
the real points of reducibility of 1(1,2s) are s = +5. I(1,1) contains
the Steinberg representation St, and the quotient of /(1,1)/St is the
trivial representation 1. [(1,—1) contains 1, and I(1,—1)/1 ~ St.
When x? = 1, x # 1, then the real point of reducibility of I(y,2s) is
s = 0. In this case, I (x,0) is the direct sum of two irreducible represen-
tations I(x,0)* @I(x,0)". This decomposition is described in terms of
the normalized intertwining operator M*(2s, x) = (2s, x, %)M (2s, x).
The irreducible constituents I(x,0)" and I(y,0)™ are the spaces of el-
ements of I(,0) on which M*(0, x) acts by 1 and by —1, respectively.

An R,-valued function on GLy can be regarded as a function f(g, )
on GLy x C such that f(g,s) € R, = Clg®,q*] for each g € GL,. We
say that a function on GLs x C or on SLy x C is right K-finite if there
is a open subgroup K. of K such that f(g,s) is right K.-invariant for
any s. We also consider R,-valued functions and right K-finiteness for
SLy.

Definition 8.2. A right K-finite R,-valued function f(g,s) on GLs is
called a holomorphic section of H& X X, s), if f(g,s) € IN(X1 X X, s)
for each s € C. A holomorphic section f(g, s) of f(Xl Xx,, s) is called a
standard section if the restriction of f(g, s) to L x C does not depend

on s € C. We define holomorphic sections and standard sections of
I(x, 2s) similarly.

For f € I(x,2s) or f € f(xl X X, ), we put

Wi = [ 7 (w(g 7)a)otelan

(1) _01 ) This integral is absolutely convergent if Re(s) >

0. If f(g,s) is a holomorphic section of I(x,2s), then Why(f(g,s))
is an R,-valued function on SLy. Thus th,_( f) is meaningful for any
s € C. We denote Wy (I(x,2s)) = {Why(f)|f € I(x,2s)} for each
s € C. It is known that Wy (I(x,2s)) # (0) for any s € C. If I(x,2s)
is irreducible, then Wy (1 (x, 2s)) is equal to the Whittaker space of
I(x,2s). Conversely we can show the following lemma.

where w = (

Lemma 8.3. Let x be a character of F*. Let W(g,s) be a right K-
finite R,-valued function on SLy such that W(g,s) € Wy(I(x,2s)) for
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each s € C. Then there exists a holomorphic section f(g,s) of I(x,2s)
such that W (g, s) = Why(f)(g, s).

Proof. First notice that the validity of the lemma does not depend on
the choice of 9. If s is not a point of reducibility of I(y,2s), then
there exists a unique f(g,s) such that Why(f)(g,s) = W(g,s). Then
f(g,s) is meromorphic in the sense that there exists a holomorphic
function ¢(s) € R, such that ¢(s)f(g,s) is a holomorphic section. We
have to prove that f(g,s) is holomorphic everywhere. Obviously, if
Ker[Why : I(x,2s9) — W(I(x,2s0))] = 0, then f(g,s) is holomorphic
at s = sy.

Fix s¢ € C such that Ker[Why,:I(x,2s0) — Wy (I(x,2s0))] # 0. It is
known that Ker[Why,: I(x, 2s0) — Wiy (I(x, 250))] is an irreducible rep-
resentation of SLy. Let X (resp. Xg) be the set of irreducible K-types
which occur in I(x,2sg) (resp. Ker[Why,:I(x,2s0) — Wy (I(x,250))])-
For each standard section f, we put B B

a(f) = min (ords—s, Why(f)(g,s)) .

g€SLa

Let f, be a standard section with K-type u. Then «(f,) does not
depend on the choice of f,. Obviously, «a(f,) = 0 for u ¢ X, and
a(fy) > 1for u € Xy. In fact, a(f,) depends only on u. Let u,u’ € X
be irreducible K-types and f,(g,s) and f.(g,s) be standard sections
with IC-types v and o/, respectively. Then there exists a Hecke operator
T € C.(SLy) such that f, x T = t(s) fu for some t(s) € R,, t(sg) # 0.
It follows that a(f,) > a(f,). Changing the roles of u and v/, we
have a(f,) = a(fu). Thus to prove the lemma, it is enough to find a
standard section f such that o(f) = 1.
We have to consider the following cases:

(1) x=1and so = —3.
(2) x is the unramified character such that y(@) = —1 and 55 = 0.

(3) x is a ramified character such that x> — 1 and so = 0.

In the case (1) and (2), assume that the order of ¢ is 1, i.e., the
largest ideal of 0 on which v is trivial is p. It is well-known that the
trivial K-type u = 1 € X in these cases. Let f, be the standard section
whose restriction of IC is identically 1. A direct calculation shows that
the Whittaker function of f, satisfies

4ns)

Why(fu) ((wn 0 n) ,5) — G2 (eq Y eg® — q*l)(li

0 @~ 1 —eq®

for n > 0. Here € = x(w). It follows that a(f,) = 1 in the case (1)
and (2).
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Now we consider the case (3). We assume that the order of ¢ is 0. In
this case, Ker[th:I(X, 0) — Ww([(x, 0))] = [(Xv 0)~. Let 0 = p/ be
the conductor of x and Ko be the compact open subgroup of K given

by

- a b -

fo= (k= (= DY exfocal
We put ICOZICQI%().

Let fi(g,s) and fa(g, s) be standard sections of I(1 X X, s), whose
restrictions to K are as follows:

( a b ~
ik s) = J X F :<c d) <f
L0 k & Ko,
( b ~
Fy ok, 5) = x(d) nE/\/,k‘z(i d)elco
\O k%/\fw/@o

Here, N = {(é T)

and fg(g, s) to SLe by fi(g,s) and fa(g,s), respectively. By direct
calculation, one can show

r —s+(1/2) 1
Why(f1) ((é ‘i’) ’S) _ {g(t)ltl ;g i :

- ¢ R|D|23+1|t|s+(1/2) |t| <1
Wh s =
o) ((0 ) S) {0 1 > 1,

K= /_f X(x)Y(z) dx.
We define the normalized intertwining operator M*(2s, x) by

M*(QS: X) = 5(287 X w>M(287 X)
Then M*(—2s, x) o M*(2s, x) = id by Proposition 3.1. The calculation
above shows
X(det g)Why (f2)(g, —s) = R "' Why 0 M*(25, ) (/1) (9. 9):

Note that a Whittaker function is determined by its restriction to the
diagonal set by the uniqueness of the Kirillov model. It follows that

x(det g) fa(g, —s) = E[o[* T M*(2s, X)(f1) (g, s).

n e 0}. We denote the restriction of fi(g,s)

)

where
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Applying M*(—2s, x) both sides and changing s by —s, we have

x(det g) M*(2s, X)f;(g, s) = R[D]728+1f1(g, —3).
Put
flg.s) = filg.s) = R falg, 9)-
Then f(g, s) is a standard section of I(1 Xx,s) and M*(QS,X)]Z(Q, 0) =

—x(det g)f(g, 0). Denote the restriction of f(g, 0) to SLy by f(g). Then
we have

feI(x,0)” = Ker[Why: I(x,0) — Wy(I(x,0))].

Moreover, the calculation of the Whittaker function shows a(f) = 1.
O

Lemma 8.4. Let x be a character of F*. Let W(g,s) be a right K-
finite function on GLy x C satisfying the following conditions (1) and
(2):

(1) W(g,s) € We(I(1 K X, s)) for each s € C,

(2) The restriction of W (g, s) to SLg is an R,-valued function.

Then W (g, s) is a right K-finite Ry, -valued function on GL.

Proof. By Lemma 8.3, there is a holomorphic section f(g,s) on SLy
such that W(g,s) = Why(f)(g,s) for any g € SLy. The holomorphic
section f(g,s) of I(x,2s) can be uniquely extended to a holomorphic

section f(g,s) of (1 X X,s). Then W(g,s) = Why(f)(g,s) for any

g € GLy. We should prove that Why(f)(g,s) is R,-valued on {g €
GLs| det g = a} for any a € F*. In fact, for g € SLy, we have

Why(f) ((8 (1)) 9’8) =/Ff (w ((1) ff) (g ?) g)s) T
/Ff ((é 2) v ((1) a_llx) 9, s) U(x)dz

=x(a)la|"*Why, (f)(9,5),
where 1, (z) = ¢ (ax). This is an R,-valued function. O

9. Adelic compatible family

Let B = {(8 :) € GLQ} be the standard Borel subgroup of GLs.

Put K = GLa(Z) and Ko = {(g Z) c GLQ(Z)‘C e Dz}.
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Recall that given h € Mog,1(Io(D), x), one can define an adelic cusp
form h* on GLy(A) by the formula

h(g) = x(d)(f]geo) (V1)

for ¢ = 790000 € GLo(A) with v € GLy(Q), goo € GL3 (R), and

go = <CCL Z) € Ko. For a primitive form f € Sopy1(Io(D),x), we

put f = f%. We also put Egpy1, = (Bawy1,)" Let 7 ~ @7, be an
irreducible cuspidal automorphic representation of GLa(A) generated
by f. Then the central character of 7 is x, and 7, is the (limit of) dis-
crete series representation of GLy(R) with minimal weight +(2k + 1).
The p-component 7, is the principal series representation

GL s —s
TRy, s0,) = IndG 207 (- o0 By |- [70)

induced from the character of B(Q,) given by

a b S —S
(6 %) = laly, @i

Here sg, € C is a complex number such that e=0»1°6? = . Note that
Re(so,p) = 0 by the Ramanujan conjecture.
The Whittaker function We of f is defined by

win- (3 )

Then Wt has a product expansion

Wi = (H Wp,f> Weo 2k41-

p<oo

Here, the infinite part Wy, 911 of W is given by

a x cosf —sinf
WOO’%H((O 1) (sin9 cos @ ))

B 2V 1z gk (1/2) g=2magy/=12k+16  if ¢ > (),

The finite part W =[] ... W, of the Whittaker function satisfies

p<oo

wy ((JYJ“ (1))) = N~F=0/2q (N), N e Q¥ ucZ”

Here we think of af(NN) =0 when N ¢ Z. See also [7] section 6.
Let V(f) be the C-vector space spanned by the right translates of f
by GL2(A¢). Then V(f) can be regarded as the representation space of
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®eooTp- We define V(BEgp 41,y ) similarly. V(Egp 1, ) is isomorphic to
& (1R X K).

For each h € V(f) or each h € V(Eg41,), we can associate a
function £(h) on § by

§(h)(7) = h(goo)j(goo, V=1
for goo € GLa(R)T C GLy(A), goo(v/—1) = 7.

Lemma 9.1. The map £ defines surjections V(Eop11,) — V(Eop11,x)
and V(f) — V(f).

Proof. This follows from the equality GLy(Af) = GLy(Q)T - Ko, which
follows from the strong approximation of SL,. 0

One can define an action p of SLy(A¢) on V(f) or on V(Eak41,4) by
p(g)h = h|y~1, for v € SLy(Q) sufficiently close to g € SLa(A¢). Note
that SLo(Q) is dense in SLy(A¢) by the strong approximation theorem.

The maps € : V(Egp11,) — V(EBawt1,) and € @ V(f) — V(f) are
SLy(A¢) equivariant. In particular, & : V(Eag11,) — V(Ear41,,) Is an
isomorphism for sufficiently large &', since the restriction of I (1X X, s)
to SLo(Q,) is irreducible for Re(s) > 1/2.

Definition 9.2. When £’ extends over sufficiently large integers, the
family {Fog 1} is an adelic compatible family of Eisenstein series if
the following conditions (1) and (2) are satisfied:
(1) Forpyq € V(E%’—f—l,x) for each k’.
(2) There is an R-valued function W(g; X) on GLy(A¢) such that
We,,, .. (9) = W(g; {p=*") for each k.

We call W(g;X) the R-valued Whittaker function associated to the
family {Fap11). It is easily seen that {Eq 1, }i is an adelic compat-
ible family of Eisenstein series.

Lemma 9.3. Let {Fopry1 b be a family such that, for any vy € SLy(Z),
{Fors1|7}i is a compatible family of Eisenstein series. Then there ex-
ists an adelic compatible family {Fop 11 }pr such that E(Fop 1) = Foprya-

Proof. Put Fopr g = £ (Fopry1). Let I/V]_;O%,le be the finite part of the
Whittaker function of Fopry;. We have to prove that VV]_;O%,le is an

R-valued function, i.e., there exists an element ¢,(X) € R such that
W, (9) = ©0,({p™"}) for each g € GLy(A¢) and sufficiently large &'.
First assume that g € SLa(Af). Then {p(g)Faor+1}r is a compatible
family of Eisenstein series, because any element of SLy(Q) is a product

of upper triangular matrix and an element of SLy(Z) (cf. the proof of



26 TAMOTSU IKEDA

Lemma 10.3 of [9]). Then Wy (g) = WS(Q)FWH(IQ) is essentially

the first Fourier coefficient of p(Faxy1). It follows that the restriction
of VV]_;O%,le to SLo(A¢) is an R-valued Whittaker function. By Lemma

8.4, Wg,,, is an R-valued function on GLay(Ay). O

Proof of Lemma 7.4. Put F; o1 = & Y Fiaws1). Then by Lemma
9.3, {F; 011} is an adelic compatible family. Let

W(Q,X) = t(Wl(gvx)v - '7Wd(gvx))

be the R%valued Whittaker function associated to {ﬁgk/+1}k/. Put

Wi(g) = Wi(ge, {ap ) Woook11(goo) for ¢ = gtgoo, gt € GL2(Ar), goo €
GLy(R). Note that W;(g¢, {c,}) is meaningful by Lemma 8.4. Then

(o) = S w((§ V)e) v

teQXx
for i = 1,...,d, since m is an irreducible cuspidal automorphic rep-
resentation. Put h = “(hy,...,h;). Then obviously h = {(h) €
TO(f) ). .

10. Proof of Theorem 5.1 and Theorem 5.2.

Now we can prove Theorem 5.1. Let £k’ be a sufficiently large integer.
Then there is a vector-valued modular form of weight 2’41 with values
in C= = Map(Z, C) whose &-th component is the (S, £)-component of
Fourier-Jacobi coefficient of the Eisenstein series

bs.e k1 + Z N¥ HFP(Hgf(N);p_k/) et

N€Z+ p‘N
Here bg ¢ 21741 1s some rational number and
A =[(0OH™ . SO™ 1 = D™ ! (det S)?,

S S
HS,E(N):(%S %—FéESE)

As we have seen in §6, this vector-valued automorphic form is of type
ug. Note that the type ug does not depend on k’.
By Theorem 3.2 of [8], £s¢ belongs to the space V(Eay41,) for each

sufficiently large integer k’. It follows that when k' extends over suf-
)

n

ficiently large integers, (8,2,22 )s,e(7) make up a compatible family of
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Eisenstein series. By Lemma 7.4,

ZN’“ [ 5 (Hse(N); ) | ™72

p|N

is a vector-valued automorphic form with type ug. It follows that

Ze[g] S TZ ZNk HF HS§ ) qN/A

£eE pIN
is a Jacobi form with index S. For v = <CCL Z), we put
1m—1 0 Om—l 0
_ 0O a 0 b
T 0 0 1, 0
0O ¢ 0 d

Then we have F(Z)|agyon7 = F(Z) for any 7 E SLy(Z). It is proved
by Klingen [11] that F(m) is generated by F Koo and ((1]’” _01 ) (See

also §12). Therefore F|apio0,9 = (det g) *~"F for any g € F% ). This
completes the proof of Theorem 5.1.

Now we consider Case O. Since the proof for Case O is almost the
same as Case E, we just describe an outline. Let

Pulr) = 22 30 (1) ¢ € M (SLa(2)

N=1 \ d|N

be the usual Eisenstein series. Note that the Satake parameter of Fyy
is {p (1/2) P k+(1/2)}'

Definition 10.1. (Case O) We define a compatible family of Eisen-
stein series {Fap (7) }w>ry as follows: A compatible family of Eisenstein
series is a family {Fop (7) i of modular forms

For(T) = b(2K;0) + Y N¥=U2b(2k; N)g™
NeQf
satisfying the following conditions (1), (2), and (3).
(1) Fopr € V(Eyy) for any integer k' > k.
(2) For each N € QZ, there exists an element ®5(X) € R such
that
b(2K'; N) = On({p™* /3.
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(3) There exists a congruence subgroup I' C SLy(Z) such that
Forr € Moy (I) for all &' > k.

As in Case E, one can prove the following lemma.

Lemma 10.2. Let
F(m) =" a(N)g" € S5 (SLa(Z))
N>0

be a normalized Hecke eigenform and oy, a Satake parameter of f(7).
Assume that there are a finite dimensional representation (u, C?) of K,
and Oy (X) = (D) n(X), ..., Pyn(X)) € RY, (N € QX) satisfying the
following conditions (1) and (2):
(1) For each sufficiently large integer k', there exists a vector-valued
modular form

Fo (1) = b(2K';0) + Y - NF-UDp(2k'; N)gN
NeQX
of type wu.

(2) For each i (1 <i <d), the i-th component F; o1 (T) of ﬁgkl(T)
1s a compatible family of Fisenstein series such that

bi(2k"; N) = &,y ({pF+1/2}).
Here b(2K': N) = (b1 (2K'; N), ..., ba(2k'; N)).
Put
h(r) =Y NP8y ({a,})g"

NeQX
Then we have h(t) € Z(V(f)% u).

The proof of Lemma 10.2 and Theorem 5.2 are the same as Case E.

11. Existence of some hermitian matrices

Lemma 11.1. If m is divisible by 4, then there exists an element Hy €
A (O)F such that v(Hy) = 1.

Proof. We may assume that m = 4. We define hermitian matrices H,
and Hy by

B 10 -1, (D2 0
H,=vVD (12 ; ) Hd_( f 13).
Then H, € A(O), Hq > 0 and det H, = det Hy. Since det H, = det Hy,
there exists an element X, € GLy(K),) such that Hy = X,H,;'X,, for
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—1
each prime p (cf. Scharlau [22]). Replacing X, by X, (det X5 0 >,

0 13

we may assume that X, € SL,(K,). We may also assume that X, €
SL4(O,) for almost all p. By the strong approximation theorem for
SLy, there exists an element X € SLy(K) such that X' X, € SL,(O,)
for any p. Put H; = XH;'X. Then we have H; € A4(O)T and

Lemma 11.2. Assume that m is odd. For any integer N > 0, there
exists an element Hy € Ap,(O)T such that |y(Hy)| = N.

Proof. By Lemma 11.1, we may assume m = 1 or 3. If m = 1, we can
take Hy = (N). The proof in the case m = 3 is similar to Lemma 11.1.
One can take

N 0 0 N
H.=1| 0 0o —v—D'|, H= ( O) .
0 =D ' 0

Lemma 11.3. Assume that m = 2n is even. Let N > 0 be a rational
integer such that there exists an element y € OF such that Dyy =
(—=1)"N mod D. Then there exists an element Hy € A, (O)% such
that |y(Hy)| = N.

Proof. We may assume m = 2 or 4. Put z = (Dyy — (—1)"N)/D. In
the case m = 2, we put

[z oy _(ND7' 0
Hs_(g 1>’ Hd_( 0 1)

In the case m = 4, we put

Ty 0 0
y 1 0 0 ND™%2 0
B=1o 0o o v=D'| Hd_( 0 13)'

00 —/—D " 0

Then one can find a desired element Hy € A,,(O)' as in Lemma
11.1. U

Lemma 11.4. If m = 2n is even, then there are an infinite number of
primes p such that |y(H)| = p for some H € A,,(O)*.

Proof. If p = (—1)™ mod D, then there exists H € A,,(O) such that
|v(H)| = p by Lemma 11.3. Hence the lemma. O
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12. Hermitian modular groups of general type

In this section, we prove some facts about hermitian modular groups.
We follow the argument of Klingen [11].

For a fractional ideal a of K, the absolute norm of a is denoted by
N(a). For an integral ideal 5 of K, the set of prime divisors of 3 is
denoted by Supp(3).

Lemma 12.1. Let a be a fractional ideal and b an integral ideal of K.
Leta € a' and b € O be elements such that (aa,b,b) = 1. Then there
exists an element x € a~! such that ((a + xb)a,b) = 1.

Proof. Decompose the integral ideals aa and b into products of integral
ideals

aa = (11, b = 3272, (Br,71) = (B2,72) = (71,72) =1

such that Supp(4;) = Supp(f2). Let 3 be an integral ideal which
belongs to the same ideal class as ay, ', such that (73, 3171) = 1. Let
be an element such that (z) = a~!v57;. Assume that there is a prime
ideal p such that p|((a+ zb)a, b). Then p|F; or p|y2. If p|Fa, then p|sy,
which is impossible, since (81, za) = (f1,7273) = 1 and (61,0) = 1.
Now assume p|ye. This is also impossible, since p|zba and p 1 aa.
Hence the lemma. 0

Lemma 12.2. Let o, a1, as, and m be fractional ideals of K. Then
there exist elements yq, ys € K such that y, € a, m = y1a1 + Y20o.

Proof. Choose a non-zero element y;, € mal_1 Na. Put n = yam™L

Choose an integral ideal b which belongs to the same ideal class as
m~la,, such that (b,n) = 1. Put (y») = ma,'b. Then we have ya; +
Yolls = mn + mb = m. O

We fix fractional ideals a4, ..., a,, of O. We define an O-module 9
by
M= {"ar,...,am) € K™|a;€a; (i=1,...,m)}.
Note that the isomorphism class of 91 is determined by the ideal class
of a; ---a,,. We define a group U by

U=1{geQL,(K)|gMm =M}

Lemma 12.3. Let x = Y(xy,...,2y) andy = "(y1,...,Ym) be column
vectors in K™. Then there exists an element g € U such that gx =y
if and only z'fxlafl 4+ xma;f = ylafl + -+ yma;ll.

Proof. “Only if” part is clear from the definition. We may assume
m > 1. Assume za;' + -+ a0 = yart + - Fynant # {0} Let
G be the algebraic group defined by G = {g € SL,,,(K) | gx = x}. Then
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the strong approximation theorem holds for G' ~ k™! xSL,, (k). Put
Ko = {9 € GL,,,(K,) | g9, = M, } for each prime p of K. Here, M, is
the closure of M in K". Then [], K, x GL,,(C) is an open subgroup

of GL,,(Ak). Choose an element h € GL,,(K) such that hx =y. The
set

ht (H K, x GLm((C)> N G(Ag)
p

is a non-empty open subset of G(Af) by our assumption. By the strong
approximation theorem for GG, there exists an element

geh! (H K, x GLm((C)> N G(K).
p

Then we have hg € U and hgx =y. O
We define a group I' by

- {oevmmia|o(3) - ()}

where 9 = {*(ay1,...,a,) € K™|a; €a;' (i =1,...,m)}. We tem-
porarily call I' a hermitian modular group of general type associated to
M. If <M,y and M, are isomorphic O-modules, then the corresponding
groups I'y and T'y are conjugate by an element of U(m,m)(Q). We
define the subgroups of Mr, Nr, and Np of T by

0
- )<}
NF = {(1(7;1 13) tB =B = (bij)7 bij S aiﬁj},

{5

Let us denote the subgroup generated by My, Ny, and Ny by I'. We
shall prove I' = I". To prove this, we may assume a; = O, by replacing

. -1 ]-m 0 1m O . .
a; by a; "a;, and I' by ( 0 N(a)l, r 0 N(a) 1, )" Since it
is easy to prove I' = T" for m = 1, we consider the case m > 2.

‘B =B = (b), b;j € a;lagl} :

Lemma 12.4. Assume that m > 2 and that a; = O. Let by, ..., b,
Cly .-y Cm be elements of K satisfying the following properties (1) and
(2):

(1) ZZL biai_l + ca; = 0.

(2) bycy + -+ - + by € Z.
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Put e; = %(1,0,...,0) € K*™. Then there exists an element g € T"
such that

ge; = t(bl,...,bm,cl,...,cm).

Proof. Note that b, c; € O, since a; = O. Note also that the properties
(1) and (2) are preserved by changing *(by,...,bm,C1,...,¢n) by g -
Eby, ... bmyC1y ..oy ) with g € T By using Lemma 12.2 and Lemma
12.3, we may assume ¢z = ...¢,, = 0. If ¢; = ¢ =0, then *(by, ..., by)
is a first row of an element of U by Lemma 12.3, which case is done.
Assume that (c1,ca) # (0,0). Put o = S " ba; !, o = 37 ba; '

By Lemma 12.2 and Lemma 12.3, we may assume

C1Co 7é 0, Oé/’CQaQ.
If by = 0, we replace b; by by + ¢;. Thus we may assume
(bl, blﬂgl, a, Cl) = 1, blclcg 7é O, C3 =+ " =Cyp — O, 0/\0262.

Let p be the product of all prime ideals p such that p|by, p 1 b;. Then we
have (byay !, v, p,by) = 1. By Lemma 12.1, there exists 2 € ay such that
((by + bi2)ayt, a, p) = 1. Note that (by, (by + b17)ay ', o, ¢1 — Tey) = 1.
Decompose the integral ideals ((by + byx)a; ', @) and by into products
of integral ideals

((by + biz)ay ', @) = B, by = B2,
(Brsm) = (Bos72) = (11,72) =1
such that Supp(f;) = Supp(f2). Put y = N(v;). We shall show that

(by +y(er — Tea), (by + biz)ay ', o) = 1.

Let p be a prime divisor of the left hand side. Then we have either p|3;
or p|y1. If p|y1, then we have p|y, and so p|b;, which is impossible. Now
we assume p|3;. Then we have p|f,, and so p|b;. It follows that p|y(c;—
Tcy). Note that pl(e; — Zcy) contradicts to (by, (by + biz)ay ', a,c; —
Tcg) = 1. If ply, then we have p|¥;, since p|y191 and p|F;. This
implies p 1 by, and so p|p, which contradicts to ((by +b12)ay ", a, p) = 1.
Hence we have (b, + y(c1 — Zca), (by + bix)as ', a) = 1. We replace
t(bl,...,bm,Cl,...,Cm) by

100 |00 0 100 (00 0 by
010 [000 210 |00 0 by
00 1,/0 00 001,00 0 :
y 00 |[100 000 |1 =%z 0 ol
000 |010 000 |01 0 &
000 |00 1, 000 |00 1,




33

where m’ = m — 2. Then we have bja; ' + byay ' + -+ + b0, = O. In
this case, the proposition can be easily prove by using Lemma 12.3. [

Now we prove that I = T by induction with respect to m. Let g
be any element of ' and put by, ..., by, c1,...,¢n) = ger. Then it is
easy to see by, ..., by, c1,..., ¢y, satisfy the properties (1) and (2). By
Lemma 12.4, there exists an element h € I such that ge; = he;. Put

By induction hypothesis, we have g; € I'. Clearly, we have g;'h™'g €
I''. Thus we have g € hg,I" =T".

Proposition 12.5. Put a; = N(w;), (i = 1,...,m). The hermitian
modular group I' is generated My Ny and

1,, 0 0 |0 0 0
0 0 0 |0 a0
1o 0o 1.0 0 o .
W=l 0 0 |15 0 0 . (A=sjsm)
0  a;' 0 0 0 0
0 0 0 |0 0 1.,

Proof. Put A = diag(as, ..., an). Then we have (%, &) Np (% 4)

Nr. Thus the proposition follows from Lemma 12.4.

Ol

Proposition 12.6. Let P be the Siegel parabolic subgroup of G
U(m,m). Then we have G(Q) = P(Q) - T

Proof. Put G; = SU(m,m), P, = PNG;, and Ty =T NG(Q). Tt is

enough to prove G;(Q) = P,(Q) - I';.
Let KC; be the maximal compact subgroup of G;(Ay) defined by K; =

Gi(Ar)N(I], GL2m(Op)). For j =1,...,m, we choose elements t; € Aj
such that ordyt; = ordya;, (t;)s = 1. Put
t =diag(ts, ..., tm,t; ..o 00 € G(Ag),
Kr =tKit™".
Then we have G;(Q) N KrG;(R) = I';. Note that the Levi factor of P

is isomorphic to {m € GL,,(K) | detm € Q*}. In particular, the class
number of P; is one. Thus we have

Pl(Q)KFgl(R) = Pl(A)’CFgl(R) = gl(A)-
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Hence we have

G1(Q) = A(Q) - (Gi1(Q) N KrGi(R)) = P (Q) - T'y.

13. Extension to the unitary group

In this section, we discuss the extension of lift™ (f) to an automor-
phic form on the adele group of the unitary group G = U(m,m). Since
G need not have class number 1, we need to consider several congru-
ence subgroups. Let T be the maximal torus of G, which consists of all
diagonal elements. Let I be the maximal compact subgroup of G(Ay)

defined by K = G(As) N (I], GL2i(Oy)).

Lemma 13.1. There is a natural bijection between the double coset
G(Q\G(A)/KG(R) and the ideal class group Cx of K.

Proof. Put H = U(1). Then by strong approximation of SU(m,m),
there is a bijection G(Q)\G(A)/KG(R) — H(Q)\H(A)/ZH(R), where
7 is the image of K in H(A¢). Consider the exact sequence

1— Ay — Ag — H(A) — 1,
where the map Ay — H(A) is given by z — zz~!. One can easily
show that 7 C H(Ay) is equal to the image of [T, O, C Af ;. Then we
have H(Q)\H(A)/TH(R) ~ A /Ay [, Oy C* ~ Ck. O

Fix a complete set of representatives {71, ...,y } for the double coset
GQ)\G(A)/KG(R). We may assume y; = 1g,, and ; = (to {91) €
T(Ag). Let ¢; be the ideal of K such that ord,(c;) = ord,((dett;),),
where dett; is considered as an element of A%. Then the bijection

G(Q\G(A)/KG(R) — Ck is given by

G(Q)V:KG(R) ~— the ideal class of ¢;.
Put

L =TI = 6(Q) N (k- G(R)).

Then I'; is a hermitian modular group of general type considered in
§12. Put

An(0); ={H € H,,(K) |t; yHt; ), € Ay (O,) for any p}.

The set of positive definite elements of A,,(O); is denoted by A,,(O);.
For a holomorphic function F' on H,, and g € G(R), we introduce a
notation

FHng = (detg)l : F‘ng-
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When [ is clear from the context, we drop it from the notation. For
m > 2, put
My (T;,det™) = {F | F||layg = F for any g € T;}.

For m = 1, we require the usual holomorphy condition at cusps. Then
F e My(T;, detfl) has a Fourier expansion of the form

F(2) = Z A()( Z).

HeAm (O
H>0

The space of cusp forms Sy (T, det™) is defined by
{F € My(Ty,det™) | A(H) = 0 unless H € A,,(O)F}.

Put i = /=11, € H,,. For (F},...,F,) € ®" My(T;,det™), we

put
(Fi,- o Fn)(g9) = (Fillu2)(i) = Fy(=(i)) j(x, 1) (det )’

for g = uyzk, u € G(Q), z € G(R), k € K. Then (Fy,..., Fj,)* is an
automorphic form on G(A). We denote by My (G(Q)\G(A), det™) the
space of automorphic forms obtained in this way. Similarly, we put

Su(GIQN\G(A),det™) = {(F1,..., Fy)*| F; € Sy(I;, det ™)}
Let fy be the function on G(A) defined by

£ (g H | det(dyd,)| 7" 5(goo, 1) 2 (det goo)',

ap b ap b
where g = (g,)u € G(A), g, = ( gd’;) ko (G 1) € P@y), Ky € Ky
We consider the normalized Eisenstein series

By (g)=2"T[LGi -2 Y. falyg).
=1

vEP(Q\G(Q)

Then we have Egln) € My(G(Q)\G(A),det™). We denote the corre-
sponding Eisenstein series for I'; by &;9. Thus (&1, ..., &) = Eg’l)
and

Ea(Z) =2 LG—20,x"") ) (detg)i(g, 2)™,

i=1 g€ 00 \I's
where I'; . = P(Q) NT;. Note that P(Q)\G(Q) ~ I'; .o\I'; by Proposi-
tion 12.6. As in §4, one can show that the H-th Fourier coefficient of
Eia(Z) is equal to
|y (H)|' =/ H | det tz‘,pfz',pmﬂﬁp(fz‘,thi,p ;p i Hm/2)
p
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for any H € A,,(O); and any sufficiently large integer I. Set
©;(H,X) = [ [ | det tiplip [y Fo (T Htip; X,) € R

p

Then, for sufficiently large k', the H-th Fourier coefficient of &; o/ 19y, is
equal to [y(H) ¥ =2, (H, {p~¥*+/2}) where n = [m/2], e = m—2n.

Theorem 13.2. In Case E, let f(7) € Sop1(To(D), x) be a primi-
tive form with Satake parameter {cy,, 8,}. Then for i = 1,... h, the
Fourier series

F(Z)= Y () *®(H, {a})e(HZ)
HeAm (0)f
belongs to Sngn(FEQ"),det’k’"). Put F = (Fy,...,Fy,)*. Then F is
independent of the choice of the representatives {v1,...,vn}-
Theorem 13.3. In Case O, let f(1) € Sox(SL2(Z)) be a normal-
ized Hecke eigenform with Satake parameter {a,, 0451}. Then for i =
1,...,h, the Fourier series

F(Z)y=" > H)""2(H, {0y} )e(HZ)
HeEA2n11(0)F

belongs to Sgk+2n(F§2n+1), det™ ™). Put F = (F},...,F))!. Then F is
independent of the choice of the representatives {v1,...,vn}-

Proof. We treat only Theorem 13.3. The proof of Theorem 13.2 can be
treated in the same way.

By Proposition 12.5, I is generated by MrNr and w;, (j = 1,...,m),
where Mp, Nr and w; are as in §12. Clearly, F;(Z) is modular with
respect to M Np. As in §10, one can prove that F;(Z) is modular with
respect to w,,. By permutation of coordinates, F;(Z) is also modular
with respect to w; (j = 1,...,m). Therefore F;(Z) is a hermitian
modular form with respect to I';. The modularity of F; follows from
this. That F; is a cusp form follows from Proposition 12.6.

We prove that the definition of F is independent of the choice of
{71,-..,7}. Let M be the Levi factor of the parabolic subgroup P

such that
M(Q) = {(g‘ t/—lol) ‘ Ae GLm(K)} .

Then the natural map

MQ\M(A)/(KN M(A))M(R) — GQN\G(A)/LG(R)
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St—;l) € T(A¢) be another

set of representatives. Then there exists u; € M(Q) such that ¢, €
wit; (I N M(A¢))M(R). By multiplying some element in K from the
right, we may assume #, = u;¢t;, where u; = u;fU; o, Uiy € M(Ag),
Ui o € M(R). Note that

o w7t 0, (Uiee O
=0 wm) o mLl)”

for z € G(R). We define &}, and F} by using the the representative ~;
instead of ;. Then we have

(&1l |22) (1) =ES" (i)

/ 7,00 0 .
_ (ei,glum (“O’ -~ ) x) ().

It follows that &), = &;allx < 61 B ) Comparing the Fourier ex-

is surjective. Let {7},...,7.}, 7 =

1
pansion, we have F] = Fj||oki2n <“6 o ), which implies the desired
independence. O

Definition 13.4. We call F in Theorem 13.2 or Theorem 13.3 the lift
of f(7) t0 Sapran(G(Q)\G(A), det ") and denote it by Lift™(f).

Next, we shall show that Lz’ﬁf(m)( f) is a common Hecke eigenform

for any Hecke operators if it is not identically zero. Recall that the
Eisenstein series Egln) is a common Hecke eigenform for any Hecke
operators for (G(Ay), K).

Recall that the action of a Hecke operator can be described as follows.

Let T'= KgK be a double coset for ¢ € G(Ag). Let
Kak = [[Kar, - € G(AY)

rel

be a decomposition into a sum of left cosets, where I is a finite index
set. For each r € I, and j € {1,...,h}, choose i,; € {1,...,h} and
u,; € G(Q) such that v;q. € u,;v;, ;/KG(R). Then the action of the

Hecke operator T on Sy (G(Q)\G(A),det™) is given by
(Fla" Fh ’T ZEMHﬂurl""7ZEr,hH21ur_le>ﬁ'
rel rel
Note that one can assume u,.; € P(Q) by Proposition 12.6.

Proposition 13.5. For each Hecke operator T for (G(Af),K), there
exists an element &7 € R such that

2k’+2n’T P ({pikJr 5/2)})Eék’)—|—2n
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where e =0 in Case F and € =1 in Case O.

Proof. Put Eg:,)jLQAT = (Eir,...,Epr). Then, by using Proposition

12.6, one can easily show that E; r has an Fourier expansion

Er(Z)= Y WH)"D L (H, {p ),
HeAR(O)F

for some @} ,(X) € R (cf. [9], p.664). If m # 2 mod 4, then there
exists an element H € A,,(O) such that |y(H)| = 1 by Lemma 11.1
and Lemma 11.2. For such an H, we have F’p(H,X) = 1 for any
prime p. Therefore the eigenvalue is equal to @} ,(H, {p~¥*/2}). If
m = 2 mod 4, there exist an infinite number of prime p such that
p = —y(H) for some H € A,,(O) by Lemma 11.4. Choose such
primes p; # po with py = —vy(H;) and p; = —7vy(Hy). Note that
ord,, F, (Hy, X) = ordy, Fp,(Hs, X) = 1. By the functional equation,
we have F),, (Hy, X) = F,,(Hy, X) =1+ X. It follows that

[15H, Xx,) =X, + X,

P

p1
HFP(H%Xp) = Xp, + ngl-
P

By Lemma 7.1, we have
(Xpl + Xp_ll)CI),I,T(H% X) = (sz + Xp_gl)q)ll,T(Hla X)

By unique factorization of R, ®) 1(H1,X)/(X,, + X,,') € R. Hence
the proposition. O

Theorem 13.6. The automorphic form Lift(m)(f) 1S a common eigen-
form of all Hecke operators for (G(As), K). Moreover, for each Hecke
operator T for (G(A¢), K), we have

Lift™ ())|T = p({ap}) Lift "™ (f).

Proof. As in §11 of [9], the theorem follows from Proposition 13.5 and
Lemma 7.1.

O

Let ¢ be an integral ideal of K. We assume ¢ is prime to D. Set C' =
N(c). We choose a finite idele ¢ = (t,), € A ¢ such that ord,t, = ord,c
for each prime ideal p of K. Set

(Lm0 [t 0
—\o t) T=\o &)
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Definition 13.7. We set

[ =6(Q@ N (vKy ™" G(R)),
A (O)T ={H € H,,(K)|H > 0, t,Ht, € \,,(O,) for any p}.

If f € Sor(SLe(Z)) is a normalized Hecke eigenform, then the lift
of fin Sopran(T2"[¢], det ™ ™) is denoted by Lift®"*V(f). Simi-
larly, if f € Sopr1(Fo(D), x) is a primitive form, then the lift of f in
Sngrgn(Fg")[c],det*k*") is denoted by Lift®"(f). When ¢ = O, we
simply drop ¢ from the notation.

Note that F(Km) [c] is a hermitian modular group of general type con-
sidered in §12. We have

Lift{™ (f) =CF " " |CyH) D] Fy (6 Hby s 0p)e(HZ),
HEeAS, (0)+ P

where ¢ = m — 2[m/2]. If ¢; = O, ¢y,..., ¢, is a representative for the
ideal class group, then we have

Lift™ (f) = (Lift(f), Lifte, (f), .. ., Lift, (f)).

The proof of the following lemmas are the same as Lemma 11.2 and
Lemma 11.3. We omit the detail.

Lemma 13.8. Assume that m is odd. For any integer N > 0, there
exists an element Hy € A5, (O)t such that C|y(Hy)| = N.

Lemma 13.9. Assume that m = 2n is even. Let N > 0 be a rational
integer such that there exists an element y € ¢ *O% such that CDyy =
(—=1)"N mod D. Then there exists an element Hy € AS,(O)" such that
Clv(Hy)| = N.

14. Linearization of the lifting (Case O)

In this section, we consider only Case O. Put m = 2n+1. We fix an
integral ideal ¢ of K such that C' = N(c) is prime to D. We choose t
as in the last section. Let f(7) € Sor(SL2(Z)) be a normalized Hecke
eigenform. For each N > 0, we put

es2 Xe+1 - Xfefl

U,(N; X) =p % X1 e = ord, N,
U(N;X) =] w(N; X,) € R,
pIN

Then the N-th Fourier coefficient a;(N) of f is equal to N*U(N; {a,}).
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Fix an element I € A, ,,(O)*. Then F,(t,Ht,; X) belongs to the
C-vector space

{® e X o OUDCIX?) | D(X ) = &(X)}.

Note that {¥, (O‘7 DI X) | 0 < 20 < ord, Cy(H)} is a basis of this
vector space. It follows that there exists ¢(a, H) € C for each a?|Cy(H)
such that

|07(H)|_1/2 H Fp(Ethp§ Xp) = Z ¢(a, H)\Ij(w§ X).

p|C~(H) a?|C~(H)

One can easily show that ¢(a, H) € Q. Moreover, ¢(1, H) =1 for any
H e A5, 1(O)*, as the constant term of Fj,(t,Ht,; X) is 1.

For each fo(T) = > noo @f(N)gY € Sax(SLa(Z)), we put

() 2) = Y Y a®*éla, H)ay, (L )e(H 2).

H€A§n+1((’))+ a?|C~(H)

If f is a normalized Hecke eigenform, then o(f) = C*"Lift*" D (f).
Since normalized Hecke eigenforms span So;(SLa(Z)), the image of ¢ is
contained in S0, (T2 V], det ™).

We shall show that ¢ is injective. Assume that «(fy) = 0 for some
fo € Sor(SLa(Z)). We show that all Fourier coefficients of f, are 0.
By Lemma 13.8, there exists an element Hy € A§, . (O)" such that
Clv(Hy)| = N. Then the Hy-th Fourier coefficient of ¢(fy) is a s, (N) +
(lower terms). It follows that az (N) = 0 by induction. Now we have
proved the following theorem.

Theorem 14.1. There exists an injective linear map
L Sok(SLa(Z)) — Sapyon(T V], det ™)
satisfying the following properties:
(1) For each fo =3 oo as(N)g" € Su(SLy(Z)),

(o) (2= 32 Y aola Hagy(BEe(HZ),
HeAS, 1 (O)F a2|Cy(H)
(2) If f(1) € Sak(SLa(Z)) is a normalized Hecke eigenform, then
W(f) = CFLIf P (f).

Corollary 14.2. Let f(7) € Sop(SLa(Z)) be a normalized Hecke eigen-
form. Then Lift®" Y (f) is not identically zero.

Obviously, Corollary 14.2 implies that Lift(2”+1)( f) # 0 for any nor-
malized Hecke eigenform f € Sy, (SLa(Z)).
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15. Linearization of the lifting (Case E)

In this section, we consider Case E. Put m = 2n. We fix an integral
ideal ¢ of K such that C' = N(c) is prime to D. We are going to show
that the lifting can be described by a linear map

er1(Lo(D), x) — Sokton (F(Ign) [c], det_k_”)

where S5;, (I'o(D), x) is a certain subspace of Sy11(Io(D), x). Unlike
Case O, the subspace S5;,,(I'o(D), x) depends on the ideal class (more
precisely, the genus) of c.

Let Qp be the set of all primes which divides D. For each prime
q € Qp, weput D, = ¢°"44 P We define a primitive Dirichlet character
Xq by
X(N') if (N,q) =1
Xq(N) = .
0 if g|N,

where N’ is an integer such that

N = N mod D,
1 mod Dq_lD.

Then we have x =[], ;x4 Note that D, is the conductor of x, and

that y, corresponds to the quadratic field with discriminant x,(—1)D,.
One should not confuse x, with X,

Lemma 15.1. Ifq{ N, then x,(N) = x (N).

—a

Proof. Since x, corresponds to Q(y/x4(—1)D,)/Q, we have
Xq(—1)D,, N
e

Q
_ (_DaN) « H (Xq/(_l)Dq/aN) '
Qq 2 Qq
q7'€Qp
q'#q
In this equation, the second factor is trivial since both y,(—1)D, and
N are units in Q,, and x,(—1)Dy =1 mod 4 if ¢ = 2. O

When @ is a subset of QQp, we set

xo=Ixe xo= 1] x&« Dao=]][Ds

qeQ q€Qp q€eqQ
q¢Q

When @ = {q}, X{g is simply denoted by xg.
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As in §13, let ¢ be an integral ideal of K such that C' = N(¢) is prime
to D. Put (Q) = xo(C). Then we have
e(0) =e(Qp) =1,
e(Q)e(Q) ==(QUQ)e(QN Q)
for any Q,Q" C @p. By genus theory (see e.g., Hecke [6] §48), any
function ¢ : {Q|Q C Qp} — {£1} with these properties is obtained in

this way. Moreover, two integral ideals ¢ and ¢’ give the same function
e if and only if ¢ and ¢’ belong to the same genus. If Q = {q}, we

denote £({q}) simply by £(q).
We fix a primitive form f = > a;(N)g" € Sar+1(To(D), x). Recall

that for each subset ) C ()p, there exists a primitive form

fo = Z b(N)qN € Sae1(To(D), x)

N>0

{b(p) =xqPas(p) ifpdQ

b(q) = Xg(@as(g) ifge@.
(See Miyake [19] Theorem 4.6.16.) Note that (fg)o = for where
Q"=(QuUQ)-(@QNQ).
Definition 15.2. If f € Sor1(Fo(D), x) is a primitive form, we put
fr= > eQxe(-1)"fo
QCQp
When € = 1, f** is simply denoted by f*.
Obviously, (fg)™* = e(Q)xq(—1)"f*.
Definition 15.3. Following Krieg [16], we define
ap(N) = [[ A +e@x((-1)"N) = [] @+ x, ((-)"CN)).

q€Qp q€Qp
aN

Here, (q) = ({q}). When € = 1, a3,(N) is simply denoted by ap(N).
Note that a5,(N) = ap(CN).
Lemma 15.4. The N-th Fourier coefficient of fqo is equal to

aso(N) = a;(N'Ng)as(No) [ ] x, (),
q€Q

such that

where
N’ = l_Iporde7 N,Q _ H qorqu7 NQ _ H qordq N‘
ptD

q€Qp q€Q
q¢Q
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Proof. 1t is enough to consider the case when @ = {¢} and ¢|N. In
this case, we have

ajq(N) =aso(N)as(Ngag, (No)

=a;(N'Ng)as(Ng)xq(N'Ng)xy(Ng)-
By Lemma 15.1, we have x,(N'Ng) = Xq(NlNé))' We shall show that

Give) = (T52) = x, (o)

It is enough to show that x;(q) = Xq(q), since Ny is a power of ¢q. By

Lemma 15.1, we have

o= I wio=TT (54)

q€Qp q€Qp
q'#q q'#q

By Hilbert product formula,

oo = () 11 (5):

PEQp

The first factor of the right hand side is 1 since ¢ > 0. The second

factor is 1 because both —D and ¢ are units in Q,, and —D = 1 mod
4if 2 ¢ (Qp. Hence the lemma. O

Corollary 15.5. The N-th Fourier coefficient of f* is given by
age+(N) =a;(N') [ [(ar(N) + x (=1)"CN)ag (N,))

q|lD
=ap(N)a;(N') [ (ar(No) + x, (=1)"CN)as (N,)).
q/(D,N)
Here N, = Nyg. In particular, we have ase«(N) = a5, (N)ayg(N) for
(N,D) = 1. Note that f* is characterized as the unique element of
Sor+1(To(D), x) with this property.
Corollary 15.6. f<*(7) = 0 if and only if f(1) comes from a Hecke

character of Q(v/xq(—1)Dg), for some Q C Qp, €(Q)xqo(—1)" = —1.
In particular, f* = 0 if and only if n is odd and f(1) comes from a

Hecke character Q(/—Dg) for some Q C Qp, xo(—1) = —1.

Proof. If f(7) comes from a Hecke character of Q(y/xq(—1)Dg) with
£(Q)xo(—1)" = —1, then obviously f** = 0, since f* = (fg)™* = —f°".
Conversely, assume that & = 37, (Q)xq(—1)"fq = 0. As the
primitive forms are linearly independent, there exists a subset () C Qp
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such that fo = f and £(Q)xo(—1)" = —1. It follows that f comes

1
from a Hecke character of Q(1/xg(—1)Dg) by Labesse and Langlands
[18]. O

Definition 15.7. For each primitive form f € Sor.1(To(D), x), put
n(f) =) e@xo(-1)"

QCQp
fo=f

Lemma 15.8. If k > 0, then 0 < n5(f) < 2. When k = 0, we have
0<m(f) <4

Proof. That n5;(f) < 4 follows from Labesse-Langlands [18]. To prove
the first part, it is enough to prove that if £ > 0, then there is no

non-empty ) C Qp such that f = fo, xo(—1) = 1. Assume f = fo,
Q # 0, xo(—1) = 1. Let K¢ be the quadratic field corresponding
to xg. Since xg(—1) = 1, the quadratic field K¢ is real. Then f(7)
come from a Hecke character of K. Comparing the gamma factor, it
is impossible if k£ > 2. 0

Lemma 15.9. f=* =0 if and only if n5(f) = 0.
Proof. This lemma follows from Corollary 15.6. U

Recall that the Petersson inner product of cusp forms fi, fo € S;(I'")
for a congruence subgroup I C SLy(Z) is given by

(i f2) = [SLa(Z) : TV - {£1)] / () o)y da dy.

I"\91
The complete adjoint L-function A(s, f, Ad) is defined by
A(s, f, Ad) =I'r(s)l'c(s + 2k) L(s, f, Ad),
Tr(s) =n*/*T(s/2), TCe(s) =2(2m)°T(s),

L(s, f, Ad) =TT [(1 = a8, p*) (1 = p~*)(1 =  Bp )]

x[[a—a)

q|D

The following lemma is well-known.

Lemma 15.10. Let f € Sop1(To(D), x) be a primitive form. Then

we have
(f.f) =270 fA) [+

q|D

In particular, we have (f, f) = (fqg. fo) for any Q C Qp.



45

Lemma 15.11. Putt = {Qp. Then we have

(f* %) =2'm(F)(S, £)-

Proof. We may assume f* # 0. Let {Q1,Qq,...,Q;} be a maximal
subset such that {fg,, fo.,--., fo,} are linearly independent. Then

ma(f)l = 2" and f* = n,(f) Xi_, fo.- Note that
<fQi7fQj>:O for 1 <i,5 <l,i#j,
since fo, and fg, are different primitive forms. Therefore we have

(F 070 = ()2, ) =2 (S, £)- O

Proposition 15.12. f*(7) is identically zero if and only if n is odd
and f(7) comes from a Hecke character of some imaginary quadratic
field.

Proof. 1t is enough to prove that f comes from a Hecke character of
some quadratic field K’, then K’ = Q(1/xq(—1)Dg) for some @ C
®p. Let p = ®upy be the Hecke character of Af /Q* corresponding
to K'/Q. Then (1K X, So,p) 18 isomorphic to I(p, X PrX,, So,p) for
each prime p. Comparing the conductor, one can shows that either p,
or pr;I is unramified. It follows that K'K/K is unramified, and so
K' = Q(y/xq(—1)Dg) for some Q C @Qp by genus theory. O
Lemma 15.13. Let fo(T) be an element of Sop11(To(D), x). Assume
that N-th Fourier coefficient a s, (N) is zero whenever (N, D) = 1. Then
fo=0.
Proof. This is a special case of Miyake [19], Theorem 4.6.8. O
Lemma 15.14. Let N be a rational integer. Then there exists an
integer y € ¢ *O* such that CDyy = (—1)"N mod D if and only if
a6, (V) 0.
Proof. As remarked in Krieg [16], p. 670, we have

ap(N) = #{u € O*/O| Dui = (—1)"N mod D}.
Choose « € ¢ such that (o, D) = 1. Put ¢/ = (a)¢!, ¢’ = N(¢/). Then
¢ and ¢’ are integral ideals which belong to the same genus. Note that

xo(N(a)) = xo(C)xo(C") =1 for any Q) C Qp. The map y — u = ay
induces an isomorphism ¢7'0% /¢! ~ Of /0. Then we have

a5,(N) = ap(C'N) =t{u € O*/O| Dui = (—1)"C'N}
=t{y € ¢ 10"/ [N(a) Dyy = (—1)"C'N}
=t{y € 'O}/ | CDyy = (—1)"N}

Hence the lemma. O
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Lemma 15.15. Let N be a positive integer. Then there exists an
element H € NS, (O)t such that C|y(H)| = N if and only if a5, (N) #
0.

Proof. Assume that a7,(N) # 0. Then by Lemma 13.9 and Lemma
15.14, there exists an element H € AS§, (O)* such that C|y(H)| = N.
Conversely, assume that N = Cly(H)| for H € A§,,(O)". It is enough
to prove that Xq(N) = Kq((—l)"C’) for any ¢|D, ¢ N. Since v(H) =

(~1)"NC~' € Z*, we have F,(H,X) = 1. Then Xq(V(H)) =1 by

q b
Lemma 2.2. Hence the lemma. O

Definition 15.16. Let S5;,,(I'o(D), x) be the space of cusp forms

folr) = Z as,(N)g" € Sas1(To(D), x)
N>0

)=0. Ife =1,

) X)-

Let {fi}ier be the set of primitive forms in Sori1(Io(D), x). By

Corollary 15.5, fi* € S5;,1(I'o(D), x). The following proposition is
essentially Krieg [16], p.671, Proposition.

whose N-th Fourier coefficient is zero whenever a7,(N
then S5, (Fo(D), x) is simply denoted by S5, ., ;(I'o(D

Proposition 15.17. The space S5;. 1 (I'o(D), x) is spanned by { f7* }icr.

Proof. Let g be any element of S5} (I'o(D), x). Then g can be uniquely
expressed as a linear combination of primitive forms {f;}icr:

9= Z a - fi.
iel
For Q C Q)p, consider
9 = Zai (fi)e-
i€l
If (Dg, N) = 1, then the N-th Fourier coefficient of g —e(Q)xq(—1)"¢’

vanishes. By Lemma 15.13, we have g = ¢(Q)xqo(—1)"¢’. Hence the
lemma. U

Let f € Sorr1(To(D),x) be a primitive form. In terms of Satake
parameters, as~(N) can be expressed as follows. Put

Xep’N+1 _ X*l ep,N+1

e (gp _1) p g QD7
UE(N; X) = X=X

XN —|—Xp((—1)”CN)X_eP»N pE QD




a7
where e, y = ord, N and &, = x(p). Put
(N X) = [] v5(V: X,) € R.
p|DN

Then we have ase<(N) = N*U¢(N; {a,}) by Corollary 15.5. Note that
Ue(N;X) = 0 if and only if aj (V) = 0.
Fix H € A5, (O)". Then F,(t,Ht,; X) belongs to the Q-vector space

V= {® € X~ CUNQLY | B(X 1) = x (C(H))B(X)}.
We put B,(H) = {p" | 0 < 2r < ord,(Cv(H)), D(ngf{ ) # 0}. Since

{5 (S X) | p € By(H)}
is a basis of 'V,
Fyp(tpHtp; X) = Z ¢p(pTaH)qj;(%§X)
pTEBy(H)
for some ¢,(p", H) € Q. Note that
1

1 otherwise.

The set B(H) = [],B,(H) can be identified with the set of positive

integers a such that a?|Cy(H) and aD(C‘Va [y £ 0. For cach a =
Hp|aprp € B(H), we put ¢(a, H) = Hp ¢p(p™, H). Then we have

[THGH: X)) =T | Y. ¢ H)wy(2il x,)

P P preBy(H)
= 3 ol H)U(CEL )
a€EB(H)

Here we have used the fact that W (a®N; X) = W (N; X) for p f a. Note
that 1 € B(H) by Lemma 15.15. One can easily see that ¢(1, H) =

a5, (Cly(H)|) ™! 0.
For eachh fo(r) = Yoo 2 (V)" € Sty (To(D), X), we put

)2 = S S (e, Hyag(L4)e(HZ).

HEAS, (0)+ acB(H)
If f & Soi1(To(D),x) is a primitive form, then
() = CEFPLift P (f) € Sopron(Ti”[c], det ™).
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Since {f*}ier spans S35, 1(Fo(D), x), the image of ¢ is contained in
Sotran (D57 [¢], det ™).

Theorem 15.18. There exists an injective linear map

L S5 (To(D), X) = Sargan (T [e], det ™)
satisfying the following properties:
(1) For each fy € S5;.(Fo(D), x),

) (2= > Y a*la, H)ay (2 )e(HZ),

HEAon (O)F acB(H)

where B(H) = {a € Z|a > 0,a*|Cy(H),ap (Cw ) # 0}
(2) If f is a primitive form in Sopi1(To(D), det ™™™, then o(f**) =
CFPLift ) (f).

Proof. We need to prove the injectivity of ¢. Assume that ¢(fy) = 0 for
fo € S5;.1(To(D), x). We have to show that ag,(N) = 0 for a3, (V) # 0.
By Lemma 15.15, there exists an element Hy € Af (O)" such that
Cly(Hy)| = N. As in Case O, the Hy-th Fourier coefficient of ¢(fo)
is equal to a5,(N) 'ays(N) + (lower terms). By induction, we have
Qo (N) = 0. O

Corollary 15.19. Let f(1) € Sop+1(To(D),x) be a primitive form.
Then Lift.(f) = 0 if and only if f comes from a Hecke character of a

field Q(v/xo(—1)Dq) such that e(Q)xo(—1)" = —1.

Corollary 15.20. Let f(1) € Sory1(I'o(D), x) be a primitive form.
Then Lift(2")(f) is identically zero if and only if n is odd and f comes
from a Hecke character of some imaginary quadratic field.

Corollary 15.21. Let f(1) € Sors1(I'o(D), x) be a primitive form.
Then Lift®(f) € Sapsan(GQ\G(A),det ") is identically zero if
and only if n is odd and f comes from a Hecke character of K.

Proof. Note that Lift®™ (f) = 0 if and only if f* = 0 for any e. Assume
that f* = 0 for any €. Then n is odd, since otherwise f* ## 0. If n is
odd, we have

f_fQD :21—t2f5*20

where t = §Q)p. Conversely, if n is odd and f = fg,,, then f* =0 for
any . Hence the corollary. U
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16. An example: the case m = 2

The case m = 2 was first considered by Kojima [15] for K = Q(v/—1)
and later by Gritsenko [5]. Krieg [16] and Sugano [26] investigated the
Maass spaces for arbitrary imaginary quadratic field. In this case,
Lift® (f) is called the Maass lift of f. Recently, Klosin [13] defined
the Maass space for U(2,2) in the adelic setting, and constructed the
extension of Lift®(f) under the assumption that the class number
hi is odd. As we described in §15, there is an injective linear map
S341(o(D), X)" = Say2(G(Q)\G(A), det™ ") in this case.

We do not give a detailed proof for the results in this section, as
most of the results are not new, and contained in the references above
(at least when ¢ = O).

Let ¢ be an integral ideal of K such that C' = N(¢) is prime to D.

Definition 16.1.
=y AF e(HZ) € Myjpo(T'2[¢], det 1)
HeAL(O
satisfies the Maass relation if and only if there is a function
oy Zsy— C
such that

Z d2k+1 } C|’y(H\)
dle(H)
Here

e(H) = max{q € Z=o| ¢ 'H € A5(O)}.

Note that the values aj.(N) for a5(N) = 0 plays no role. We
denote the space of elements of M2k+2(Fg),det’k’1) satisfying the
Maass relation by M%iajs(Fg), det™*71). We set S%T;S(Fg), det 1) =
Mss (T2 det™ 1) N Spga (D7, det ™).

It is known that the normalized hermitian Eisenstein series

B B
F = 8(2) _ 2k+22k+1,x (2) 7
2k+2( ) S(k + 1)(2l€ 4 1) 2k+2( )

satisfies the Maass relation for ¢ = O. The function o}, is given by
0 aD(N) =0
_B2k+1 X/(4k + 2) N = 0

)Y Y Xe(GX(d)d* N > 0,ap(N) #0.

dIN QCQp
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(cf. Krieg [16], p. 679. Krieg [16] assumed wg|(2k + 2), but the mod-
ification is e@sy.) Using these results, one can calculate the Laurent
polynomial F,(H;X) as follows:

Yo X X, (p) X it pt D,
Fy(H: X) = S0, p (X2 4 x (y(H)X %) i p|D,2b < a,
PP+ YTy PN 4 X ek if p|D,2b = a.

Here a = ord,y(H), b = ord,e(H). When the class number of K
is one, this has been already essentially calculated by Nagaoka ([20]
Th.1.3.1). Using this formula, we have

1At = 57 dapf €5 w5
p

dee(H
for H € AS(O)*. It follows that the map

v S5 (To(D), x) — Szk+2(F§? [c], det ™)
is given by

UN2)= > 3 dtag (i1 (Che (1 7).

HeAx(O)* dee(H)

In particular, the image of ¢ is contained in SHss(I @ [c], det™*71).
For F € Sgk+2( '[c], det ™), consider the first Fourier-Jacobi co-
efficient
t _
&1(T, 21, 22) Z Ap ((— l))e(l¢+tzl+t22).
leC-
7&6:‘1(9jj

Then there exist functions fi,)(7) (u € ¢7O%/c™!) such that
$i(Tz,2) = > O(T, 21, 2) fu(T/C),

uec— 10t /c—1
where
Oy (7, 21, 22) = Z e(aar + az; + az).
a€u+c~t
Then one can show that
(1) frg € St (I'(D)), where I'(D) is the principal congruence
subgroup of SLy(Z) modulo D.
(2) fuy(r +1) = e(—Cua) fiy-
(3) fulaws1 [§ 0] = —(1/V=D) ¥ eor/0 e(C(u + vi)) fy-
(4) for € Sar41(Lo(D), x)-
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If ¢ = O, this is proved in Krieg [16], p.669. One can easily treat the
general case by using the theta transformation formula for hermitian
theta function (see Shintani [25], Shimura [24], AT). Set

QR ()= > fulD7).
uEc—108 1
Then we have Q(F) € S5;,,(I'o(D), x). If F € S%TQS’S(F?[C], det 1),
then we have

f[u}(T) - Z O[}:“(N)e(NT/D)v

N=-CDuii mod D

Z a,(N Ye(NT).

N>0
It follows that ¢ gives the isomorphism between S5; ., (I'o(D), x) and
SHE (P[], det ™).

17. Petersson norms of Lift(m)(f).

We recall the definition of the Petersson inner product for hermitian

modular forms. For Fi, Fy € S(T %n), o), the Pertersson inner product
(F1, F) is defined by

(F\, Fy) = / - F\(Z2)Fy(Z)(det V) 2mdX dY,

where X = (Z+12)/2,Y = (Z—'Z)/(2y/—1). The measure dX on the
space of hermitian matrices is defined by dX = [[,; dX; (r) [T dXZ-j :

where X = X0 + =1X0, x x1 e R,

In this section, we 1nvest1gate the Petersson norm of the lifts of f.
For simplicity, we only consider the case case ¢ = O.

Let f € Syup1(To(D), x) be a primitive form. Put F = Lift®?(f) e
Sngrg(Fg),det_k_l). As we have seen in §16, the first Fourier-Jacobi

coefficient ¢, of F' has a decomposition

§Z51 T, 2’1,22 Z f[u 9[u T, 2’172’2)

ueOt /O

Ou)(1,21,22) = Y e(adr +az + az),
a=u mod O
where
fumy=" Y apN)e(N7/D)
N=—Duu mod D

for each u € O%/O. Note that f*(1) = > ueot o Ju)(DT).
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The Petersson inner product (¢q, ¢1) is defined by
/ &1(T, 21, 22) D1 (T, 21, 22)91_46_7T|21_22|2/ydt1 dw, dty dwy dx dy.
J\(h1xC2)

Here, J = J51(0), 7 = v+ /-1y, 21 = t; + V/—1w;, and 2z, =
t2+\/ —1w2.

Proposition 17.1. We have

(f1, 1) = @ Z {frs fru)-

ueot /O

Proof. (cf. [4], Theorem 5.3.) Since the non-trivial element of the
center of SLy(Z) acts on C?/L, by (z1, 22) — (—21, —22), we have

I\(h1 x C*) = {(7, 21, 22) | T € SL2(Z)\b1. (21, 22) € (C*/L-)/{£1}}.
It follows that (@1, ¢1) is equal to

1 1 2k2
LISLo(Z) : T(D){1)] /TeM S ()T

D)©\b1) ,, ZWEOH /O

X / Oy (7, 21, 22) 0] (T, 21, 22)6_”'21_52' dty dw dty dws dx dy,
C2/L,

where L, = {(AT + i, \T + i) | A\, u € O}. Tt is easy to show

VD
A

/ Q[U] (7', 21, ZQ)@M (T, 21, 22)677T|Z1722‘2/ydt1 d’LUl dtg d’LUQ = 5uv
C?2/L, 2

Hence the proposition. O

Lemma 17.2. Set N, = —Dutu € Z/DZ for each u € O*/O. Then
we have

(fpus frug) = ap(Nu) ™ (o, fon)-

Proof. Let 3, coi /0 Cfiu) be the space generated by {fj |u € 0%/0}.
It is well-known that the space ) o e Cfy can be naturally iden-
tified with a subrepresentation of the (finite) Weil representation (cf.
Shintani [25].) Let C[O*/O] = @qlDC[Og/Oq] be the space of func-
tions on O%/O = @Q‘D(’)g/(’)q, where OF = 0 ®o O,. Let ¢, €
C[O#/O] be the characteristic function of u € Of/O. Recall that
there exists a representation, called the (finite) Weil representation

w of SLy(Z/DZ) on C[O*/O], which is characterized by
(1) w(g1)pu = e(—uit)pu.

(i) w(§ 5)eu = —(1/V=D) ¥ et jo €(ut + vit)py.
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The Weil representation w is a unitary representation with respect to
the natural inner product on C[O%/O] = L?(0*/O). For each prime
q € Qp, let U, be the kernel of the norm map Nk, ,q, : K — Q. Note
that the group U = [, U, acts on C[O*/O)]. This action commutes
withe the action w of SLy(Z/DZ). We denote by C[O* /O] the space
of U-invariants in C[O?/O]. This is an irreducible subrepresentation
of w. Then the space ), cos/0 Cfly is isomorphic to ClO*/OM as a
representation of SLy(Z/DZ). Put

@_aD Z Po-

veO! /O
NU N1L

Then f}, corresponds to ¢, under the isomorphism. Clearly we have
ap(Nu)[|2ull* = [1Gol|?, since ap(N,) = #{v € O¢/O| N, = N, }.

U
Proposition 17.3. We have
1
_ 2k+1 - -1 * pk
> e fu) = D" TT 50+ | (7279
ueOt/O q|D
Proof. By Lemma 17.2, we have
> U =1 X2 anV) ™) o fio)
ueOt /O ueOt /O
=#{N mod D[ap(N) # 0} - (fo], f0))
1 _
=D H§(1 +q7 ") | {fiop, fiop)-
q|D
Since Zueoﬁ/o fu) = —\/—Df[o lok+1[9 5], we have
forfo) =D fup D> fu)-
uGOﬁ/O ueOt /O
Since f*(T) = 3 ,cot/0 fru)(DT), the proposition follows. O

By Lemma 15.10, Lemma 15.11, Proposition 17.1, and Proposition
17.3, we have

(61, 61) = 272D (F)A(L, £, Ad).
Sugano ([27], Corollary 8.3) has proved that

<F7 F> = 2_2k_5D3/27T_2£(2)A(27 f7 Ada X) <¢17 ¢1>7



54 TAMOTSU IKEDA

where
£(s) =T'r(s)C(s),
A(s, f,Ad, x) =I'r(s + D)I'c(s + 2k) L(s, f, Ad, x),

L(s, f.Ad, ) =[] [(1 = aZp™) (1 = x(p)p~) (1 - 827
ptD
X H [(1—aZq)(1 —aq")] -
q|D

Note that Sugano has formulated his theorems in terms of orthogo-
nal groups. In particular, the normalization of the inner products are
different from our normalization. By combining our calculation and
Sugano’s result, we obtain the following Proposition.

Proposition 17.4. Let f € Sor1(To(D), x) be a primitive form, and
put F = Lift®(f). Then we have

(F,F) =m(f)27* " D*Pr2¢(2)A(L, £, Ad)A(2, £, Ad, x).

As in Tkeda [10], we can give a conjecture on the Petersson norm
of Lift"™(f). We define the modified complete L-functions as follows.

Put
~ 3 F .f . .
Als, x) = c(s)¢(s) if 4 is even,
Le(s)L(s,x) ifdis odd.

For a normalized eigenform f € Sy, (SLa(Z)), we put

L(s, f,Ad) if 7 is even,
L(s, f,Ad,x) ifiis odd,
Lis, £ Ad) =] T [(1 = adp™)(1=p™)(1 = 7))

p

L(s, f,Ad, x) =[] [(1 = eZx(p)p~*) (1 = x(p)p~*)(1 = Bix(p)p~)]

P

A(s, f,Ad, x*) =I'c(s)T¢(s + 2k — 1) x {

-1

Similarly, for a primitive form f € Sor1(I'o(D), x), we put

L(s, f,Ad) if 7 is even,

A(s, f,Ad, x') = Te(s)T 2k
(s, f,Ad, ) = Te(s)le(s + )X{L(s,f,Ad,x) if  is odd,

Conjecture 17.5. Let f € Sy, (SL2(Z)) be a normalized Hecke eigen-
form. Then the Petersson norm of F = Lift®"*V(f) is given by
2n+1
(F,F)=2"D°A(1, f,Ad) [ MG, x")AG, f,Ad, x"™)

=2
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for some integers o and 3 depending only on n and k.

Conjecture 17.6. Let f € Sor11(Io(D), x) be a primitive form. Then
the Petersson norm of F' = Lift®"(f) is given by

(F,F) = n.(f)27D°A(1, f, Ad) HAz XA, f,Ad, X'

for some integers v and 9 depending only on n and k. For the definition
of n,(f), see Definition 15.7.

18. An interpretation in terms of automorphic
representations

Let f be as in Theorem 5.1 or as in Theorem 5.2. Now we consider
the L-function of Lift"™ (f). Recall that the L-group of G = U(m,m)
is described as follows:

LG = GLy, (C) x Wo,

where Wy is the Weil group of Q. The action of W on GLy,, (C) factors
through Wy — Gal(K/Q) and the non-trivial element of Gal(K/Q)
acts by g — g*, where

c_ (0 —wi! -1 (0 wy!
g = (w1 0 ) g —Wq 0 ’
(=1)mt
w1 = _ - € GL (C)

The homomorphism st : Lg — GLy4» (C) defined by

( *> ifue Wg,
g X u—
(o 1)
otherwise.
0
Here, Wi is Weil group of K. Let L(s, f, x) be the twist of L(s, f) by

X- In terms of Euler product, L(s, f,x) is deﬁned by

L(s, f,x) = [ [ =epx(@)p* ") " (1=Box()p* ) [[(1 =0y, 9" )"
ptD qalD

if m is even, and

L(s, £,x) = [ J(1 = awx(@)p*™*) (1 = Box(p)p" )7,
D
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if m is odd. As in §11 of [9], Theorem 13.6 implies the following theo-
rem.

Theorem 18.1. Let m, n, and f be as in Theorem 5.1 or as in The-
orem 5.2. Assume that Lift™ (f) # 0. Let L(s, Lift™ (f),st) be the
L-function of Lz’ft(m)(f) associated to st : G — GLyy(C). Then up to
bad Euler factors, L(s, Lz’ft@")(f), st) is equal to

[TLGs+k+n—i+1/2),)Ls+k+n—i+(1/2),f %)
i=1
In terms of the Arthur conjecture, Theorem 18.1 can be interpreted

as follows. From now on, we assume the Arthur conjecture. Let Lg be
the hypothetical Langlands group for Q. The canonical homomorphism
Lo — Wy is denoted by pr. Let 7 be an irreducible cuspidal automor-
phic representation of GLy(Ag) generated by f. Note that the central
character w, is equal to Y™ !. We denote the Langlands parameter of
7 by pr : Lo — GLy(C). We normalize the irreducible representation
Sym™ ! : SLy(C) — SL,,(C) so that

FSym™ ()™t = wySym™ H(z)w; z € SLy(C).
We put

A = (e i) e,

for u € Lo, pr(u) = <Ccl Z), and put

= (510 0 Y

0
N 0 Sym™ ()
for # € SLy(C). Then we get a homomorphism pi™ : Ly x SLy(C) —
LG. One can easily show that L(s, stop™) = L(s, Lift"™ (f),st). Thus,
if we admit the Arthur conjecture, the Arthur parameter of Lz’ft(m)( f)

should be pi™.

In Case O, 7 can be considered as an automorphic representation
of PGLy(A). The automorphic representation generated by Lift™ (f)
can be considered as a functorial lift of 7 by the L-homomorphism

LPGLy x SLy(C) = SLy(C) x Wy x SLy(C) — G
given by

A m—1 A m—1
((CL b) X T ((z Sym™ *(x) b-Sym (x)) o

d c-Sym™ Yx) d-Sym™ *(z)
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In case E, we take an auxiliary Hecke character x : Az /K* — C* such
that x| Ay =X Consider the algebraic groups G’ and Z defined over Q

such that
G'(Q) ={(z,9) € K x GLy(Q) [ Ng(z) det g = 1},
Z(Q) ={(z,27") e G|z € Q*} ~ Q.
Then there is an exact sequence
1-7Z—-G —-U(1,1) - 1.

Here, the map G’ — U(1,1) is given by (z,g) — xg. Then X’l X T
induces an automorphic representation 7 of U(1,1)(A). Fix an element
ug € Wao, ug ¢ Wk. Then one can define an L-homomorphism

LU(1,1) x SLy(C) = GLy(C) x Wg x SLy(C) — G

by
a b 1, b-1, a b
( ) ( i _1m) .l ( d) € GLy(C),
u X ) 1y, X u, u € Wk,
Ug ) X Ug,
Sym Y(z)
T — ( 0 Symml(x)) x 1, AN SLQ((C)

The automorphic representation generated by Lz'ft(m)( f) can be con-
sidered as a functorial lift of 7 by this L-homomorphism.

We recall Arthur’s conjectural multiplicity formula. Let ¢ : Lo X
SLy(C) — G = G x Wyg be an A-parameter for a quasi-split reductive
algebraic group G. Let II(¢)) and II,(4)) be the global and local A-
packet for 1. Set S = Cent(1)/Cent(G)"2. The group S is closely
related to the internal structure of the A-packet. Arthur conjectured
there exist a pairing (s, m,), : S X II,(¢) — C and a “sign character”
€y(s) € {£1} for each s € S and 7, € II,(¢). (In fact, Arthur treated
these objects locally.) For each 7 = ®! m,, m, € IL,(¢), set

w ﬂSZGw H S 7Tv>v'

seS

Then Authur’s conjectural multiplicity formula says the multiplicity of
7 in the space of square-integrable automorphic forms on G(A) is equal

to Zwen(¢) My ().
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Now we consider the case 1) = pgm). In this case, the sign character
£y (s) must be trivial. One can easily show that

S~ {£1} if 7 comes from a Hecke character of K,
{1 otherwise.

Let 7 = ®,m, be an element of the conjectural A-packet IT(p{™). If
S = {1}, then the Arthur conjectural multiplicity formula suggests
that any element of global A-packet should be automorphic. This is
compatible with Corollary 14.2.

Now assume that & ~ {£1}. Note that m must be even, since
a normalized Hecke eigenform of Sy, (SL2(Z)) does not come from a
Hecke character of a quadratic field. Let s € S be the non-trivial
element.

For each prime p, 7, is a unramified principal series induced from

(5 1) mlam o

0 y

Here, 1, and 1, are characters of Q, such that u,(z) = ap ™" and
ppvp = X, The local A-packet Hp(p(TT)) should consist of the irre-

ducible components of the degenerate principal series induced from the
character

(/‘LP o NKp/Qp © det) : P(Qp) - CX‘

Here, P is the Siegel parabolic subgroup of G. If 7, € Hp(p(TT)) has
a vector fixed by the maximal compact subgroup G(Q,) N GLa,,(O,),
then the character (*,7,), should be trivial.

At infinity place, the local A-packet should consists of certain co-
homologically induced modules (see Adams-Johnson [1]). If 7 is the
lowest weight module of G(R) generated by Lift™ (f), then (s, moo) oo
(—1)™?2 by the result of [1]. Therefore the Arthur conjectural multi-
plicity formula is compatible with Corollary 15.21.

Next, we describe the multiplicity formula for G; = SU(m,m). We
consider only Case E. Let 9 be the Arthur parameter Lo x SLy(C) —
LG, induced from p(Tm). In this case, the group S can be identified with
the group

xelfo=r}

For a prime p, the local A-packet IL,(1)) should consist of the irre-
ducible constituents of the degenerate principal series induced from
the character

(12 o det) : P1(Q,) — C*.
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Here, P; is the Siegel parabolic subgroup of G;. We denote the maximal
compact subgroup GLs,,(O,) N G1(Q,) by Ky ,. If m, is the element of
the packet II,(¢) with non-trivial Ky p-fixed vector, then the pairing
(*,m,), should be trivial. Let ¢ be an integral ideal of K such that
C = N(c) is prime to Dg. If m, € IL,(¢)) has a K;[c],-fixed vector,

where KCy[c], is the closure of F%n) [c]NG1(Q) in G1(Q,), then the pairing
S x Hp(p(fm)) should be given by

<XQ= 7Tp>p = XQ(p)Ordpca p1 Dg.

For v = 00, we have (X, Too)oo = XQ(—1)™2. Set T = @pcooTp @ Moo,
where 7, € I1,(¢) has a non-trivial &C;[c],-fixed vector. Then my(7) =
1 if and only if eg = xo(—1)"/2 for any Q C Qp such that fo = f.
This is compatible with Corollary 15.19.
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