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o0
n=1 Zn:l TnlYn < OO,

00000 (2,)%, 000000000

o0 Y1 <y <--- <y, TooDOOD (yp)p, 0000ODO
E Ty < OO0 <

oo
n=1 Zn:1 TplYn < OO,

o
Tn >0 (n=12-)0 ) 2, <0co000000000000 y, >0 (n=1,

n=1

oo oo
2,...)DDDDDDanyn<ooDD anyn:oo, Vp > 1.
n=1

n=1
XOoooooodfp,: X—=R(n=12,...)000000000

lim sup sup |f(z) — fu(z)] =0

N=0 m>nzeX

D000000VeeX 00000 f(z)= lim fo(z) 0000, lim
000000000000 Cauchy 00000000MOO00000
GqG>c>-->c¢— 000000000000 f:(0,1)>CO00000000

0<e<l1/20000

lim  sup
N—o00 e<lh<l—¢

N
Z cn exp(2my/—1nf) — f(6)] = 0.

000000000006 €(0,1)000 Y07, cpexp(2my/—1nd) 00000000
00000 f() 000000000 AbelD0DO0DDDO0O00O0O00DO (2,)3%,
(yn)5z, OO0

Yoy TnYn = SNYN = Sony Su(Unt1 = yn), D00 Sy =30 & (0> 1),
Kronecker’s lemmall

0000 {2}, 000< M <A<~ < A\, —o0o0000 S, =x1+ -+ xp,

Tn:%-f—"'-f—i—n go0oO0TeCOO0OO0OO0OOOOO
1 n
1n—1 S

<
Il

sup | f(x) = fu(z)[ =0



1
00005, =T, W Z i1 —

18] a > 1, D, ={z€ C; \1—z|<oz(1—|z|)}DDDD
(1) D, 0 000Oie,0<A<1, z,we D, 000 Az+(1-Nwe D,00000
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n
logo---olog(x) 00000 DO0OD0O0U0OU nOO0O0OOOOO
—_————

/O" dx <oo ife>0,
e, Zh(x) - lp_1(x)ly(x)tte | =00 ife=0.

> dx
0oo0ooooo [,0000z=eY00000000 I,=1,.1="---= e
xr
f(m):sm”TDDDDDDDDD
(1) hm/f )z OOO OO,
b—o0
(2) hm/ |f(x)|dx = oo
b—o0
Doo: (1) f(0)=1000000 f0[0,1]000000000 11m/fDDD
goododouoooood
feC(0,00) »R) 00000 Riemann 00 [ f(z)de 00000000000

O00OVe>000000 Riemann 00O fo e " f(x )deDDDDDDDDDDD
gono

lim h e f(x)dx = /OO f(z)dz, lim h e f(x)dx =
0

a0 Jq a0 Jq

ugb:doboboogooon

/000 e f(z)dz = a/ooo e (/Ob f(a:)da:> db = /OOO e’ ( Ob/a f(:c)d:c) db

uggooodg
oo : oo dt
(1) va>ODDD/ e—“SIde:/ .
0 T o 141
b .
(2) lim Y =T

13



[70] (1) 0<a<2000000 RiemannDD/

0000(1)00000 « 00000000000 OD0O0OO00O0O0OO0OO0LM (ODO)=0

a— o0

D000000(2)00 (1)0000 ¢|00000000000000 (680000

sin x

de 00000OODOOOO
o X«

(2) / e Wy ldy =T(a)z™ (zx>0) 00000
0

/Oo sin dp — Il —a/2)(a/2)
0 x° 2I'(«)

DDDD(F(l—a/2)F(a/2):mDDDDDDDDDDDDDDD

ooo)

[71] r=0,1,---,0c000000

[72

C'(R/Z—C)={feC"(R—C); f(z+1)=f(x),Vx € R}.
D00feC'(R/Z—C)DD0O0

[fllee = max [f(x)],

0<z<1
1/2

1712 = / a)ae)

:/0 f(x)e,(x)dz, (n€Z),
=Y fWer@), (n=0,1,..)

k=—n
D000000eg(z) =exp(2my/—128), (E€R). fECT(R/Z—C)0DDO00ODO
000

D) Y If@P<|fl3 000000 lim |f(n)|=0.

|n|—o0
nez

(2) fO)(n) = 20/ =1n)" f(n). o
(3) r>=1000 3 |f(k)|< fM{ Z(zm”} .

[k|>n |k|>n

(4) feC'R/Z—C)DODOO lim_|[Snf = Smfllee = 0. ([72]-(6) O DO)

m,n—

L Ooooalf=SsI3=I1715- Y k)P

|k|<n

| Dirichlet 00D, =Y7__ e, 0000 (cf. [71]) 000000
/D )dr =1
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- x # 0,
sinx

2n +1 x = 0.
(S)D gopoooooogooogd

(4) feCOR/Z—C)OOO (S,f)(x /fx—
5) feC(R/Z—C)OOOO

sinm(2n + 1)z
(2) Du(x) = {

(Snf — (@) = 52 {(gee_12)"(n) — (qze1/2)"(—n)}

U= =I@)
00 gu(y) = sin Ty

_f'=) y = 0.
U

(6) f € CYR/Z — C) 000 lim |[Syf = floo = 0. ((5) 0 [71-(1), (4) 00D
ooo)

n—1

1
73| Fejer 00O F,, = — D, 00000 [72000000:
J
n

[75]

k=0

(1) /01 Fy()de = 1,
@ R = L ()

sin 7w
(3) FnDDDDDDDDDDDDD

(4)f€C’(R/Z—>C)DDD— Skf /fx—

E;Skf—wa:

(6) {en; n € Z} O C-linear span 0 (C(R/Z — C),|| - ||loo) DO 0O dense 00O
((5) 000)0
O0oooo,WeylOOODO

(5) fe C(R/Z —»C)OOO nlLrgO

n—oo M,

1
000 (x,)2,0VfeCR/Z—C)00ODO hm—foj /f(ac)dacDD
0
DDDDD(mn)n1DR/ZDDDDDDDDDDDDDDDDD
(1) (#n)7i O R/Z0 0000 = (2, [2a))3%, 000 0,1) 0000
(2) (z,)52, 0 R/Z O DDDDDD;)hm—ZeXp%T\/ Imz;) =0, Vm €
n—oo n,
=1

Z\{0}.

oooo [73]-(6)
(3) Weyl 00ODOa¢ Q= {na};>, 0 R/Z0 00000
ugoboooooobooon
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[76]

[77]

78]

[79]

A000ODOp, >0(@€d)0 > p,=10000000000 Q=[0,1] 00
a€cA

DTrcQoooo P[F]:/P(dw)DDDDDDDDDDDDDDDD[DDDDD
T
000000 X,:Q—»A0n=1,2,..00000000

P(w; Xj(w) = @) =pa, YaeA, (1)

(ﬂ{wX —aj}> HPwX w)=cqj), VYo €A (2)

71=1
00000000000 00000000000000000000000000
000000000000000000000 X, 0,000 00000000
(A={0,0 },p,=1/2) 0000 O(1),(2) 00000000000000
Q=1[0,1]00000000 {In,.apa,; 2 >1, 0, € AADDDDDOODDOO
00 Q0000 I, (Ia] =pay, a1 € A) 000000000 I,, 0000 Iaja,
(I, 05| = PayPag, 02 € A) 0000000000000000O0O0X,:Q— AD

Xp(w)=«a if we U Inian 1.0 (3)

Qay, 0 1€A

0D0O000000O(1), (2) 0000

00D (0)D0o

X,(n=1,2,..)0{0,1} 000000000000 n=1,2,...000 P(X, =
1)=pO00000000 pO000O0ODO0OO [75)/0 A=1{0,1},p; =p O
00000r000000000S,(w) S Y, X;(w)000000000

Ny,

p) n—2Qo

P(dw) < p(lT_
)

P 0.
Sp(w

(2) ILm P{w; —p §5]:1, Vo > 0.
(1) 00000 [;(Xi(w) = p)(X;(w) — p)dw = 6i;p(1 — p)

2
(2)DDDDDP[}%—py>5]:P[[%ﬂ—p}zzcs?]gcs— o S"T(Lu)—p’ P(dw).
0000000 000 [36)0 000000000 (7600000000

DOO0O[76] 0 S, DDDDD/If(sn(W)/n)P(dw):Zf(r/n)r'(nniir'pr

n—r

p)

fECR" RN O0DOD0DD0DO0OOOOOOOOO sup |f(x) — 2| < oo.
zeR"”

000000 LeibnizODOOO

N olal
a = (a)j_1, B=(8j)j=1 € ZY, |a| = Z% al = H i) D = o
1 n

=1
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Da<B €% o; <8, Vj—l ,n00000aeZn, f,geCll®R" »C) O

00 DY(fg) = Zﬁ' DﬁfDO‘ fgoOoOO
B<a
[80] f,ge C"(R" — C)0O0 Taylor 0000000

fl@+h)= Y D°f —|—m Z / YLD f (4 Oh)d6.

la|<m—1 o=
n
00 z:(zj)?zlEC”DDDDDzO‘:HZJO,‘J’.

81 fO |2/|<RODOOO0|2/<ROOOOOOOOOO0

o= [ Y

i e (A<

DDDDDDDDDDD

(1) f(z) = f()+— i f(C)C_ZSO (z=re’, 0<r <R, (= Re")
(%lﬂﬁzi- TO e (z=re?, 0<r <R, ¢ = Re¥)
2 ar o ¢ —
(mmm:()|zo\>Rmmi, f(©) ¢ = 0)
2mi Ji¢|=r G —

[82] f O |z|§1DDDD|z|<1DDDDDDDDDDDDDDDD

G 1 =
2mi Jig=1 €~ 2 HOEFONEESY

83] fO |2/ < ROODDODOOOOOOOOOOO

(n) 2n
f(0) = 1n / {Re f(re?)}e™™%d9 (0 <r <R, n>0)
0

n! r

84 R>0,2={2€C;|z| <R} Qy={2€Q;Imz>0},T=(—-R,R), fO Q. UT
D000Q, 0000Imf(2)=0(:€l) 00000000

f(z) (z€Q, Imz>0)
9(2) =
f(z) (€9, Imz<0)
O QOoo0ooooooood
0000 Morera OO0
85] 0 < r < R, Qy = {2 € C;r < |zl <R}, Q ={zeCR< |z <&}

F={:e€C;|zl=R,Q=Q,UTUQ_, fO Q. UIO000Q, 0000
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[86] f(2) =

[87]

[33]

[89]

Imf(z)=0(zel) 00000000
f(z)  (2€QiUT)
fE) (zeo)
O QUOoo0ooooooooog

Z an?", g(2) = Z b,z 0000 2€C, |2/ =100000000

h(z) = /f“(’@))(w)dgo (z=¢€Y, 0<9<2r)00000O0OO

(1) hO |z|=100000

(2) a,=b,=0(n<0)000 A0 |2|<1 0000000 H, 000000
(3) an=0b,=0(n>0)000 hO |2/>10000000 H,O0OOOOOO
(00:00 QD00 0NO000 ¢(2)0 QOUOO0 &(2)00MS(2)0 QOO0
00QODO000NR2) =¢(2) (:€0Q)00000000000
a,beC,O<|a\<|b\DDDDf(z):mDDD\a|<|z|<\b|DDD
O Laurent OO O OO0OO

20 € C,Rezp >00000 f(2) =
00 Laurent 00000000

1
R 000 [1—20|<|]z—20| <14+ 2| OO

oo

(1) f(w,z) :exp{%(z—é)} (w,z€ C, 2#0) 0 f(w,z) = Z 2" I (w) 00O

n=—oo

E k ,k k

1 21

(2) Jn(w)zz—/ cos(wsinQ—nG)dQ.
T Jo

000: (1) f(w,2) =(exp{%} 0000000) x (exp{—42} 0000000)0

00000000000

(2) J(w) O (¢0000000) f(2,w) 0 Laurent 000000
an(t) (n>0)0 t€[0,1]000000000000000 f(t,2) = Zan

0<t<1,z€C,|z|<ROO00O00O000IMOOO 0<R<ool "R to00

0000MO00000000o0

(1) f(t,2) 0 0<t<1, |2/ <RODD0DD0D0000 a,() 00<¢t<10000

(2) f(t,2) 0 0<t<1,|z/ <ROODOOO a,() 0 0<¢<10000000
flt,2) 0 0<t<1,|zl<ROOOO

1
0000(1) g(z) =32 0¢z” 000 ¢, 0 ¢y = =— AdCDD

2mi [¢—al|="r (g - a)n—l—l
oood
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[91]

93]

[95]

[96]

(2)0<r<ROODOOO0fN(Lz2) =" jan(t)2" (N>0)00<t<1,|z|<R
0ooo000oo

0000 3% ,a,z" 000000 Ry (0<R,<o00) 0000000000000
(1) u(z) O |z|<R(DDDDRLO<R§oo)DDDDDDDDDDDD g(z) =

oo

Za—’;uw(z)mz:ODDDDDDDDDDDDD
mn.:

(2) u(z) 0000000 g(2) 00000000
DcCOOOOf:D—COOOOOOOOOOOOO

Ou(z) 8u(z)
(1) det( af(i) 8@(2) ) If'(z)? 00 w,o0d f000,00 00 2,y 0 20O

ox oy
00,0000000
(2) fO00 {f(?)|]2eD}0 COOOO0O0O0O000000 000000000
(1) 00 Q000000 f(2),9(2) 00000 f(2)g(z) =0 (€ Q)DO0000f=0
000 g=00
(2) 00 QOO00000 f(2)0 Q) 00000000000 g(z2) 0000
Dg(f(z))=0(2eQ)0 000 0f=00 000 g=00
nef{0,1,..},R>00000000 f:{z€C;|z/>R— COOO00000OO

0000 sup (L+2)) "|f(2)|<occ. 000000
|z|>R

(1) ‘1|1m FrH(z) = 0.

—00
(2) 00 fOO0U00O0OUOfO0O0NnOOOOOOOO (LiowilleOODDOOOOO)O
(1) 00000 |2 > 2R, r(z) = |z| —2R 00000 VGZ)| < (n+

1) /01 [+

n+1

D 0O CDDDT(EZ)DDDDDDDD]C:D\{O}HCDDDDDDDDDDDDDD
(a), (b)) 0DO00DOO0DO0OO

() D0 00 fOOOOOODOODOO,

(b) OO 00 f/000000OO0OOOODO

() = (1 0D0DDDO0 (b)) DDDDDDOOOOO r 000 M@) =
SUPg<sj<r [f'(2)] < co. OD0O0 D ODOOO 2z — 0, [z <r 000
|f(zn) = f(zm)| < M(r)|2n — 2]

n>0,0<R<oo00000000 f:{z€C;0<]|z/]<R}—COOO00DO
ggd

ooooo r»r>0000

D000 fOnO0DO00 <= Q0< inf [z"f(2)] < sup |"f(2)| < oo.
|z]<r |z|<r
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[97]

[98]

[99]

[100]

[101]

1<p<oo,R>000000000 f:{2€C;0<|z|]<R}—COOO

1/p
Hﬂb=(/ vm+vCﬂmwmw)
0<x?2+y?<R?

gogooobooooon

(1) sup |2/¥?|f(2)|<C|f|,000 CDO f00000000
|z|[<R/2
2) |flli<coDODDOOO OO fO000 10000000

(
3) Ifle<cc0d0O0O0O0OD fOOOODDDDDOOOOO
(1)D0000 r<|2|<R/200000

27 p 27
1P < (o [ 1G4 an) < oL [T e Tpas,

1, 1=l 1 [ ~T10 1
SR < [ rarg [ G e T pas < 1

(200000 (1) 000000 [96) 0000 00 fO000 2000000000
0000000 20000000000000000 [(96]00 ||f|l1 = oco.

DO COOODODOD 00000000000 000000 f:D\{0} —CO 1
00000000<6y<6; <2m, T(r)={rexp(if) | 6p <0 <6, 000000
limr\ofF(r) f(2)dz = (61 —6p)iRes(f,0) 00D D00 Res(f,0)0 fO 00000
Doo0oooo0

000000000000000

1 27

| i |
L kawme:{r H0<r <1,

2m Jo rIl i1 < < oo,

B 1 — 72|

0000 P(-0) =P, (/) 00000000000000000
teR,a€(0,00)00000000000000000

¢ / de = exp(—alt|).

T a? + 2

s€(0,1) 00000000

1 oo ,,s—1
/t—S(l—t)S—ldt:/ T gr=—
0 o l+=x sin(ms)

0000000000o000O :t=1/(142) 000000000 —— 00O
z2(1+ 2)

goooooooo
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[102] (tj>?:1 eR*"0O0O0O ($n7i(t1,

), €R® (n>2)000000000000
thOStQ
$n7i(t1,...,tn) =

ifn>2i=1,
tl sin tQ

if n=1=2,
Tp—1,i—1(t1 sinty, ts,

t>— a$n7i(t1,...,tn) "
ot ot

4,j=1

cotn) ifn>3,2<i<n.
00 Ju(ts,.

gooooooon

n—1
det Jn(t1, ... tn) =771 [ sin™ 7,
7j=2

DO0O00det Jy(ty,t2) =t 0000000000 »n>300000000000
(1 0 Ja(t1,t2) 0
ot tn) = ( 0 Ju_i(tisinty, ts,... 1) > ( 0 :

(0ij)7 =3
O000000 n>20000000000000

000 (t)j=; € [0,00) x [0,7] x --- x [0,7] x [0,27) O OO0 (t)
(wn,i<t17 . ,tn>)n

j=1
n, 000000000000 @MO000 (t,...,t,) =
(r,01,...,0,_1) 00000000
[103] («t,---,2™), (r,0%,--- ") 000 R" 0000000000,
9i; = 9i; (67, -

n
oxk OxF
. n: _2 R ..: PR
79 ) r Z 892 89-], 27] 27 7/n“
k=1
oooooooooooooa

00" 067

n
(1) g=(g5) 0000 g7'=(¢¥) 000000000 gY =)
k=

(2) ASn—lZ

lﬁxk@'

1 "9 ) "/ 0 \?
_— - detgg”— | O0O0O0O A= —_— agod
\/—detgiJZﬁ@Gl( 99 aea) ;<6mk)

02 n—-10 1
ODO0o00oooUooooUOoOA =

o —— =+ —Agu.
87‘2+ r 8r+r2 o
B)ueC*R"\{0} -C)0 k(>0)00000 Au=00000000

Agnsu(w) = —k(k +n — 2)[[*"*u(z),

Vo € R"\{0}.
[104] (1) DOODDOOOO / e 17 dg = 77/2,
2n/2 n/2
(2) 000 {z e R |2/ <1} 0000000000 ——, — 0oooo
L(3) ' (s+1)
0 (1)0000D0000
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[105] 00 c€ (0,00) 0000 p: R = [0,00) (d>2) 000000000 (a)-(d) OO
000
(a) f,g € C'(R — [0,00)) 00DO00000 v=(vj)j—; € R*O0D p(v) =
15, £(02) = g(|v]?).
(WCE@@@DDDDDDDDj:LdeDDD/‘ﬁmwm:a

(c) /Rn p(v)dv = 1.

(d) p(v) = (2mc) =2 exp(~|v[*/2c).

0000 (a), (b), (¢) « (d)00D0O0DO

= 00000 000 2€[0,00) 0000000000

1) f(0)" ! f(x) = g(x),

2) f(O)f(0)2f(2) = ¢ (),

3) f(z) >0, g(x) >0,

4) g'(z)/g(x) = f'(0)/£(0).

[106] J; : R* = [0,00) 0t >0000000000000

[ 2 20 — a)?
3(2b—0L)eXp< ( a)), b>0,a<bOOO,
Jt<a7b): 7Tt 2t

o~ o~ o~ o~

0, 00000
ugooodg
f(b—a)Ji(a,b)dadb= L/ f(|z]) exp (—|z|?/2t) da
R Y Vrt Jr
- f(2b—a)J(a,b) dadb = \/%3 o f(|z]) exp (—|z|?/2t) da

00 f:[0,00)»ROO0DO0O00000000O

[107] @, b, c 000000000000

TYz
————— dzdydz =
UAﬂ+w+%éxyz

a?b3c?

8(&2 _ b2>(b2 _ 62)(62 _

b
(a2b2 log —+b%¢? log E+02a2 log g).
a?) a b c
0o

A={(z,y,2) ER’ (z/a)’+ (y/b)* + (2/c)* <1, 2>0,y>0,2>0}.

[108] (1) —co<a<b<ooOOOOge(t) =

f) = {exp(—l/t), if t > 0.
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O0000Ff, gap € C°(R — [0,1]), Ogap(z) =0 <=z < al, Ogap(x) =
1<—b<z0O.

20 0<r<R<ooODD00DO0DDO0DD geC®R"—1[0,1)0000000
HEN
Olz| <r<= ¢(x)=10000R < |z| <= ¢(z) =00 000z = (z;)~, € R”

0000|z| =22+ -+ 22,

[109) OO f:[0,1? R OD0DOO0O0DOO

y=2, f0<z<y<l,
flz,y) =< —272 if0<y<az<]l,
0, oooQ

/Oldy/olf(:c,y)d:c: 1, /Old:c/olf(x,y)dy: 1

[110] Gronwall D0 00O
aceR,ueC([0,T]—>R),veC([0,T] = [0,00)) OO

goood

u(t) < o+ / tv(tl)u(tl)dtl, vt € [0,T] (5)

0000000000000Ovee([o0, 7000000

u(t) < aexp (/Otv(s)ds)

ooboo0o0o0ob0o0ob0ooo0obOo oo ,20000 200000000000

Oooo 10
V(t):/o v(s)ds, (6)
F(t) = eV /O o(s)u(s)ds, (7)
G(t) = a (1 - e—V@)) (8)

0000 F()) <G 0000000000 F—-GOO0O000O
t1

O0o0 20000 (5) O u(tl) O u(t1)§a+/ v(tg)u(tg)dtg O0oooon
0

u(t) < o + a/tv(tl)dtl + /tv(tl)dtl /tl ots)ults)dts ()
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[111]

[112]

[113]

0o (9) 0 ’U,(tg) O u(tg) S o+ /t2 U(tg)'u,(tg)dtg ogoooon
0

u(t) Sa+a/0tv(t1)dt1+a/0tv(t1)dt1 /Otlv(s)ds+/0tv(t1)dt1 /Otl V(ts)dts /OtZU(tg)u(tg)dtg

_ a+oz/0tv(s)ds+ %(/Otv(s)ds>2 + /Otv(tl)dtl /Otl o(ts)dts /;2 olts)ults)dts
(10)

00 (10) O u(ts) O ...
weC'Ry - R),v,weC(Ry - R)000000000

d

%u(t) < —ov(t)u(t) +w(t), forallt>0.

gogood

t
u(t) < (u(O) +/ w(s)ev(s)ds) e VO forallt>0.
0

oooooo vV :/Otv(s)ds.

JCROODDO,RY0dxd00O00D0O00,AeC"(JxJ—-R*) 00000
noooo
MU € C*Y(J — R DOoOODDOO0O st € J OO0 U(s,t) =

I+/1M®UQJMUDDDDDDDDDDDDDD
t

(2) 000 acJ,beRY, 00 geC’(J—-RHYODOOODOODODODO

dg” — A(t)u(t) + g(t), ted,

u(a) =0

t
oo uDDDDDu(t)zU(t,a)ZH—/ U(t,s)g(s)ds0OOOOOO

(1) 00000 Uo(s,t) =1, Up(s,t) =1+ [ A(0)Up_1(0,t)do (p=1,2,...) 00
000 {Uy},»0 0 IxI0DOO0O0DO0O0O0O0000O00000 UOOOO
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(5) det Us. ) = exp( /t T trA(o) o).

A A(s)*
(@—li%—ELDDDDDDDDDDDDm@%M@)DDDDDDDDxERd

ooo
exp (/t m(a)da) 2| < |U(s,t)z| < exp (/t M(o)do) Iz].

(7) A() D0D0OO0O0DO00O00O00O0O0 U(s,t) 00000000 DOO

[114) 00 [112) 0 U(s,t) 0000000000
(1) At) D00D0OU0DO00O00O00O00O U(s,t) 00000000 DOO
(2) 000 s, teJOO0O A(s)A(t) = A(t)A(s) 0O 0O U(s,t) =exp (/ A(U)da).
t
[115) JCROOOO,0; €Ra; €C(J—=R) (j=0,1,...,n—1)0000000000
(H)uweC"(J—-R)0OD0O0OD0OD0O0O0OD0O0O0UODO0OODOOOODOOOOOOOO

[y

u™ () =Y a;()u(t) tel,

u(0)=a;, j=0,1,...,n—1.
(2) a; >0,a; € C(J —=1[0,00)) (j=0,1,...,n—=1) 000 ue C*"(J —[0,00)).
(1)0oooo 0o [112)
(2)00000 00 [114]-(2)

[116] [0,00) 00000000000 f O

f(x) = /0 v f(y)dy, x>0

0000000000000
[117] —o<a<b<+c0c 00 ue C*R—-R)0 infuw” >000000000000

000

(1) u(a) <0< ub) 00 () <0< (b)) 000 uwi [byoo)DOODOOO

tlgglo u(t) = oo.

(2) u(a) >0 > wub) 00 v(a) >0 >4'(b) 000 w0 [byoo) DOOOODO
lim u(t) = —oc.
t—00

[118) IcROOO |I|]<oo00000O0O0O0feC(I—C)OO0D0DODO

{/ 1/p
|f|p} , if 1 <p< o0,
1fllp = I

sup | f, if p = o0,
I
Oooooooooo
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[119]

(1 =1 = [[fgl < lIflxllglle;
(2 V M<Hﬂb+HNwDDD(CU—Hwﬂ-M)DDDDDDDDDD

)
)
) p<q = [y <UI~7llf]q
0
)

’Blr—‘
QQH—‘

00 [118] 0 VfeC(I—-R)00000000O0
(1)t [ fllp = /s

1
2) lim —1 MOt =
2) Jim 3l MOt = g

120 K=Ror COUOOOf:Z—K,1<p<ocoO00ODO

[121]

[122]

[123]

[124]

[125]

1/p
Wi} ase<e

TEZ

sup | f ()] (p = 0)

rEZ
0D0O0O0|f|l,=cc000000000MO0000D00000
1 1
ﬂ)5+5=1:$HMMSHMMMb

2) If +gllp < Ifllp + llgll,, 00O0O0P(Z - K)
|-, 0 norm 000000000000

B)p<q = flpb=fl,0000 P(Z— K)cCI|(Z— K)O

00 12000 inf ffllp <o DOOD f:Z— KDOO lim [Iffl, =[lflle O

000

(1) 00 [118]001<p<qg<ooO00D0O00|-|p | ;0 CI—C)O0D0O0OO
00o0o00

(2) 00 [120)001<p<qg<ocoD00ODO]| |y |-l 0#(Z—K)DODOO
00o0o00

1<p<oo,feEP(Z—C)gel(Z—C)0000fxgn)=E Y f(n—m)g(m)
meZ
0000 neZ0000000000000 |[f+gl, <|flblgli 00DODODOO

000

O00O00 P(Z—K)(1<p<oo)([120) 0 Banach OO (DDODOOOO00ODO)O
0000000

ICR,ac(0,]]0000f:I—-RO

[f (@) = f(W)]

v —y|*

{2 = K| fllp < 00} O

waﬁD=$m{ ;%yELw#y}<m

0000000f0 o0 Holder 000000 f e HOI*(I - R) 0000

(1) |J H*U—R)000 I0000000
ae(0,1]
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[126]

[127]

[128]

[129]

[130]

[131]
[132]

(2) f:00,1]»>RO0000 [ J H*(0,1]—»R)0000
a€e(0,1]
(3) 0 eI, ac(0,1] DDDDD€H61“(I—>R) 0 0000f] = £0)] +wa(f; 1)

0 Banach 00 O0O0OO0O0O0OOO

ooooooVve,Vy € R, flx+y) = f(x)+ fly) D000 0 R-linear 00O

fR—-RO0O00O0C0OOOOOO

00000 KOO vector space 00 base 000000000 K =QO

OO0 vectorspace UO D DOOOODOOOOOOODOOO

VoOoo (,-) 0000 vector space 000000 f:V -V OOOODDOOOOO

ugobooon

(a) (f(x), f(y) = (z,y), Vo, y € V.

(b) fO0D00 |f(@)— f@) =z —yl, Yo,y e V. 0O || = V0.

(E,|-|g) 0000000V O E0O0OOOOOODOODOODOOOOOO

() 000D we FOODDO VOODODw0OUOODOODODOODODODOOODOOOOOOOOO
OwvweViooOooO|u—uvl|g=inf{lu—v|g; veV}.

(2) (1) 0000 v, 000000

(3 VOoUooooo (1)00oUo vwOOOOUOOUOOUOOOOODOUOO

K=RorC. (H,|-|g)0 KOOHilbert 10000000000

(1) MCHUOOOOOODO Vee HOOOO |x—mg|lyg =inf{|lx —m|g; m e M}
D000 mgeMDODODODODODO

(2) MCHOODOODODODOODODH=M@N (0000)00000000 NOO
gooooo

(3) Riesz 00000 fe ¥(H— K)OOOOf(x) = (z,h)y, Ve € HODOODO
hy e HOOOOOODOOOOO (-,-)y 00000000

(4) (3) 0000 hapipy =ahy + Bhy, a,BEK, f,g€ L(H — K).

P(Z -R)(1<p<oo) (12000000000

uggooodg

(1) 0000 (Y,dy) DOOOOOOOOO Y0000

inf{dy (y,v'); v,y €Yo, y#y'} >0

0000000(Y,dy) 00000000
(2) I*(Z—-R) 00000000

[133] Banach space Hol*([0,1] - R) ([125) 000000000000

[134]

D000 XO0O0OO f:X = (—00,00] 0000 Vae ROOO {z € X; f(z) <a}
000000o0Ofo00o0n (lower semi-continuous) D 0O OOOO0OO f: X —
[—00,00) 0000 Va e ROODOO {z€ X;f(z)>a} 0000000 0000
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[135]

[136]

137]

[138]

O (upper semi-continuous) 0000000000000

(1) feC(X »R)« f00000 OO0 00000

(2) 000D000000{fs:X — (—00,00]}aea D000 supyey /A 000000
oo

(3) X O Hausdorff 0000, f: X — (—o00,00] 0000OVe € ROODOOO
{re X;f(r)<a}U compact 00 fO000000000O00 compact Hausdorff
ugobobooo obbbooo obobooooo

(3) 00000 a=infeex f(x) (00 a=—-oc0o 000)0a; >a >...>a, \ya

00000000 {x € X;f(r) <a,) 00000 compact set 0000 {z €

X;f(x) <a} =(),>{r € X;f(x) <a,} 00 X O Hausdorff 0000000

compact subset [ cl;)sed subset 0000000000 OO0O

X00000 f: X - (—o0,00]000000000O0ODO

Of000000«=0z, »200000 lim f(z,) > f(z)O0

n—oo

0oddobooo ooooboooooooouoooog

X 00000 f:X — (—o0,00], f(x) =supinf{f(y); d(z,y) <r} 000000
goooooooo =

(1) 000000

(2) g: X = (—o0,00] 00D0DO0OO0 g< fO0g<f.

(3)0f000000 «=0f=f.0

X OODOOOf: X - (00,00 00000 000000000 {fa}2, C
Conit(X > R) 0000 fu(z) S f(x)Vee X 00O0000000000000
X =(X,dx),Y =(V,dy) 000D00000X 00 YOOODOOO &0 z€X
ogooad

Ve >0, 36> 0: (dx(r.y) < 3 = sup dy (f(2), f(y)) < ¢)
fe&

00000040 ¢eX 000000000 (equi-continuous) 0000000 ¢&
00000000000000€ 000000000000000 f,: X — Y,
n=1,2,...0 f:X—->Y0000000000000000000

(1) {fu}n>1 00 e X 00D0O0O000 fO0 e X 0000

(2) {fntn>1 000000 < f, —» f0000000 O

(00000 z,ye X 000 dy(f(z),f(y) < sup,>1dy (ful(z), fu(y)).
(2)= 00000 z,yeX,n>1000

dy (f(2), fn()) < dy (f(2), f(y) + dy (F(y), fa(y)) + dy (fu(y), fa(2).
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(2) 000002000 Dlimy—ee@m =2000000000K = {2} U{Zn } m>1
0 compact0 000000000 dy(fa(2), ful@m)) < 2supdy(fu(y), f(y)) +
eEK

Y
[139] (X,dx), (Y,dy) OODOODOO{f,}2, cC(X -Y)OOODDOOO0OO0O0OO

n=1

ACXOOOoOoooooo

(1) Ve e ADDDDO (fu(2))2, O Cauchy-0 000 Vx € ADDODODODOO
0og

(2) (V,dy) DODDOOOVz € ADDOO (f(x)Se, 0000D00O0DODOOO
V:e AOODODODOOODOOOO

[140) X, Y 000000 f,: X —-Y ,n=1,2,... 00000000000

(a) {fu}n>1 0000000

) {fu}n>1 00000000 X, OODOODOO

(cl) Ve e X OOODOO {fu(2)}r,>1 0000 YOOOOODODOOO

(c2) Ve e X OODOOOO {fu(z)}n>1 CY 0DODODO compact.

Oo0ooooooooo

(1) 0000000000000 {f.},>1 000 feC(X—-Y)ODOOODODO
D0OOo0 (a), (b), (cl) DOO0OD OO (a), (b), (c2) DO O

(2) X OOODOie, 000000 X, ODODDODOOOODODOO (a), (¢2) 000000
00 {fu}n»>1 000 feC(X—-Y)00O0O0DDO0DOO0ODOO0O0ODOO0OO

(1) 00000 00 (a), (b), (1) 000000 (139 000{f.}n>1 000000

OD0O0D0D [138) 0000000 O

(2) 0000000 (¢2) 000000 {fu}n>1 00000 X, OOOODDOOODOO

D0000D0000D00MO00000000 (1)000000000

[141) X 000 compact 0000000000000 O0OOOOD Y OOOOOO
FCCX—Y)ODDOOODDDODOODODOO
(1) £#000 [55] 000 DO compact 00 £ 0000000000

U{f@); 2z e K} (11)
fe&

OY0Ocompact UOOODOODOO

0000(11) 000000000 compact 00 (z, f) — f(z) 0 XxC(X —=Y)

00 YOOODOOoOoOooooooooo

(2) Ascoli-Arzela 000 : 00 2000000000
(a) FO0OO DOOOOOO compact (i.e., 000 compact)d
(b) E0D0OD0OODOD (11) 00000000000 compactd
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0000 (a)= (b)0 ()0 E0O0O0OOOOO
(b)= (a) 00 OO [140] 00000000
[142] X = (X,dx),Y = (Y,dy), Z= (Z,dz) 000000000
(1) 0D00000f:XxY »Z00VeeX 00O f(z,)eC(Y - Z)000

OVyeY OOO f(,y)eC(X - 2Z)000000 feC(XxY —Z)000
0000

(2) f: XxY—»>ZUO0O0OUOO200000000000000
(a) feC(X xY — Z)
(b) Ve e X OOO f(z,-)eC(Y - Z)00 Y OUOO compact set K 00

0 {f(-,9)}yex 0OODDOO.
[143] f: R — (—00,00] 0000000000000 (convex function) 000 0

Ap>0, Atp=1= fQz+py) <Af(z)+pfly), VYz,VyeR.

f:R = (—00,00] O D-DDDIdg{xER; f(r)<oo}00O0OID 2000000

gooooooooooood

(1) —o<a<b<ooO0O0O00O IDODOOUDOOODOOOO( (a,b), (a,b], [a,b),
[a, b].

(2)a<zi <z <z3<x4<bO000O

f(z2) = f(71) < f(z4) = f(71) < fzq) — f(3)

To — I - T4 — I - T4 — X3

(3) z € (a,b) 0000 DY f(z) = E%OWDDDDDD

a<xz<y<b= D f(x) <DVf(x) <D f(y) <D f(y).

4) a<z <ze<z3<zx4<bO000O

—o00 < DT f(z1) < f(ws) = f(s) < D7 f(xy) < 0.
T3 — X9

(5) 000000 JC(a,b) 000000 L=L,;>000000
|[f(x) — fly)| < Llx —y|, z,yel

oooof:I—-RO0OOODOOCOOOOO
(6) zeI0 I0000000 eorb000D0000{x,}2,CcI0 000000
00 fm f(e) < ().
(7)f:]n:OORDDDDDDDDDDDDD
[144] I = (a,b) (0o <a<b<o0),p: I — RO convex function 000000000
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[145]

[146]

[147]

[148]

[149]

[150]

(1) ce I, D~ p(c) < a < Dtp(cOcf. [143]0 0 ¢(c )+oz(ac—c) < p(x), Vrel.

j=1 j=1

(3) aj>0,p; >0, p1+-+py=1=a'---abr <arpr+ -+ anpa.
(4)J c ROOD |J] < coDODDOOf € CJ — I)DOODOD

e ([ 1) <1 [ e

(2) 00000 (1)0 c=Y" ,2;p;, 2 =2; 0000000000000
(3)00000e; >000000000000000000 logOOOOO
(40000 (2) 00000000000

I=(a,b) (—0c<a<b<oo),p:I—RDO convex function 000000000
000 an, bp, (n>1) 0000 Vzel OO0 ¢(z) =sup,>{anz+b,} 0000
ugobooooooboad

0D00: y e QNI 000 ay = DFp(y), by = ¢(y) — yDTe(y), ¢(z) =
sup,ecqniiayr +b,} 0000OVe € I 000 o(x) > ayz+b, 00 ¢(y) = ayy + by,
000 € QNI 000 p(a) =+(z) 0000000000 Vo € I 000
o(z) = Y(z) 00D D

¢:0,00)>RO00O0D0O0O0O0

(1) ¢ O convex OO ¢(z+y)+ ¢(0) > ¢(z) + ¢(y), Yz, Vy € [0, 00).

(2) ¢ O concave OO ¢(x +y) + ¢(0) < p(x)+ ¢(y), Yz, Yy € [0, 00).

(1) 00000z4+y>0000000000000¢(2) < 750(0)+ 5@ +y).
ugboboddn z,y OO0 oooaon

oo0ooooD f:R—-RO0O0O0O0O00OOODO

:v;Ly> < f(w)+f(y)’ vr.Vy € R.

f 0O convex(z)f(
f:R = (—00,00], (f Z00) DOODO f*(x) =sup{tz — f(t); te R} 000000
0o
(1) fAO000000 convex O
2) (f) <.
(3) 0000000 fO convex < (f*)* = fO
I=(a,b)(—00c<a<b<o0), f, fn:I—>R0Oconvex JO0O0OOO
(a) fn(t) — f(t) (n = 00), Vt € I,
(b) f, faD tcel DODOODODO,
00000 lim fi(to) = f/(to) 0000
00 [140]0 0-0000000
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[151]

[152]

[153]

[154]

[155]

[156]

I=(a,b)(~0<a<b<oo)JDODODODDOOO

() o-0o00 f,:I-R(n=12...)0 I0000000000000O0O0O0OO
OoopoDOo/000o0o0oo0boooooooooooooad

2) ()0 fo:I >R (n=1,2...)0 00000000000

(3) 0-000 fo,: I —-R(n=1,2,...)0 I 000000ie., supsup |fn(x)] < ool
00 (f,)2, 0 I00000000000000000 nE

00000000 DOoOOOO0OoOoO0O0 §={fsAX€eA}0 DO0O0OOOOO

(normal family) 0000 D00§ 000000000000 {f,}) 00D 0000

compact 0000 KOOOODODOOOOOOODODODOOOODOODOO

DO COODU0OOFCHol(D):= DO0O0D0O0O0O0O0O0O0O0O0OOO compact set

KcDOOoO
sup{|f(2)|; f€T z€ K} < (12)

00000 0000000000000 (Montel 000)

Vitali 00 00D 0O COO0000{f,}32, CHol(D):=DOOO0O0OOO0DO) DO
000000 20000000

(a) {fx}2,00000000000000000000000

() 00 L={zeD; lim fu(x) 000 }0DO00000000O
0D0000{f,}2, 000 feHol(D)OOOOOOO00000000OO

0000 0000000000000000000000000000000000
0000000000000

DO COO0O0O0O0f,eHol(D):= DOOOOOOOO (n=1,2,...),f:D—C

n—oo

0000f, = f(000000)0000f€Ho(D)OO Vk=0,1,...0000

ﬁi”ﬁfggﬂmmmmmm)mmmmmmmmm

(1) 0O Y2 nlz" 0000000000

(2) 000000000 CO0ODDO0000D00000000000000000
0oo

(1) g 000000 fu(2) =g(2"%) (n>0)0000{f,} 0 1<|2/]<20000
00000000000000 ¢g000000000000

(2) g0 0< |2 <10000f(2)=9(2"2) (n>0)0000{f,} 0 1<]2]<2
00000000000D0000000 limg(z) 00000000000

X00002X 0000000000« Cc2X000 & 000000 o-field O o]

D000« 0000000 o[« 000000000000

0000X 00000 By,..., By, O disjoint union 000 o[{B;},] 000 2™

00000000000000000000 By,...,B, 0000000 o] =

c[{B;},) 0000000000
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(157 00000000000 MS, (n=1,2,..) 000 X O ofield 00000
(FHC P C---)000 U2, %, 0 o-field 000 M
[158] DO UOOUDOODOODO compact 00O OO Borel o-field 00000
X0OOO compact 0OOO0OOODOOOOODOOOOOOOOODO
(1) Compact closure 0000000 (Uy)p>; D00000D00000000U, C
Upsr (n=1,2,-- ), U, U, = X.
(2) ¢={X 000000 },Z={X000000},# ={X0 compact 0000 }
0000000[0] =0[Z] Co[X].
(3) 00 X O Hausdorff (00O # C.#) 00 o[0]=0|Z]=0[X].
(159 ¢ = {R" 000000 },.#={R"000000 },.# ={R" 0 compact 0000 }0
00 #,& 0

#:R*"00000 (0000 71000 €510 [[),(e;,0,) 000

oo bj:OODD (aj,bj]:(aj,oo).)
g:0000000000000000000

0000000000[A] =0[&] =0[0] =0|F] =0o[X]
(160 X 00002X 00000000000002C2X 000000 (a)~(c) 0000
000 Dynkin O (Dynkin class) 00 OO
(a) X € 2.
(b) A, Be 2, ACB= BNA“€ 2.
(¢) {An}22, C 2, A, C A (n=1,2,..) = U, 4, € 2.
Dynkin 0 2 C 2% O intersection 000000 (ie., A, BEZ = ANB € %) O
00 20 o-field0000O0ODOOOO
[161] Dynkin 0000
X000oop2X 0000000000 Cc2X0000000000
(1) D0000[])=NX (N0 X O o-field 20 00000000 intersection
)OO 000000 o-field 0000
(2) 00000S]=NZ (NDO Dyikinclass 2 0 . 000000000 intersection
)0 000000 Dynkin class 0000
(3) & O intersection 000000 (ie., A, Be .Y = ANBe.)000 4[Y]
0000000000 [160] 000 61 O o-field 000 M
(4) (Dynkin class theorem) . O intersection 000000000 §[.Y] = o[Y].
[162] Dynkin class theorem ([161]-(4)) DO OO
X00002¥X 0000000000 C2X 00000000 (X,o[))00 20
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ubd w,voboboobobbooboboboboadan
VS e, u(S)=v(S)=>pu=v (%)

() 000000000 (x) 0000
(a) S1,8, €. =5 N8, €.7.0
(b) u(X) = v(X) < oco.
0000 000 {F€olY]; p(F)=v(EF)} O Dynkin class.
(2) 00 (a) DOODODOO0 (¢) 00000 (+») 0000
() 0000 X; CXoC--00000u(X,)<oo(Vn=12...)
X={,X, 00000000
[163] 00 A,BOOOO AABO AAB=(A\B)U(B\A)OOODOOOOOOOOO
(1) (UjGJAj)A(UjEJBj)chEJ(AjABj),mmm JOO0oooooo
(2) (X,%,,) 00000000« 0000000 0000000000000
00 Beole] 0OODOO

000 e>0000 uW(AAB)<eDD Ac/ 00000 (13)

0000« ={Be%; (13)000 }0000 & 0 o-field 0000000000
000 ol#]Co/ DOODOOO

[164] 4, v O R* 00 Borel 000007, £ 000 [159 0000000000000
(000000000 I000 u()=v(l)<occODODDDOOO0 p=uw.

(2) Borel-0000 BO u(B)<oo0OOO000000e>0000 u(AAB)<e
00 Ae& 000000

0000 00 [162],[163] 0000
[165]

X:0000O0O0O0Od i.e., countable dense subset S C X 000
1 X 00O Borel measure

U: X00000 wU)<ocoOO0OO

gogooobooooon

(1) 000 n=1,2,...0000U= [ J B(x1/m). 00
(z,m)€I(n)

B(zir)={y € X; |z,y|x <r}
I(n)={(z,m); x€S, meN m>n, UDB(z;1/m)}.

(2) I(n) 0000000000000 I(nk) (k=1,2,...)0 I(n) =, I(n, k)
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ugooooooon

Ve >0,Vn>1,3dl, >1,

u( U B(x;l/m>) > u(U) - o,
(z,m)el(n,ln)
(3) (2) 0 Ko = M2y Uwonyerna,, Blei1/m) 00000K. 0000000000
K.CcU,u(U\K.) <e 0O0ODOODO
000X O0OO00O K. O compact.
[166] X 000000 p O X 00 Borel measure OO 0Borelset FC X 000000
0 (Ry), (R)0O0DO0OO0DO

wE) = inf{u(G); GO FOO0ODOODO }

(Ro)
= sup{w(F); FO E0O0OOODOOOO Y}

wE) = inf{u(G); GO EO0DOOOO }

R
(1) = sup{p(K); KO FOO0OOOO compact set}

gbobodgogaon
(1) p O finite Borel measure 00000000

# ={E;X O Borel subset 000 (Ry) DODOO }

0 o-algebra 00 O0O000O0O0OO
(2) XO0UOODOUOOOOOwp O X OO finite Borel measure D0 0000000 Borel
set 000 (Ry) 000000 U0X UOOOOODOOOODO Borel set EO0OO

(R)0DOO
[167] f: R® - C O Lebesgue-0 000 0000000000000 0O00O0O00O
000

fe=0, Voe CF(R" - [0,00)) = f=0a.e.
R”

D000 00 (), () 0000D00000000000 E00DO [,f =0
Ooo0O0@) Ve = 1,2,... 0000 000 K, c B, 000000 G, O E
00G,\K, O Lebesgue measure < 1/n O0D0O0O0O0O0O000 (ODOODO)O(31)
pn€C*R—[0,1])0 K, 00 =10G, 000 =000000000

[168) DOOOO2 >0 00

oo t2 1 SEQ oo t2 1 xQ
—— ) dt =2~ = ——— —t| <" -=].
[ oo(S)a=ren () [Ton(da) e ()
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o

[7° exp(—t2/2)dt
lim =% =
z—oo 1 exp(—x2/2)

[169] (X,%,m)000000Ff, f, (n=1,2,...)000000000000000000

D+ Lol < AN+ 150, 00 151 = /1|+f||f|

000 6>000002sm(|f]>0) < Ifl < Zm(X) +m(lf] > 9).
Ifull "= 0= £, "= 0 (0000)O

m(X) <ocoDDDODOf, "=°
00)0

(5) m(X)=coODOODOf, "=°0, mae % f, = 0(0000)0(0000)
[170] (X,%,m) D0D0D00A, € £ (n=1,2,...) 000000000

( dm € [0, o).
(2
(3
(4

7’L—)OO n—>oo

~— ~— ~— —

0, m-a.e. = ||fnll 0= f, — 0(00O

(1) z € lim A, def

n— oo

ﬂ UA «— 00000 A4,00000
k=1 n=k

(2) Borel-Cantelli Lemmal] Zm ) < oo = m(lim A,)=0.

n—oo

[171] (Borel-Cantelli Lemma ([170]) O D D )
0000 (X,%,m)000000 f, f,(n=1,2,...) 0000000000
(1) > mla; |fulz) = f(x)]| >e) <00, Ve >0 = fo— [, m-ae.

n=1

(2) fn—f, m-0000 = {f,}°°, 0mae O fO000000000000
[172) 0000 (X,.#,m) 0000000000 f0000

1/p
(/ \f\pdm> ) 1 <p<oo,
1y = X

inf{X € R;m(z; |f(z)| = A) >0}, p= oo,
000 (|fl,=cc000)000000000000
(a) Holder 00O OO fgllr < [[fllpllglly, 5+ 5 =10000000 [f+gl, <
1£1lp + llgllp0
(b) LP(m) ={f — C; 000 ||fll, < oo} O (m-ae. 0000000000000
O0oo00)000 ||-|[, 0000 Banach space.
(¢) L*(m) 000: (f,9) = [y fgdm OO0 0O Hilbert space.
OD000000p€ [1,00), f, fn € LP(m) (n=1,2,...) 0000
(1) 0O0000{f}2, 0 f0 LP(m)-00 = f, — f (m-0000.)
(2) 0000000 {f,}22,0 f0O LP(m)-00 % f, — f, m-a.e.
[173) f0 ROD 2000000000000 n0000 Gu(x) = f(z4+n)+ f(z) 0O
00000000000
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(1) hm/ G (z \Q:c_2/ |f(z)]*dz 0 OOOOO
(2) 000000 {G,,} 0000 {G,,} 0 fO000000000000CO

[174) L*(R) 0D {f,}>>, 0 L2 00000000000 f€ L?(R)000000000

000000000000 0000D00 ge L2 R)00O0O0O0 {fog}32, 0 fgO
LY(R)DDOODDOODDOO

[175] (X,#,m) 0000000000 f,ge€ L*(m) 000

[176]

[177]

178]

_ / fdm. m(f-g) = / (f — m(f))(g — m(g))dm
X X

000000000 {& Y w1 CL2m) 0000 m(Em; &) =0if m#n000000
0000000

Sp=>_& 000 m(Sy) =Y _ m(&), m(Sn; Sn) Zm &3 65)-
J=1 j=1

(2) Sp O n Moo D L2 (m)-00 < Y _ m(), Zm(gj;gj) 000000
j=1 j=1
00 K>000000 Vpe[l,, 00 Vf e C)R— C)DOOO |f, <

K(Iflp+1/"l,) bOODO0O0O0D00D

00000 (B,|-)00000000000(E,||-|) O strictly convex 000 O
000

e#y, |zl =yl =1 = [[Az+ (1 =Nyl <1, YA€ (0,1).

0000 (X,4,m) 000000000

(1) L'(m), L>°(m) 00000 strictly convex 000 (00000)0
(2) LP(m) (1 < p < oo0) O strictly convex DO O OOOOOO0
0000 0000000000pe (1,00) a,beC, A€ (0,1) 0000

[Aa + (1 = X)bP < Ma|? + (1 — \)|bP
0000 <= a=0b.

0000 (X, #,m)0 X =R", #=Lebesgue 00 00 OO 0O m=Lebesgue 00
DDDDLp(m):Lp(R”)DDDDDDDDDDDDDDD

(1) LP(R") (1<p<o0) 00D00O0ODO

(2) L=(R™) 00000000

(3) Z(LP(R™) — LP(R™)) 00D DO0OO0O

[179] fe LP(R"),1<p<o0o 0000 (f*dy)(x)=f(r—y)DOOO

(1) p<oo0O00 lim ||fxd,— fl,=00000
ly| =0
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(2) p=oco 000000
[180] DO O OO
(@) £€CHRC) OO [, '€ L'(R) OO lim [f(1)] = 0.
(b) fel}(R)DO0O0OOODO ‘t}i_r>noo|f(t)|:0.
gooooboooooood
(c) feC®R;C)NLY(R) OO limsup|f(t)] > 0.
181] 0000 (X,%,m) 0000000 f. (n=1,2,...) 000000 4000000
0 ((U) 000000 {f,}o, 000000000000)0
(B) sup/|fn|dm<oo,
(T) Ve>0000 Ae B, m(A) <ocoOOOOO sup/ | fn] dm <e,

n

(u1) Ali_{go Slip/ |fnl 1gi .2 23dm = 0,

(UA) Ve>00O0ODOOOODO 6>0000:

sup{/ ‘fn|dma n=12,..., Ec %, m(E)S(S}Sg
E

gboobodoaoan
(1) (UI) = (UA)
(2) (T), (UD) = (B)
(3) (UA), (B) = (UL)
[182] p>00000(X,%,m) 000000f, f, (n=1,2,...)0 LP(m) 0000000
0000030000000000cf. [181]
(T) Ve>0000 Ae X, m(A) <ocoO0DODDOO sup/ | fnlP dm <,

. » _
(UI) Alggosglp/|fn| L{jf,p=apdm =0,
(UA) Ve>00O0ODOOOODO 6>0000:

sup{/E|fn\pdm; n=12..., E€ % m(FE) <} <e.

oood f, 0 fOOOODOOOOODOOOOODOOODOOOODOOODO
m(A)<oco 000000000 DO0ODO0ODO Vex>00000O

lim m(AN{|fu— f] 2 }) =0

oobo00o0obOo0ob0oobobobooob 3000bOoobOobDOooboboooDbOon
(1) (U)oo (T)
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[183]

[184]

[185]

(2) (UA)OD (T)
(3) ferrm) 0 lm ||fa—fl,=0,

m(X) <co0DODDDOD (T)DDODOOO0DOOOO (UL, (UA), (3) 0300

0000000000000 0000000U000ooooo0g m(X)=0 00
OO0 fn— lnon(z) 00O0DOf, 0 000D000000DO0O0DOODOODOO
Ifali =log2 000 f,0 00 L'000000000000000000000LY
0000000 L*ooooooo
(X,2,m)000000p>000000 {fp,} CLP(m) 0O felP(m)OODOO0
godoooooooooouoooooooooo

(a) Tim [ fn = fll, = 0.

(b) hmsup [fnllp < [1f[lp-

0000 (b) = () 00000000 go(z) = (1V2-Y)(fP + [fal?) = |f — ful?
00000000000 Fatou O Lemma OO

/n_mgndms lim [ gndm

n—oo n—oo

uogboboooooooooood
(X, 2,m)000000f:X—->RO0O0OD0O0O0O0OOOOOOO
(1) Chebyshev 00 000Op:R = [0,00) 000000000 €EeR, (o) >000

m(f > a) < pla)! / o(f)dm.

(2) Paley-Zygmund 00000m(X)=1000000 f€ L*(m), [ f2dm >0,
acRODOODOODOOO(N—a) [ fdn>0000

(s f o) ol

D000 A={f>affdn} 000 [ fdn= [, fdn+ [, fdm 0000000

00 [, fdm < (f f2dm)*m(A)'2, [,. fdm <o [ fdn 0000

(1) Jensen 00000 (X,%,u) 000000 w(X)=1000000000¢ :
(a,b) = R (—c0c<a<b<oo)d convex 0000000 f€ LY (u; X — (a,b))

0o0oo
90</X fdu) S/XsO(f)dM- (14)

(2) ¢ O strictly convex 00 (14) 000000 < f0O p-ae.000.0
() 00000 (144000000
(2) OU0OD0OD0O0 Of 0 pae. 0D00DODODODODODO0OMM3a € R, 0 <
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ple; f(z) > o) < 1000000000A = {{z; f(x) > o} O0O0O0OO

S fdu S e fdp
fd,u:uA( + p(A° )
A @ @) A s
[186] (X, %,m)0 o-finite 000000k: X2 5 C0O 400000000000
oooo

| Ihtap)im(dn) <1, ac.y,
X

/ |k(z,y)|m(dy) < N, a.e. z.
X

00000felP(imX —-C)(1<p<oco)0000000OO0
(1) 0O Kf(a:):/ k(x,y)f(y)ym(dy) O m-ae. 2 O0O00000z — Kf(x) O
$-000 *
(2) 1K fllp < MYPNIZUP||f]]p.
[187] (X, %,m) 0 o-finite 0000001 <r<ooOk:X?—>CO Z%-000000
ggbooooon

[ Wrta ) rmida) < M, ae. .
X

/IM%@WM@USN,aax.
X

00000felP(imX —C)(1<p<oco)000000O0OO0
(1) OO Kf(m)z/ k(z,y)f(y)m(dy) O m-a.e. 2 D000 00x — Kf(x) O %-
0o *
(2) 1K fllg < MYINT=P|f,
[188] k, f,he LY(R") 0O00DDOODOO
(1) DDD(k*f)(m)z/ k(x—y)flyym(dy) O ae.2 0000000z — kx f(x)
O Lebesgue-0 0O O '
(2) Young 00000000 [k £l < [l 1.
(3) kxf=fxk.
(4) (kxf)xh=Fkx(f=xh).
[189] p, q, r € [1,00] O 1+1:—+1DDDDDDDDJ”ELP(R”),gELq’(R”)DD
uggooogad ' b
(1) 0O0O0(f*xg)(z) = flx—y)g(y)dy O ae. 2 0000000z — fxg(x)
O Lebesgue-0 0 O w
(2) Young 0ODOOOOD [f +gllr <[ fllpllglle-
3) frg=g*/f.

+l==+

S|

| =
==
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[190]

[191]

[192]

193]

[194]

ogooogad

1 1
(1) pa€(lio0)0 1= 4= 0000 € LP(RY), g € LIR") DT frg € Co(R").
(2) fELY(R"),ge L®°R") 000 fxg€ Cunir(R").

A,a000000000 9e:R—=[0,00)0000000 (\,a)O I-OO0O0OO

ogoboodon
() 0, z <0,
a\T) =
b Nz~ le= A /T (a), x> 0.

DDDD’YA,@*'VA,O/:'VA,a—Fa’DDDDD
kE(z,y) O (z,y) e R xR" 0000000000000 O0OO0OOOOOOOOO
(a) Vye R" 0 z— k(z,y) 000000

(b) Yz e R™ [ / k(z,y)dy = 1.
R”
0000000000 f:R*—>CO000 2w [ k(z,y)f(y)dy 0000000
Rn
goooood
(X, B, 1), (Y,%,v) 0 o-finite 00DO0D0F 0 000000 (X xY,2R%) O

oooog, Ip(e) = / |F(z,y)|lv(dy) 00001 <p<oo000 |[Ipllreay <
Y

/HF@wmmwwwwDDDD
Y
1§p<oo|:]|]|]|:]|]|]l] LP(R,d:U)DDDDD I'oo0d0g 30000000

@mw/uuwm<w
fer JR

(b) lim Sup/|> |f(x)Pdx =0,

T—)OOfGF
(c) limsup/ |f(x+1t) — f(x)|Pdz = 0.
O00oooro LP(R,dx) D0O000DO0OO0O0OOO0DOOOOOODOOOOOOODO

ggoood
(1) fe LP(R,dx),t>0000

ot
T, f(x) = ?/x fy)dy, |z <1/t

0, 2| > 1/t
00000 ¢>000000T0, ={Tif; fel}O LP(R,dz) 0000000
00000000000000000 [-1/41/)000000000000 sup
norm 000000000 Ascoli-Arzelda 000000000000000

(2) 00000

lim sup /R Tof (@) — f(2)|Pdz = 0.

t—0 fer
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(3) (1), (2) 00000000000
[195] FKG-O0O OO
f:R">ROO00000000000

x]§y37 v.]:]w,n = f(mlv"wxn)Sf(ylu"'7yn>

0D00D000D000f,g:R*"—>RO0000p; (j=1,...,n) 0 R OO Borel-
DDDD,MZM@m@MDDDDf,g,fgeLl(u)DDDDDD/fgduz

/fdu/gduDDDD

[196] R™ 00O Borel-00 p O
(a) Ve e {1,411 000 p 000 z (g;2;)F D000
(b) Vpe[l,00) 0O [(1+4|z1|+ -+ |zn])Pu(dr) < oo,

DDDDDDDDDDDDDVanZDDD/(iLﬁﬁuM@ZO.
1

[197) C™ OO Borel-O0O p O
(a) Ve ROODO p000 z— eV P2000.
(b) Vp e [l,00) OO0 [(14 21|+ -+ |zn])Pu(dz) < .

DDDDDDDDDDDD(LﬁeZ$a¢ﬁ[MH]/IIzJ@ y=00000

[198] feC}R" - C) (n>2)00000000

a1 21

[199] (X, %, m)00000000f:XxI—C [ =(ab),—x<a<b<oo)O0OO
0000000000
()We]mf()mmmmm
b) Vee X O f(z,-)0 100000

/ﬁ/’th'd®<m

(d) 0000000 ¢g00000 sup
tel

ox;

Of(z,t)
ot

‘ <g(x), VzxelX.

000000

(1) 00 (a), (b)) 0DOOOOOf, 20 XxI0oO0OO

(2) 0O (a), (b), () DODDOODODOOOO tel00O0 [y f(z,t)m(dz) O

gogood 5
/ f(z, t)m / f(g)t )m(da:). (15)
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200]

[201]

[202]

203]

[204]

205]

0000 Fubini O000OD0O0D0Q00O00OD0 a<s<t<bOOO

[ s tmia) - [ s smian) = [ [ 20 g,

(3) (a),(b),(d)DDDDDD/f(:c,~)m(da:)DDDDDD(15)D VteIOOOO
X
(X,%,1) 000000 wX)=1,00¢>000000000 f:X = RO

Vi€ (—e,e) 000 /exp(tf)du<ooDDDDDDDDDDDDD

(1) Vt e (—e,e) 0O O /exp(t|f|)du < 00.

(2)/exp(tf)duD t=0000000000

() o [ ewthn|_ = [ rman

(X,,%’,M)DDDDDDM )=1,00 e>0,meR,v>000000000
2

vt
f: X—>RDO Vte(—a,E)DDD /exp(tf)duﬁexp(mt+7>DDDDDDD

gopoogdg
[ran<m (1@~ [ i) nido) <o

Lebesgue 0000 A, BCROODODOOODOODOOOO Lebesgue 00O m O
ood
() Raz—m((A+x)NB)e 0,00l 0000

/R m((A+2) N B)dz = m(A)m(B).

(2) m(A)>0,m(B)>00000m((A+¢)NB)>0000¢qeQUOIOOODN
gogood

00 ACR"OO0ODO Lebesgue 000000000 B={x—y;z,yc A} 0 R*" [

gooooboooooood

DDDDf(x):/ 1a(z+y)laly)dy 000000000000

f,9:(0,00)>RO0000000000

m({z; f(x) > a}) = m({r;g(z) > a}) VacR

00000000 f=gae. in(0,00) 000000000

00 (0,1]000 300000000000 100000000000 COOOOO
o0bo0o0ob0 20000000000DOD0O000D0DODODOO0D 1 DDDOOO0ODDODOO
C O Lebesgue 00 000000 (e, CO000O0O0COODOOOOCOOODNO)
00000000000 CO Cantor 00O ODODO
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[206) 0O (0,100 2020000 z=0.za,--- 00000000000 20000

oo

2
000000000000000000000 Fle)=Y. ~»0000¢€(0,1]0

3’)’L

n=1
00
o(t) =m({x € (0,1]; F(x) <t}) (m O Lebesgue 0DO)

D000y(t) 0000000000000000000 Cantor 00000000
¢ ()=000000000000 () 0 Cantor 000000

[207) OO f:1[0,1] — [0,1] O

3z, x €[0,1/3]
f(x) =40, z € (1/3,2/3)
3x—2, x€[2/3,1]
oooofo,ljoooon f™, n=0,1,... O
fO@W =2, f™@)=ff"Yx), n=12,..., zel0,1]

00000000000 x(z)=1asy(x) 0000

X f(n)

OD000O0DO0OD0O0OO O [206]D Cantor 00 0D00OO0ODOODOOODOODOODO
Cantor OO0 OQOOOOO
X 1

90:§+5800f

00000000000000000000
[208] . # = {f: (0,00) - R ; f0000000O0 lim f(z) 000000 } 0000

T—r 00

k(z)>00 (0,00) 0000000000000000
(a) / k(z)dr < oo, Va > 0.
0

(b) K(JU)Z/ k(y)dy OODOOO 000000
0

000000 (1), (2) 000000000000

(1) lim K(z) = oc.

XT—r 00
@) Jim 2 [ k) dy= lim f@), ¥ <.
pmyﬂm[mammmmmmk(am) MaﬁDDDDDDDDDDDDDDK@%:
; k()
k(y)dy 000 K =000000000
| #w) (@) Jim 22
ooooogogn

1
lim

lim s [ ke =iy = Jim f@), Ve
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00000000000
210] f: (0,00) = RO0O0O0O0O000a>00000000000000

(1) /000 e </Om(:c—y)o‘_1f(y) dy)d:c = /000 e f(y) dy- A" /000 r* e dr, VA >
0

T—r00

(2) lim cwv_o‘/ (x—y)* 'f(y)dy DOODDOOOOOOODOODO
0

A0 T—00

A [ e M) dy = Jim oo [ (-9 () dy
0 0
211] f: (0,00) > ROO0OODOO0OO0 lim 2f(z)=0000000000000000
XT—r OO

oo 1 T
000000 lim e M f(y)dy O lim—/(:U—y)f(y)dyDDDDDDDDD
>‘~L00 T—00 I 0
ggooooooooboboboboooooooooo
212] n>3000f0 R*O0000000O0Osupport 00000000000 DOODO
godooooo
(1)VxER”DDDD/ M”_Qdy<oo.
R [ —y["
(2) Bi(z) = {y ¢ R|x—y| < r} 00002z ¢ R O00OOOOO

lim —ﬂﬁézdy:ODDDDDD
™0 JB, () |z — y|

(%xDDDLAWE%%%EdyDRﬂDDDDDDDDDD
[213] 00DOODDOO

(1) feC*(R*—>C)000000 (a),(b)000000O0
(@DDD(LMER?DQ%E%Q:&
b) f;€eC*R—-C)(j=1,200000000 (z,y) € R*0 f(z,y) =

fi(@) + f2(y).

2)ueC*(R*—->C)00 ¢>0000000 (¢),(d)0DDOO00OO
2 2

2,0

@)DDDDD(ag—caﬁymuw_ommmmm

(d) 00 f+ eC}(R—-C) 00000 u(x,t) = fo(z+ect)+ f(x—ct) OO
000

214] feC?*(R—C),geC'R—-C)0D0000D0O0O

xr+ct

1
u(e,t) = 3{Fla ety + fa—et)+et [ gly)dy) (16)
x—ct
DDC%R?%C)DDD(éi—ggiymvﬂ—OuCO%jfQ&~®— 00
atQ a$2 ) - 9 Y - Y at Y - g
0000000000D0000000 C*R?2—-C)000 (16) 000000 O

000
[215] fe C?(R" - R)000000000000000000000
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[216]

[217]

o S
(a) 8:c0{c~($>20’ Vo € R", Vi,Vj (i # j).
10Lj

(b) f(@)+ f(y) < flaVy)+ flAy), Ve, VyeR™

0000z Vy = (max{z;,y})iiy, v Ay = (min{z;, yi})il,.

DoOo0oOooooo

00 gi(z) = (2mt)~"/2e=121°/2t ((z:,4) € R™ x (0,00)) O Gauss 00000
LP(R") (1 <p<o0)0000 Borel-OOOO f OOO convolution (g; * f)(x)

OVeeR"O0O000Og(x), (g% f)(z) O (2,t) € R* x (0,00) 0000 C® O

D000000000000000

def - 82 0

A%y 0000000 <a—%A>gt(aE):O, ((9 —1A>(gt*f)(x):0.

ot 2
j=1 "1
0000 (¢ + f)(z) 0000000000000 00000000000O00000

O00ae€eZ?m=0,1,... DDDD(;)a<%)mgt(a@):(w,t—1/2DDDD ) X
X

e_‘m|2/2t.
Laplace DO OO OOOO
Green 0 U, : R" = [-o0,00] D0 0OOO0ODOOODOO

(Il n=1
Unl) = Ualla) = { ~5 n=2
2|.’L’|2_n
L (7 — 2)wp—1 nz3
2/
0000 wn_1 = ) (R" 0000000 of. [104)000000

god

o\" r0 |o/0000O
n —
(1) o/ >1000000 aez+mmmm(—aw> U, = P

A=Y =5 000 AUn(z) =0, R™\ {0}
2 &C? Un(x) =0, z¢€ \{0}
2 Yy

Py(@) = wn (2|2 + y2)(+ /27 (z,y) € R x (0, 00)

00000 R™ x (0,00) C R O Poisson 00000 LP(RY) (1 < p < o0)
0000 Borel-OO f OO0 convolution (p, * f)(x) O Ve e R* 00000
0 py(z) 00 (py*f)(z) O (z,y) € R" x (0,00) 0000 C>* 00000000

0000 <Am + aa—;>py(m) —0, <Aw v aa—;)(py % [)(z) = 0.

. aUn-l-l (SIZ’, y)

0000 (2)0 (1) 00000000py(z) = 5
Y
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[218] Gauss O g¢(x) (x € R™, ¢t > 0, cf. [216]) O Green O U, (cf. [217)) 000000
0o

' [ @ -aopa, a=
0

Un () = / (9:(2) — ge((1,0))dt, n =2,

/OO ge(z)dt, n> 3.
\ /0

[219] Gauss O 0 Laplace O O0Gauss O gy(x) = (2mt) /2 exp(—|z|?/2t) (x € R",t > 0)
OO0 sb>00000000000

1
- —lx|V2b -1
e n=
(e} _ /2b )
/ e btgt(a:)dt: 1 (17)
0 ——eleV2 3,
27 |x|

D00 a € R, b > 000000 fap : (0,00) = (0,00) O fop(r) =
/mﬁ1@m<4ﬁ—§)ﬁDDDDDDDDDDDD

(1) fap(r) 0DDOODODOOOODOO

()a>0DDDhmﬁ“)—h%N@‘

(3) ab(?“) (r 2/b) f—ab( )-

(4) (7") = _2( 20 1/ba ") fa- 1,5(7),

(5) f1/2b( ) xp(—2rv/b)+/7 /b,

(6)

(

7) (1 )DDDD
220) -000000¢ € LY(R" - R), [ =10000¢(z) =e "p(z/e) 0000
goood
(1) 1<p< o0, f € LP(RY) D00 lim |1f . — fll, = 0.
oood

‘f*@s(x) ( ‘p_ f*%os /f 906 dy

< ([ - - 5@ty >|dy)p

< Jolz /|f:c— — (@) Ploe )]y
= ol / @ —ey) — F@)Ple(y)ldy

(2) f e Cy(R™— C), compact set K CR" 000 Dhr% sup |(f x ¢ — f)(z)| = 0.
rzeK
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[221] $-000000000 (mollifier000000

[222]

[223]

¢ € C*R" = [0,00)) O @(x) =0on |z >1, [, =100000000
ve(z) = "p(x/e) (e>0) 0000
(1) feIP(R") (1<p<o0) D0DO0DODODODOD
(a) frpe(x), pe* f(x) O Ve e R*" 000000 f*p(x) =@ * f(z).
(b) fxpe € CF(R" = C), [|f *eellp < [ llp-
(c) f(x)=0ae. on|z|>R= fxp.(x)=0o0n|z] > R+e.
(2) C(R") = {f € C(R™); supp [f] O compact } O LP(R") (1 < p < c0) O
godoobooooboooo
3) ge C,(R™") 0000 e C*R")UOUOOOODO compact set K C R™ O
uono
lim sup |g(x) — gi(z)] =0

l=o0 ze K

godooouoooooood
00000000000Gauss O gi(z) = (2mt) "/ 2e=12/2t ((2,1) € R x (0, 0))
goooooooo
(1) LP(R") (1<p<o0) 0000 Borel-0O OO fOOO convolution (gt * f)(x)

0 Ve e R* 00000 figo+ fll, < £,
(2) p<oo 00O

tim lgu * £ — £, = 0. (18)

3) feC,R*"—=C)UDOUDOODO compact set K CR* 0000

lim sup | (g, * £)(x) — f ()] = 0.
—UzeK

ROOOO ¢(z) O

Qp(g;):cosélﬂ'ngm, n§|m| <n+1, n=0,1,2,...

—1
00000100 Gauss O gi(z) =v2xt e 27/22 0000 (g *¢)(x) Ot — 0
000 ¢ 000000000000000

[224] Laplace 00000000000 DOOO R™ x (0,00) C R O Poisson O py(x)

(cf. [217)) DO0ODOODODOO
(1) LP(R™) (1 <p<o00) 0000 Borel-OO f OO0 convolution (py * f)(x) O
ve e R" 000000 [py* fllp < [[f]lp-
(2) p<ooOOD
1}%|’py*f_f”p:0- (19)
00 feCy(R"—-C)0000000 compact set K CR* 0000

lim sup [(py * f)(z) — f(z)] = 0.

y—=U ek
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|z

—>t>0,x€R”DDDDDDDDDDD

[225] Gauss O g(z) = (2nt)~™/2 exp(— 5

N
1 2\v
g (z) = @2rt) 2y ;(_%) D0000feCM(R* - C),al 0< |o| <
v=0 "

mO000000000000000000

(1) (f*gen)(®)0 200000000
(2) 000 compact 00 K CR*OOO

lim sup [D(fxge)(z) =D f(z)| =0,  lim sup |D%(fxge,n)(2)=D(fxg)(z)| =

ze€K N—oo zeK

(3) 00000 (fk)y, 000000000 compact 00 K CR*OODO

lim sup |D°(f)(@) D°(f) ()| = 0.

(4) KO R™ O compact subset, U 0 K OOOOK OO0 0000000000
heC™U)OOOOO0D0000 (ht), 000000

Jim sup [D%(hy)(z) — D% (h)(z)] = 0.

[226] Green 0000000000000 (DD) 0000 potential 00O OOR™ O
Green O Un(cf.[217])DDDDDDDDDD—%AUn:(SODDDDDDDDDDDD

1
-3 / UnApdz = p(0), Vi € C(R™),

U (z) = Un (7)) (Jz]e = (22 +2)/2,e>0)000000000

(1) pe C*(R™) ODOODO —/ U Ap dx = = —/ U,Apdz.
R n

(2) |z]e>000000

1 0 T,
2 8:1: U(g)(w> w j| n’
J n—1 .’L’|€
2
def ne
e (x) = —EAUT(f)(a:) PSIOTEE i@ /e)
v 1
(4) ¢ € C§°(R™) DDDD—E/ U Apdr = Ve dr =P ©(0).
n Rn
[227] Haar 00 hyy: [0,00) = R (n,k=0,1,...) 00000000000
(1 ifn=0andte[kk+1),
b ) 27" ifn>1andt e [2k/27, (2k +1)/27),
TL’]’C = n—1
—2"7" ifn>1andt € [(2k+1)/27, (2k + 2)/2"),
0 if otherwise.
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[228]

[229]

00000 {hns}nrso O L2[0,00) 0 CONSOOODDOODD
0000 00000000000000
M {9 € L%0,00) ; (huk,g) =0} ={g =0}
n,k>0
000000000 ¢g0000000000000000 G) = [ g(s)ds 0O
000

Glk+1)—Gk)=0, k=0,1,...

2 1 2 2
o(521) 1o () s () o e o

0Do0oooooo G(%2)=G6(0) (n,k=0,1,...)0000

DO C-00000000000 R (n>2)0000000000000000
veC(OD— S ) DDOoOoDDDOODDOOOO0O

(1) feCY(D—C),geC?*(D—-C)D000O

/D (FAg+ (V. Vo) de= [ f(Vg.v)do,

oD
O000¢ 0 0D ODODODOODOODODOODO StokesDOODOODOODOODO
uono

/ (F,v) dO'—Z/ OF; - dz, VF ¢ CY(D — R"™).
oD

(2) feC*(D—-C)000000O0OOOOOOO

(a) 0D O f =0 (Dirichlet 0O OO),

(b) 0D O (Vf,v) =0 (Neuman OO0 0O).

DDDDD—/fAfdm:/ 'V f|? de.
0000000 Gauwss 0000TD00000000000=00000000000
0D0DO C-00000000000 R*(n>3,00000 n=3)000000
0000000000 veC(@D - S ) 000000000000 0000
(1) 7€ R*" 0000000000 ye RPO0000D : Eyy) = —2

Wn—1ly — z|™
2™/ 2

r(3)

1 if D
/ (Ey,v)do = 1 xe—
aD 0 ifxgD.

O000c¢c O 0oDODOOODODOO

(z,y e R" 00 wy_y = 000000000 cf. [104) 00000
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d
(%DDDDJDDDBM&DDDDmDDDDDDD/Qaw@/ Jﬂ£%T<
oD plz—yl"
mDDDDDDDDDE@@%i/Eﬂmm@ﬂDLRQMJARWDDDD
D

000000000 Gauss DOOOCOOOOO

AD<Em,y> do = m(D).

230 G c R*" 0O B(z;r) ={y e R ly—2z| <r} 000000000OCOOOO
u€e C®G—C)0 Au=0on GOOOOOOmean value property 0000

1
d
&MQMDDDDL¥WHMMy

1
= d

u(r) =

[231] R"000000000000000000000

[232] R* 000000 w0 LP(R?) (1<p<oo) D0DDDODO vw=0000000
ogo

233] 0D [231]0000000 h:2Z9 - RO000A(z) = 532, =y Mz +e), Vo € ZD
O00000 AODODOODO0D (U000 |e|=|elge) 00000000000
(1) D0DO00DO0DO00O00O00000
(2) D0D0D000000000000 (Liowville 00O0)0000
DDDDDDswﬁ@%ﬂ%é@aﬁDDDDDDDfDDDDDfDDDDD
ooogo e
o Ve >0, Jzx. € Z¢, ¥n > 1, minjg—1 f(ze +ne) > M —e(2d)™"
o Jzg € Z4, Ve € {x € Z% |z| = 1}, sup, >_p_, f(@o + ke) = co.
00 hODOD0OD0D0000OO|e]=10000 fo=h(-+e)—h0O000000
O00D00000f, 00000max sup fo(r) <0000000000 AOODOO

e|:1x€Zd
gogooogd
[234) DODODO
(1) (Hadamard O 3000) f(2) O p < |7 <RDDDDDDM(T):‘m|aX|f(z)|
OD000p<ri <r<rys<ROODO
1 —1 1 —1
logrs — logry logrs — logry
goodogo

o1



(2) (Doetsche 0 3000) a < Rez < b 000000 f(r,) DO0O0OL(x) =
sup, |[f(z+iy)| 000 0a<x <2 <23 <b000O

log L(z2) < 2= log L(x1) + ——log L(x3)
T3 — I r3 — T
goodogo
log M —log M
1000 (1) a = 28Mr) =18 M{ra) oo g anrn) = rani(rg). F(z) =
logrs — logry
2f(z) 0 1000000 |F(2)|]0000000000000000 r8M(ry) <
T%M(Tl).
log L —log L
(2) o — og (33'1) og (372) 0000 GamlL(’Ij) — eaasz(T?’). F(Z) — eo‘zf(z)

log z3 — log x4
021 <Rez<z3 0000000000000 00000OODO0O0O0O e*2L(xg) <

e [(x;) OO0
235] C\7Z O

1 1 = (=1)n
— = — 42z —_—
sinz 2 ZZQ—HQWQ

n=1
goodpogoooboobogogoog C\WZDDDDDDDDDDDDDDD
ggood

00000 A(2) 000000 lim h(z)=000 h=00000

Imz—+o00
236] C\ 7Z O

1 > 1
cotz = — + 2z —_
z + nzl 22 —n272

0000000000000000 C\7nZ0O0O0O0UO0OUOODOODOOOOO
237] D ={z € C;|z| < 2n} 0000 f(2) = : 1 0000000 Taylor O OO

oo

B
f(z)=) —2"0000B, 0 Bernouli 00000000000000

n.
n=0

(1) By=1,By=—4,By=%,Bs=—55,Bapns1 =0 (n>1) 000000
(2) zcotz = f(2iz) + iz.
(3) D00O0O0ODDODO

oo

2*"(=1)""'Bay, , — ((2n) ,
zcotz:l—z n)] z”:1—221 7Tan”.
n=

n=1
000 ¢(s)=>,n*0000
(4) D00000DOO0OO0

22n—1(_1)n—132n 71_271.
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0ooo(1) N2 =100 By=1000000
] I
n:O(n+1> — n!
Bn Bn—l Bl BO
_ =0 >1
S R R T B e b (n=1)
z ze*+1
gogpogno + - = = U z0O0OOOOOoooooogooog

e —1 2 2e% —1
22 2 \2k
3)[236| 0000 —— — — (—) 0ooo
(3) [236] 22 — 272 ;nﬁ
238] {u,} 0 00 DOOODOOOOOOOOOO0DOO

oo
H (1 + up(z
n=1

0 DODDD0D0D0O0D0O0ODOOOOf(:)0 DOODODOOO0OO0O000000000
O0N={z€D; f(z)=0,00000

Fe) = )
= e D\ N
9~ 2 irum@ <P
godpoogoooogo
239 DOOOODOODOO

© 2

sinz:zH<l—#).

n=1

00000000 CO0000000000000 f(:)0000([238)0000

2) =z 22 — n2q2
n=1

"(z 1 = 2z
f'(z) 3

= cot z z € C\7Z.

sin’ z
ggno

/
: :CMZDDDDD<f@» —00000
Sin 2 Sin z

[240] (Gamma 00) COO0O00 g(2)00000000

- 1 1
g(z) = ze’* H (1—1—%)6‘””, v = lim (1—1—54—- : -—i—g—log n) (Euler constant)

n—o00
n=1

000000000

(1) 000 COO000000000000 g(2) 00000000

(2) g(z) D0OODOOOO0 -NU{0} 000000 100000000

(3) 1/9(z) 00DDDDDDOODODDO -NU{0} 00001/g(z) =T(z) 00O
Camma 00000000
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241 P=-Nu{0} 000000000

[242]

[243]

nln?

(1) F(Z):nli—{goz(z+1)...(z+n)’ ze€ C\P.
(2) I(z+1)=2I(2), z€C\P
1 sinmz

3) =2 = °°C

I'(2) 1 =1 1

d (T'(z) =1

5) — = 5 2€C\P
( dz(F(z)) ;(z—kn) \
(6) I(2)T(z + 3) = /721 7270(22).

Dooo(2) (1) 0000
(3)T(1—2)=—2T'(—2) 0 [240] 0000000
(4) [238) 000D

(6) (1) 0DODO

00 gm(z) O

m m 1
gM@:/‘@—i)ﬁAﬁ:W/XL%Wﬁ”@ Rez >0
0 0

m

gogoooooooboon

m* - m!
<1> gm<z>:Z(Z—|—1)~.(z+n)'
(2) W}gnoo gm(z) = /000 e 7 dt
(3) I'(z) = /000 e 7 dt.
(4) i—nnf(z) = /000 e " (logt)"dt.

000O0(l)0ooooooooo

(3) [241] (1) DO OO

w&%:?é;DDDDDDDDDD

(1) P(z+1) —(z) = .

z

(2) neNOOOOY(n)=—-—y+e¢n—-1). 000 go(m)zl%—é

(3) v = —/ e 'logtdt
0

DD0O0D0(1) [241] (2) 00000000

(2) [241] (4) DODOOOOOOOOOO
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3)(2)0 n=1000 %(1)=— 000000000 T(1)=10 I'(z) 00O
[242] (4) D000
[244] Beta 00 B(z,w) O

1
B(z,w) = / N1 —-t)*tdt, Rez,w >0
0

ugoboooooobooon

(1) B(z,w) = %, Rez,w > 0.
(2) B(z,z) =2'"%*B(z,2), Rez>0.
(3) I(z)T(z + ) = V72 72°T'(22), Rez > 0.

0000 (2)s=44(1—-t) 00000000
(3)(2)0 (1) 0000000 Gamma J000000O000
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