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gbbogbuogbobooobooobboobboobbooobooobooann
O00DO00000000b0bO0o0bO0bO00O00O0ObODbODOoOobDOobDOobOOO Car and
GoatDUDOOODOOOODOOUODOODODOODOOOOOOODLOUODOODOODODOO
godooog3pobobbbbboooooooooobobbbbbobobobbbbobobbt
gbbogbbodgbbuoobbuoobbuoouobodobboobbooobobogbobo
gbobogbobuogbboogboboobboooooboooboobboobbobbo
gogbbobuoooobobbbuooodgbbboooobooooobbuooooboboo
gogbobobooooogobobbooooobbboooobbbooooobboboon
ggbbobooogboobooogobg

O00000000000000O0O0O0O0 1/200000000000000O0O 2/30
gbbgboboobbuogbobuooobuooobuobooboobbodobboobbbo
gobgobooobbooobboobobuooobooobooobbooobboobobo
0000 2/3000000

1. oo

goboobooboooboobooooooooboooboooobooobboOoDaeoO
gogoboboobodd

goon

00 1.1.Q00000000000000 FOODODODOOOOOOOO o-000 (o-field)
goon

(1) 0, Qe F.

(2) Ae F= A F

B) A€ Fon=12,... = (JA, eF
n=1
00 Q0 o-000 FOOOOOODO (Q,]:)DDDDD Oooo0oooooog so
O00000000000000 «-00000000000000 Borel o-000 (DD
0 »~-0000000000000)000000 B(S)0000(S,B(S))0000000
OO0SO000000000O0000o00o00boe-000000 B(S)DDDDS:R,C,Rd
goooooooooooo
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oo 1.2. FO o-00000O0DOOO0O0ODOO0ODOOODOO

(1) A,BE F = A\B€ F.

(2) ApeF,n=12... = 4. €F

n=1

00 ()0 A\B=AnB:OOOOO0O
()0 0000

A;eﬁnzlﬁwnzi-GAgef::>UjAacef
n=1

n=1

000 de Morgan OO QOOOO
oo c o oo
(U4) =N =N 4,
n=1
O00oo0oooooogo O

gogon

good e-o0obooboobuoobuoobuoobooboobooboobob PO
gogoobobobooooon

00 1.3. 0000 (Q,7) 0000 PO P(Q)=100000000000 (probability
measure) 0000 000000000000000

(1) P: F = [0,1], P(Q) = 1.

(2) A€ F,n=1,2,... 00000 (4,NA4;=0,i#j) 000000

P(n@l An) - i P(A,) (1.1)

oooooo
00000000 (Q,7,P) 00000 (probability space) 0000

QUU0000D0000000 (samplespace) 00 00Q 000 wOO0O0OO (elementary
event) JO0O0O0O (sample) DOOOF OO0 ADODO (event) 00O 000000 A°=0Q\A
0000 (complementary event) 0000 ANBOOODO0DAUBOOOOOPOOOOO
ERERN
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U 11.0000gogooo
gogbobooogbooboooooboo

Q=1{1,2,...,6}" 3w =(w,wa,...).

w,01,2,...,60000000-,0000000000000 5,7, ...,7, 0000
1
P(wlznl,w2:772,...,wn:77n):6—n
000000000 bOoooO «-00b000b0o0O0O0b0O0doonDOonDdKolmogorov
Jdododoodooooooobogooogn

00 14. 0000 (QF,P)ODO00O0O0OOOOOOOODOO
(1) AC B = P(B\ A) = P(B) — P(A).
(2) P(A°) =1-P(4)

(3) AC B = P(A) < P(B).
(@DDDAﬂeﬁn:LL“DDDF(GAagiimA

(5) Ant A (e, A, C A Coory A=, A,) DOOD lim P(A,) = P(A).

n—o0

(6) Ap L A (ie, Ay DA Do, A=, Ay) OO0 D lim P(A,) = P(A).

n—0o0
00 (1) B=A+ B\ A (disjoint union) D000 00O
A=Q\AD PQ)=1000000
() 0000000000000
Bi=A,B,=A,\U'5 A4 (n=2,3,..)0000B, 000000

ggbboooogboo

(UA ) (i B-) - iP(BZ—) < ZP(AZ.)_

000000000000
(5)0

PA) = P(A) + 3 P(dger\ A,

k=n

00000 3°° P4 \A,) —»00000000000000000
(6)0 de Morgan 000005 00000000 O
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0 15. 0000 (QF,P)O00OO0OOOOOOODOO

U)Pm@:mn:Lz“.DDDPUjAQZO

n=1
@)Pm@:Ln:Lz“.DDDPO%AQ:1
n=1

00 (1)0 00140 (4)00000000
(2)0 (1) 0000 de Morgan 0000000 0

2. OO0OO

goon

00 2.1. (Q,F,P)000000 (58 000000000Q00 S00 F/80000
X:Q—-S000000000000 X0 F/SO0000000000000 BeSOO
DO0X'(B)={w;X(w)eB}eFOOOOOOOOOOD

00000 SO0000000000000000000S=B(S) 000000 S=RO
000XO000O000O0S=CcO00000000000S=R¢ 000040000000
gogd

0o

00 2.2.(0000000) X0O(58)-00000000000(s,8)0000000
0000 PoX ' (OO (PoX Y)B)=P[X Y(B), Ees8, 000000 (58 000
00000 X00O00000PX¥O0000

00 23.00000 (5,8§) 0000000000 X,Y (DODODOOoooooooooo
0000000000)0000PYX=PY00000000X0YOOOOOOO (OO0
ooo0o)oooo

XLy p0ooo XAY
ooooo

00 24. (0000) XOOOOOOOPYO00ROOOOOOOOF(z)=P(X <
z) = PX((—=o0,2]), € R,000000ROO000 FO XO0O0OO0OO0O0O000O

0000 FOOOOODDODDOOOOO lim F(x)=0, lim F(z)=1000000000
T—00

T—r—00

gogbbobbooooobbbooooboboobbboooonboon



2. 0000 9

ERERN
0000000 XOO0OO0OO pX]0000000000000Oooooo

:AX@PW

0000000000000000000000 PO0OOOOOOOOOOOOO0O0OO
0oooooo
X00000O000D0000000 Q0000=UY, % (QxeF)DDOODO

gopooggoo
/X(w)P(dw):ZakP(Qk)
& k=1
0000000000000 Xooooooooo

X(w)=lim X, (w), Xp(w)<X,(w), n=1,2,...

n—o0

gopooggoood
/X —tim [ X, () P(dw)

n—o0 0

00000000 {X,} 0000000000000 0000O0ODO X0 POODODOOOO
goooobuobXx,0boon

n2™

Yw) =Y %1,% (@) + nlp (w) (2.1)

gobooood

k—1 k
—< _
o _X(w)<2n

F, ={w; X(w) > n}

Er = {w; b, k=1,2,...,n2",

ggoboood

n2™

/QX(w)P(dw) :JL%IO{Zkz—nlp(le <x< 2ﬁ)+np(x >n)}

googbuooboob X O pPOODOODLOODOODOO
X0O0OOoOOoOoOoo |X|oooooooooooooo

/X(w) (dw) /X dw)—/X(w)P o

000000000 X.=XV0,X_ =(-X)v0.00OOODDOOO LY(P)DOOOOO
p>10000 |XPOOOODODOO X0Op-OOOOOODDOOOOODOOOOOO LP(P) O
gogd
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00 25 XeIL'(P) 00O
BIX] = / X (w) P(dw) (2.2)
Q
0 X0OO0O0 (00)0000
gopoooooooooogooogoooogoog

00 26. X,Y eL'(P),o, ;e ROOO

X>0=— E[X]>0, 000
ElaX +pY]|=aFE[X|+ BE]Y], 00O

gogoooo

00 2.7 (0000)X 0O (5,8 000000000000000 f0 (5,8 00000
0000000000000 f(X)000 POO0O0OOOOOOOf(z)0 SO PXO0O
000000D0000000000

E[f(X)] = / F(X () P(dw) = / F ()P (dx). (2.3)

0000000 PAO0000OODOO0

00 fOO0O0OOOODOODODODO
goobooo

ERERE

k=1 k=1 s

gogbbobuooogbobobogo 0

goooooooboooog

00 2.8. X"e[Y(P)000 E[X"0 n00000000000
X2eY(P)OODO

V(X) = B[(X - E[X])] = E[X?] - E[X]’ (2.4)

0 XO0O0O0OOOOe(X)=,/V(X)000000000
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ggbobbooooobbobooooobbbooogonbo

00 2.9. (Chebyshey 000D0) X € LP(P) (p>1) 0000000000

p(x|> 1y < 221 (2.5)
00 XelXP)0OO
P<|X;m|2k>§% (2.6)

000000000 mOO000s000000000
00 |X]P>klyxs, 000000
E[IX] = E[k"Lqx>m] = K P{IX] 2 k})

00 (25)00000

00
0" = B[IX — mf’
Z E[O’QkQI{‘X_m‘zZUzkz}]
= o’K*P{|X — m|* > 0%k*})
— 02k2p<M > k)
o
000000 (26) 0000 O

gbobobooboobobooboboooobobobooXxX booooobobooboooo
ERERE

f(@) = E[(X — 2)7].
00000000000000m=E[X]000

f@)=E[(X —m+m—2)"]=E[(X —m)*+2(X —m)(x —m) + (m — 2)?
=V(X)+ (m —2)?

O000xz=m0O000000 V(X)OODODODODDOOOOOf(x)O XOODOOOODOOOO
gg200d00dobobbooooobob200bbboooooboboboboooon
gbobuogbbugbboodgbbgo20bbogbbuooobogbobooobooon
goon
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3. dooooobooo
U

00

00 3.1.20000 A, Be FOOO <% P(ANB) = P(A)P(B).

00 3.2. 200 sub o-fields /1, F, CFOODO

& VA € Fi, VB € Fy: P(ANB) = P(A)P(B).

Ae FO0000AQOODDDOO o-0000 0o(A)0DD0O0OO0OOOO
o(A) = {0,9, A, A°}.
0000000000A, Be FODOO
A, BOOO < 0(A),c(B)0DO0O
D0000000000000000 A BOODDOOODOOP(A“NB) =P(A)P(B) O
P(ANB)+ P(A°NB) = P(B)
goog
P(A°NB)=P(B)— P(ANB) = P(B)— P(A)P(B) = P(B)(1 — P(A)) = P(B)P(A°)
goooooobon

00 3.3. n 00 sub o-fields Fy, F»,...,F, CFOODO
A v, e Fi=1,2....n: P(ﬁAi) :ﬁP(Ai).
i=1 i=1
00 3.1. 0(4), o(B), o(C) DDDDDDOD0A, B,CO000O0O0O0O0
P(ANBNC) = P(A)P(B)P(C)
000000004, B,CO000O0O0000O00OO
00 3.4. ofields /L, C F,Ae ADDD<S 0000000 subo-fields 0000
00 35. X0 (5,8)00000000000000 o000
o(X)={A=X"'B); B¢ S}

0 XO000O00O0 0000000
000000 {Xx;AcAl 00000000 0-00000 {o(X,);AeA} 00000
000000000

gogbobobbooooobboooooboboboaod
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00 3.6. X,YOOOOOOOOOOOX,Yel(P)000 XY € LY(P) O

E[XY] = E[X|E[Y] (3.1)
000000

00 X)YOOOooOoooooooQooo Q=),0;0 Q:ZjQ;-DDDDDD
X:Zailﬂi’ Y:Zb]]'ﬂ;
i J

ggboobobooooon

=F |:Z CLZ'bj ]'QzﬂQ;]
Y]

E[XY] = EKZ ai19i> <; bjhz;)]

)]
= a;b P() P())
2

— Z a; P () Z b P(SY))
_ E[X]E[Y].

000 X0y 0OOOoooOo X, Y%, 0 (21)00000000000 o(X), oY) O
00000000000000000000000000000 O

D000000000000000000000000000000000000000
00 3.7. X, X,,..., X, 0000000

V(e Xy + -+ a,X,) = aiV (X)) + -+ a2V (X,) (3.2)
oooood

00 m;0 X,00000000

V(e X, + -+ a,X,) = E[(a, X1 + -+ + a, X, —aymy — - — aymy)?]

= E[(Z a;(X; — mj))Z]

= Z%%’E[(Xi — mi)(Xj - mj)]
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=Y aB[(X; —m)’ |+ aia; Bl(X; — mi) (X; —m;)]
i i#j
= ZCL?V(XZ) + ZaiajE[Xi — mZ]E[XJ — mj]

i#]

ggobobbooogoooo 0

X0 (5,5)-000000Y0 (5,8)-00000000PY, PY 000000000
000X,Y 000000000 (X,Y) 0 (S x5,8 x&)-000000000000
Six8S 0 AxB, 00000000000 000000000000 PEMOO0OOX
0 YOOOOOOOA€eS,BeS 000

PXY)(Ax B)=P(X €AY € B)=P(X € A)P(Y € B) = PX(A)P"(B)

00000 O0PYY)(AxB)=PX(A)PY(B)OOODDOD A, BOODDOODDOOOOOOOOO
PXY) O PX PYODOOOODOOODOPYxPY 0000000000000 O000DO0
Doo00DO000oooo0Og

00 ROODODOOD p,»0000000000000 MO

A(A) = /R WA — 2)w(dz), A c B(RY

goooboooboo A0 pbvODOOOOODO wxv OOOOOOOODOOODOODOO
0000000000000000000000 R-O0000 X,YOOOoooooog g,
vy 00000 0X+Y DOOOD pwxryOO0O0oonoooboon

P(X+YeA)= / La(z + y)p(dx)v(dy)

R4 xRd

_ / ) / ale + y)u(da)
= /Rd (A = y)v(dy)

0Doooooooo
0000000 f,¢00000000000

£ glx) = / " - y)gly) dy

O0b0oobooboboolD X, Yyoouooooooboooog f,gODOO0OO0OODOOfxg
O X+YOOOoooooooooooooooo

E[F(X +Y)] = / / F + ) (2)g(y) dr dy



3. gboboboooon

o(z,y) % % 11
o(u,v) % gg 01
dx dy = (z.9) du dv = du dv
(u, v)
// fu—v)g(v)dudv
— [ P+ gtu) du.
gooog
00 3.8. A, BeF,P(B)£0000
__ P(AnDB)
P(A|B) := PD)

000 BOODOD AQOOOOODOOO

0o 3.9.
P(An B)= P(A|B)P(B)
ogoooo
A, BOOO <= P(A|B)=P(A)
ogogg
Bayes 0 0 O

00 3.10. (Bayes 0 0O0O)
4;,j=1,...,n0 Y A;=Q000000000000
7=1
P(A;)P(B|A)

IE) = o P PBIAY

gogoooo

00
P(B) =Y P(BNA4) =Y P(BIA)P(4))
ooooooooooono
P(4i|B)P(B) = P(B|A,)P(A)

00000000000000000000 PANB)OOOOO

15

(3.4)

(3.5)
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O0000O00o0000o0O0oO0ooooooboobDobUoboboooboOg A;00D00D
00000000000 A 0000 BOOOOOOO PB|A4)OODOOOOOoDOoOoOO
00000000000 A;,00000 P(A)ODODOOODOOOOOOODOOOOOOOO
0000 BOOOUOOOODOOO A, 00000 P(A4/B)ODOODDOOODDOOOOOOO
gobogobogobooobboogboboobbodbboobbuoobbooboboo
ggboodgo

0 3.1.(300000000)
a,b,c3000000001000020000000000000003000000 1
000000000 a0000000b,¢000000000000000000000
00000000000bO0000000000000a0 a,¢200000000000
000000000000000 .00 10000000000000000000
D000000 Bayes 1000000000000A4,B,CO0000 a,b,c0000
00000000GO0000bO00O00000000000000000000 GC B°
0000000 bOOOOOOOOOLOOOOO0000000000000000 b,ec
0000000000c¢00000000000000000)000 4, B,CO00000

0 AuBUC=Q000000000000(QOO0O)O
1
P(GlA) =35, PGIB) =0, P(GI0)=1.

000000 P(A|G)DOO0ODOBayes 00 0O0O0O0O0OOOODODOOOOO

_ P(GlA)P(A) _ _1
Hmm‘jm%@mm+P@wﬁuﬂ+mmmey_;m+1_§

N[

ERERN aDDDDDDDDDDDDDDDD%DDDDDDDDDDDDDDDDDD a
00000000000000000 ¢c0000000O0O0P(G|IC)=1000

P(G|C)P(C) 12
(GIA)P(A)+ P(G|B)P(B) + P(GIC)P(C) ~ 1+0+1 3

PCIG) = -

gbbubodebboooboon %DDDDDDDDDDDCDDDDDDDDDDDD

0 3.2.(000)

gobbobuoogobooo
ERERN 99%

oooo 2%

gbobuogbbuogobbuooobooobbogbboobooobooobobogbobo
gogbobobboooooboboooooobooo

goilooobblgooooooooooobbbboboobbobobbbboobobbbb
gobbobuoogobooo
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ggoboood

99 L2 1
P(PIO) = 155 P(PICY) = 155 P(O) = 15

gogobooobodd

P(PIC)P(C)
(PIC)P(C) + P(P|C*)P(CF)

99 1
100 1000 99

P(CIP) = 3

— 99 1 2 999
100 X Too0 + 100 X 1000 2097

=0.04721...

Markov O O

0 33. KOObbuoooboooobioboooobooobboooboooo oe
gobgloboooobobbuoooobobbboooobbbooooobobog o1bb
O00000n000000D00O0O0O0O0O0O pn)000000Op(p) 00000000

(000000000000 000000000000000000000000000
ooooooog)

00000000000000000000 {X,} 0000000

1, 00000
X, =
2, 00000

)

godooibodnbO0ODb0O0O0O0O0O0O0OUOLODODOrn+1000000000O0OODODDODDODO
oogg

0000000000000
p(1,1) p(1,2)\ (0.1 0.6
p(2,1) p2,2) ) \ 0.9 04

gobbobooooobuoooobobuooooobobboooooobooo

oooo
pn+1)=P(Xps1 =1)=P(Xps1 =1, X, = 1)+ P(Xps1 = 1, X, = 2)
= P(Xpy1 = 1X, = )P(X, = 1) + P(Xps1 = 1|X, = 2)P(X,, = 2)
=p(1,)p(n) +p(1,2)(1 = p(n)) = (p(1,1) — p(1,2))p(n) + p(1,2).

000
z = (p(1,1) — p(1,2))z +p(1,2)



18 010 000000000
000 z=x(1) 0000
m(1) = (p(1,1) = p(1,2))7 (1) + p(1, 2). (3.7)
000
pin+1) —x(1) = (p(1,1) = p(1,2))(p(n) — m(1)) = --- = (p(1, 1) — p(1,2))"(p(1) — 7(1)).
000 |p(1,1)—p(1,2)] <1 00000
lim p(n + 1) = 7(1).

n—oo

000000000000
00]00000000000000000 pn+1),¢n+1)0 p(n), ¢(n) 0000

oo
(P11 p(12)
A‘( (2.1) p(2,2 )

gogboboboooggooogo

goon

(z —p(1,1))(z — p(2,2)) — p(1,2)p(2,1) =0
z? — (p(1,1) 4+ p(2,2))z + p(1,1)p(2,2) — p(1,2)p(2,1) =0
s "2 \

1—p(1,2) 1—p(1,2) 1—p(1,1)
z? — (p(1,1) — p(1,2) + 1)z + p(1,1)(1 — p(1,2)) — p(1,2)(1 — ﬂlD 0
22— (p(1,1) = p(1,2) + D +p(1,1) — p(1,2) =

(z =1)(z —p(1,1) +p(1,2)) =0
z=1,p(1,1) — p(1,2).

000 ADDDODO000000000 x=100000000000 (ﬂ)>DDDD
m
m(1)+x(2)=10000000000

(F0)= (a0 02) (70 . oop () ooooooas
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00
m(1) = p(1, D)7 (1) + p(1, 2)7(2) = p(1, )7 (1) + p(1,2)(1 = 7(1))
= (p(1,1) = p(1,2))7 (1) + p(1,2).
000 (x) 0000000000000000000 (x) 0000000 (0000)00
000000000000z =p(1,1)—p(1,2) 00000000000 <Z>DDD(D
000000000000)020000000000000000

()= (Fe ) ()
goooobboooo

(ot )= (i ) = (T ) oo ()

:a< 28 ) +b(p(1,1) — (1,2))”( g )

i (1)) =e( ) )

000 pn)+qn)=1,7(1)+72)=100 a=10000
0000000000000000000000000000000000000 200
000000000000000000

000 37)00000000000000000000#(1)=04000000

ERERE

HEN

1. bog3boogbobbodgbboobboboobooobbobuoobboon
gobbdnUdobbbOoooobbbboooo ogoobbbbooooooboon

2. 000 98%, 0000 1% 0000000000O0O0O0O0OODODODODODODODODOOOOO
ggbbbooogobbobuoooubbuooodgbobb oo 1bbodgd

3. A D

gooooooogg ABCDDDDDDDDDD%
0000000 oogondAogooo
00000000 cOooooooooooooono

ERERN B C
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A

4 000D0O0OOO0OOODO ABCDEFODOOOOO 0O A
0000000000 00O00O00 140000000
oooooooobobooboooo1gogs, G D, D
EQ00000O0OCOOO0OOO 1/40000000000 B
g200000000bbbbooodgobouooon
goboooboooob nOO0O0ODQ0O FOOOO
ggboobogg
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20 4Oood

gogbobooogooobodan

1. OOo0d

ROOO 00000000000 0000DO00O {e}CROOOOp, 0 > ,p;=10
0000000000p=>,pd,, 0O0ODO0OOODO (6,000 «O00O00O DiracOO) O
0000000000000000000ooQUoooon Q=U2, 9 0 P(Q;) =p; O
0000000000X=Y2,ale, 0000000000000
2000

2000 B(n,p) 0000000000 n=1,2,...,0<p<1000

j{: Cip (1 = p)" ¥k, nCh = (Z) ::%R%?£757 (1.1)

0000000000~ +1000 k=0,1,...,n00000000000000000O
LCrpf(1—p) k0000

0 X,Xy,...0 P(X;=1)=p, P(X;=0)=1-p0000000000000000
000000ii.d. = independent identically distributed 0 0 0000000000000

Sp=Xi 4+ X, (1.2)

00002000 Bn,p) 000DODD0O0D0OOODOO pO000O0O0OOOOOOOOOO

O000,00000000C00O0O0D0O0OOOOOOODODOO B(n,p)OOODOODOOOOO

0000000 (Bernoulli) 00000000000 Xy, X,,... 00000000000
000 np, 000 np(l—p) 0000000000 OOOOO2000

(x 4+ y)" ZCkxy

Uz0gooog
n(x+y)" Zk CrpattynF (1.3)

DDDx:ny:I—pDDDDDDpDDDDD

np = Zk Cep*(1—p kak (1.4)
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00000000000 (1.3) 00000000
n(n —1)(z + y)" Zk (k — 1), Cpat=2ynk (1.5)

000 z=p,y=1-p000000 p?P00000O

n

n(n—1)p* = k(k —1),Crp"(1 - p Zk —Dpe = E[S,(S, —1)]. (1.6

k=0

00 V(S,) O

V(S,) = E[S?] — E[S,)> = E[S,(S, — 1)] + E[S,] — E[S,]?
=n(n —1)p* + np — (np)* = —np® + np = np(1 — p)
goooog E[Sn(sn—l)]DDDDDDDDDDDDDDDDDDDDDDDDDDDD
EX(X-1)-(X-n)]000000000
0000000 (1.3)000000000000000E[X,]=p, E[X2]=p00000
E[S,] =nE[X,] =np
V[Sa] = nV[X1] = n(p —p?) = np(1 — p).
godn
0000 (geometric distribution) G(p) 0000000 0<p< 100000

= ip(l — p)*oy (1.7)

oooooooooofo,1,2,---} 000000000000 OOOOODOOOOOOOO
gbbogbbuogbbuogbuogboobbbobboobboobboobooboon
gogbbobooooobobooooobobobooboooboobo

1 - 1 -
ERERE —p,DDD —2pDDDDDDDDDDDDDDDXDDDDDDDDDDD
D

b
ggbobobuooogoboo

ooooo
= ka7l (1.8)
k=0

000 z=1-p0000000 p1—-p) 00000

TP _ i kp(1 —p)* = E[X]. (1.9)
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1—
oooooo —2ooooooooooo
p
000000000018 ooooooooo

= if:k(k:——l)xk_2. (1.10)
r=1-p00000000 p(l—-p2 000000
= k(k—1)p(1 - p)f = EIX(X —1)]. (1.11)
00 V(X)
V@j:ﬂX@ZJﬂ+ﬂﬂ—EMF:%:j¥+1;p—G;MQ
_20-pP+pd-p)—(1-p? (QA-p2-—2p+p—1+p) 1-p
p? p? p?

D0000D000 n00000000{X>»l000000000
P(X >n) 2)1— =(1-p)"

gobooood

P(X>m+n,X>m) P(X >m+n)
PX 2 mA4n]X 2m) = P(X > m) ~ T P(X >m)
_ (1_p)m+n

(1—p)m
00000 000000000000 00000000000000000000000

gbbodgbbuogbbuoobbuogbbuooboboooboooboobooboboon
ggoboboooooboobodgo

=1 -p)"=PX =n)

godooon
000000 (Poisson distribution) P(A\) 0000000 A>00000000

= 2{:-——6_A5k (1.12)

goon
o0 NOO XNOOODOOoobobooboooXxX oooobooboboboobooo

ooo
0 )\k—l

— k_ -A — )\7 —A = )\ ]_]_
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gogobobbooogooo

BX(X 1)) =3 k(k - 1)%6A —yox (k)\_;!e)‘ — \? (1.14)
00 V(X) O
V(X)=EX(X - )]+ E[X]-EXP=X4+)-) =)
oo

000000002000 Bnyp) O mp—-A0000000n—-o00o000000O0ODO
o000 20000 k0000000 pe O

P = nCrp (1 —p)"™* = (n —nl!s)!k! (iﬁ)k ( N %)nk
b (2 (- )

odd np—A0O0 ;
lim (1—@) =

T—00 n

ggbboboogogbbbod 11bobuoogobbobodaoon

)\k

lim pg =

000000000
00 1.1. 0000 {a) 0 «000000000000000
lim (1+22)" = 0 (1.15)
n—00 n

ggoooo

00 D000 z,wj,j=1,...,n0 |z, lw)) < MODODODOOO0DOO00DOO
n n
Siem
7=1 7=1

goodoooooooooo

n n
“lZ]—ll’w]

<MYz - wy (1.16)
7=1

<

+

n—1 n—1
zn”z]—zn”w]
1 j=1

n—1 n—1
<M|IT5 1w
j=1 =1

n—1 n—1
zn”w]—wn”w]

+ M"Yz, — wy|
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2
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21z
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E

2

21z
_‘1+_+—...

4!

2

25

000(1.15) 00000 2z =142, w; =e»/"0000n000000000 a, < |af+1
000000000 1+% <ewn<ele)/»Ogooo0 (1.16) OO

(+2) -
n

(ean/n)n

n

2
< plalt1, 9 o/
— 2

n

2
_ larrlonl® aim
n

(e/"" 5 e 000000000000000000

0 1.1. (0000)
ooo0
ooooo
DDDDDDD%DDDDD
Ooo0oOoooooooo

Ui 00000000

P
I—p

T pr0-(1-p) ==
p

00000000000000000000000
0000 (0000000)

1
gogboobogg 1—DDDDDD
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gogog

C) 1 p 1-p p

1
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gogoobodgd

) P

@ L,
1—-p »p 1—p
@ 1 L, 1 1
(1-p)? »p 1—p (1-p)?
@ 1 [ S SR |
(1-p)? »p l-p (1-p? (A-p?
1 1, 1 1 1
(I—=p-t p 1-p (1-p)? (1—p)n-t
1
_ 1 1 1_(l—p)"
_ . :
(1_19) ! p 1—§
1 1 l=p—qgop= 1-p
1._+ —
(1-p) P P P

1—
gogboog —pDDDDDDDDDDDDDDDDD

b
ggbbobuooddnO0b0bOO0OOO0O0O0

1 1 1 1— 1 1 —l4p+—e
1+ + 2_|_..._|_ — =— p_|_ == (1—p)n—!
l-p (1-p) (1-p) p (1—-p) p p

gogbbobooogobobuodgobbbuoooon

o _1 71 00 . 00
> TP X(l—p)”1p=z{—(1—p)”+1}=—ﬁ+21=0®-

n=1 n=1

gobbbudd cogooobobbooooooboo

2. OO0OO

00000 XO0OOOO Fz)=P(X<2)00OODODODODOOOXOOOOOOOOO
0000000000 plx) 000000

F(r) = / p(y) dy

—00
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O000000Op(zx)DODOODOOOOOOODOOOO

P(X € (a,8]) = / p(y) dy
doddooodoooogd
P(X € B) = / p(y) dy (2.1)

B
0000 Borel O BOOODODOOOOOOOO (21)0000000O0OO0OODOOODOO

ERERN
gboug pbbOobb0 XODOhOooobooboboooboooboo

Elg(0)] = [ glelpte) da 22)

gogbbobooodgiob gbddooobbbuooobboboibl o<y <o <y U
gogd

g(x) = Zail(ﬂﬂj—hxﬂ(x)
ooogno
E[g(X)] = B[D_ a1, (X))

J

= ZajP(X € (wj_1,zj])
= Zaj /‘TJ p(x) dx
_ / ” S i1y g (@p(a) da

= /OO 9(@)p(z) du.

gogbobbbooooobbobooogobobobodgd
gogbobbooooobbobooooobobood

gogon

1
o000 U(a,b),a<bO0000 [e,b) 000000 f(x):—b gobooobooogn
—a

a+b (b—a)?

g , oo gooo

goon

0000 EA),A>000000 [0,00) 000000 f(z)=Ae 000000000

1 1
ugogb —-,000 0000
A A2
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ooooo
00000 Ga(e,8),2>0,4>00000 [0,00) 000000

— g0 leme/P (2.3)

00000000000 Ga(l,B)=FE(1/8) 0000000 o8, 000 20000

ooooo
00000 Be(a,f),«>0,4>0000 [0,1]000000

f(z) = B(a, ) a1 (1 — )" (2.4)

000000000000 B(e,p) 000000

B(a, ) = /01 21— )P lda

L(a)I'(B) a af
0D000B = /-2 000000000000000 ——000
@0 =Fatp e I RS

00000000

0000

0000 N(m,o?),meR,c>0000 R=(-o00,00) 000000

1 (x —m)?
f) = Z— {5} (2.5)

000000000000 m 000 ¢2000000000000Z=(X-m)/e000
0000 N(0,1) 0000

00000000000000000000000000 (2500000000000
0D00000000000000000000000000 10000000000000
00000000

ud 2. 000o0ood -
/ e dr = /7. (2.6)

o0

ggoooo

ud 2000000000000000000

([ oa) = [ oo
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29
xr=rcosf, y=rsinf
o(z,y) 9 Oz cosf) —rsinf 5 5
= T = = 9 9 =
d(r,0) % % sinf)  rcosf rlcos”f +sin"0) =r
O(z,y)
dx dy = dr df = rdr df
o ‘a(r,m e
2w 00 )
:/ do e " rdr
0 0
dys 1
—27r/0 5(—56 )dr
1 2 oo_
:27r[—§e ]0 =T.
0000000 (26)000000 ]

g0 2.1. 0d0dogno
ﬁ:/ e~ dz
2 0

1
y =22, dy = 2xdr — dov = ——dy

2\/y
© 1 [ 1 /1
— —y dy = = Yo (/21 gy — —F(—).
A ‘o m QA v Y7909

1
DDDDDDDDDDDF6>:¢EDDDDDDDDDDDD

g 210000

o0 1 270 2 & 1 2 T—m dx
—(z—m)? /20 — -2, /92 _ _
/oo \/27T026 d = /oo Vi 27?026 20% dy (y B V202’ dy = )

]/m—fd 1
= — [ = ].
Vil
oo

00 V22
( T —m J dz )
Yy = , a4y =
202 202
20.2 00
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VT J oo\ 2/ dy

202 o 207 ]
e .

20V _ o

N

goooooobobobbbobobbobmbbObOObLOODOODDDODm=000000000
goon

fla)=e/2"

gobbobooobbbbooooobbboo

f’(IL’) — _%e—x2/202
o
f”(l‘) _ _%e—x2/202 + ﬁ:e—ﬁﬂa?
o
_ %(ﬁ . 02)6712/202

o
1

22 /252
:;(1‘4_0-)(1‘_0')6 /207,
ggbbbbd x=xc 00000000000 OOO0O0OOODODO
00000000000 (Gauss) DO OOD0OO0O0D0O0O0-0000 (Gauss-Laplace) 000

ggoooo

3. oooo

20000

200000000000000000 X,YD20000 (X,Y)OOoOOoooooo
ooooo
E[X]=mi, V(X)=0}; E[Y]=my V(Y)=0]
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00000000 Cov(X,Y) O

Cov(X,Y) = E[(X —my)(Y —my)] = E[XY] — mymy (3.1)

X — Y —
00000Cw(X,Y)D o, 000000000X,Y 0000 2= 7, =2
02

01
0000000000 (correlation coefficient) D0 O OCorr(X,Y)0 00000 p0O0O00OO0

B _ Cou(X)Y)  op
p=Corr(X,Y) = OOV owos (3.2)

p>000000000p<000000O0O0OOp=000000000000

00 3.1.2000000 X,YyOoOoad m;,mO000 o2, 02000000 pO000OO
gogoboboooon

(1) Jol < 1.
(2)pzilDDDDDDDDDDX,YDDDDDDDDDDDDDDDDDD

Y — X -
T2 _42~™ ppoo) (3.3)
09 01

(3) X, YOIOUUOODO U000 Cw(X,Y)=0000O0OOOO p=00000O

X - Y —
00 W)z =" 7z=""2000W=2-1Z 0000
01 09

0< EW?|=E[Z} —2tZ\Zy + Z3] = 1 — 2pt + 1°.

0000000 +¢+0000000000000 D=4p2—4<000000 |p <1
2) p=+100000000 t=+1000 W=0000 (33)000000
(3) X,y Oooooooo

Cov(X,Y) =FE[(X —my)(Y —my)] = E[X —my]E[Y —msy] =0
00 p=00000 ]

2000000 X, YOoouoooyooo XxXooo Y:y(X)DDDDDDDDDDD
YO XOOOoOooobooobooo

E[(Y - v(X))*]

00000 (predictionerror) 0000000000000 O0DOOOODOOO
XOoooo ?:a—i—bXDDDDDDDDDD(linearregression)DDDDDDDDD
obooooooooooboooooooooboogo
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00 3.2.2000000 X,YOOOO m,mO000 0262000000 pO0000O
00000000 Y =a+bX 0O

_ 02 b=
a=mgy — p—MmMy, =P
01 01

gogbobobboooobboboooon

=p (3.4)
gooooon
OO0 Oooooo
E[(Y—a —bX)?]
= B{(Y = mg) = b(X —m1) + (ma — a — bmy) }?]
= B[(Y —m2)? = 26(Y — ma)(X — ma) + b*(X —m1)* + (ma — a — by )?]

= 03 — 2bpoioy + b*0? + (Mg — a — bmy)?

2
= o? (b — pZ—i) +03(1 — p*) + (my — a — bmy)>.

ERERN

ggobooobodgg 0
b 3.1. XOoYooooooooboobboboobooboobooboo

Y—mg_X—ml
p 09 N 01

00000000 p0 X,YOOOODODODOOOODODOOOOOO@B4) 0000000000
gobooogo

goooogg

n000000 X =(X,,...,X,) 0000m; = E[Xi], 0;; = Cov(X;,X;,) 0000D0D
m = (my,...,m,)0 V = (04)

ggboboboooobbboooobbobodgo
1000000 (2) 0000000000 OOOO

P(X € B) = /B p(z) da (3.5)
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000000 plz) 000000000
nOO0000000DO0bO0000boooboooobudbuodntbbOo0obbogn
1

1 ~1
(2m)n/2 @ﬂvf”{_?x_m”/(x_mn} (3.6)

p(r) =

000 m=(my,...,my) €R", V = (Vi)ij=1..., 000000000000000000
0000 N(m,V)0DOOOm=0,V=E(OD0OOD0)0000 00000000000

Z=VY¥X-m), 0000 X=m+VY7

goobooo

1 ~1/2 1 -1
BN = | ! e = e {5 = m v ) s
=V Y2z —m), z=m+VY%
o1, ...,xp)
(21, 2n)

= det(V'/?)

N /R” (2m)n/2 : det(V)f(Z) exp{_%(z, Z))} det(V17%)dz

= /Rn (QTl)nﬂf(z) exp{—%|z|2)}dz

00000 ZOOOO N(O,E)DOOON(0,F)D0000O0O0OODOOODODODODOOO
0000000000 0,00000 E0ODOOOODDDOOOOOX=m+VY2Z00O
goooXobooooooo m,0boobg Vvoboobooboobooboo
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1. bbhoogooobboooooboo
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1. ODOoon

goooogg

00 1.1. 00000 {X,}0 0000 XO0OOOoooooo

P(MnXW:X>:1
n—oo
ooooooooooo
00000 e>0000
lim P(|X, — X| >¢) =0

n—oo

0000000 {X,}0 XOOOOOOoooooo
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(1.1)

(1.2)

0Dooooo

00 1.2. {X,} 0000000000000 E[X?<co0000000000 m=E[X]
X+ +X,

noo 22X g L, o000 000DDO00000 e>0000

n

lim P

n—oo

qu%~+Xn_

m‘>6>:0.
n

00 Chebyshev 0000 (00O 29)0000

p<M2k> Si-

o

X 4+ X,
T A gggnom= BlX),

mO X00O0s.200000000X =
n

n n n

a2zv(X1+”'+X") z%zn:v(xj) _ V)

O000dbd e>0000 e=0ck00000O0 EODODODO

£ £ V/ne

k=—= = .
o JV(Xy)/n  VV(Xy)
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oogd
X1+ +Xn
P(‘X”L +Xn_m‘28>zp<| - m|2k>
n o
1 V(Xy)
Sﬁ_ 2 —0 asn— o0
go00oooooooooooo O
oogoooo
00 1.3.{X,} 0000000000000 E[Xé]<OODDDDDDDDDD m = E[Xi]
Xi+---+X,
oood OmOUOOO0O00OO0O0O0O0O
n
X e+ X
P(lim 1t + n:m)zl.
n— 00 n

00 X,00000 X,=X,—-m0O0000000000m=000000000000

X, 4+ X,
Y, = 1+ +

- el(E )

1 n
=— Y EXX;X;X)]
i,k 0=1

= %(nE[Xf] +3n(n — 1)E[X}])

goon

00000000 4,k ,m0000000000000 EIXIX,], BIX2X,.X)], B[X,X;X,X)]
0000 00000000000 EX/]000000 nOOEX?XZ 000000 ,054Cs =
3n(n—1)0000000000

o0

E{;Yf] :;E[ Zni nE[X}]+3n(n — 1)E[X}]”) < o0

ERERE

P(ZY,? < oo> =1
n=1
Ooog
P(lim Y, :0) —1
n—oo

gaod 0
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2. OOOO

gogon

g 21. 00000 XOOO
px(§) = B[]
0 X 00000 (characteristic function) 0 0 0O O

00 2.2.0000 ¢y 000000000
(1) opx 000000 ox(0) = 1.

(2) oo nOd €1,€2,...,€nERD Zl,ZQ,...,ZnG(CDDDD

ZZSOX — &k)zjz > 0.

j=1 k=1

00 (1)ex(0)=10000000

|o(€+h) — 9(&)| = [Ble®¥ (" = 1)]| < Efle™* —

b obuooudbbbex DO DOOO0O0ooboDbOoon
(2) 0

i€X
Zj

Z Z ox (& — &k)zjZr = [
j=1

7=1 k=1

00 2.3. X, Xo,..., X, 000000

n

X1+t X, (§) = H PX; (€)-

7=1
ogd o0ooon

n n

J=1

x4t x, (§) = E [H eiij] = H Ele ng H SOX
j=1

0 21.0000 U(e,b) DODODOODO

R 11 e 1 .
90(5):/ —6Z£mdx:—[,—el§x] = (¢

b—a b—alif
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(2.3)
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0000 N(m,e?) 000000
o(E) = e E

gogbobobooooobboboooobobbbooogoon

/oo eigm—l e T2 qp = €12
o V2T
000000 F)DOooo¢oooooo

o0 : 1 2
F,(g) = / Z:TGZ&:\/—Q_T‘.G?I /2 dx

1 © o d 2
_ . z§:1:_ e @ /2} d
= — 1€ X
V 271' /;oo de'
]_ [ - it 72/2:|00 ]_ /Oog . 72/2
— | —ie"Te " 4+ — 1e%% e 2 dx
V 271- —00 V 27T —0 6

5/ Cre /2 4y
EF(¢

d
oooo log |F'(§)]

=¢pooog
d§ ¢

log | F(€)] = 37 +C.
goo
F(&) = +e¢ exp{—%g}-
F0)=10000000 F(§)=e€2000000

XOOOOON(m,o2) Y OOOOON(ms,02)0 X, Y 0OOOOOX+Y OOOO
00

. 0'2 . 0'2 ‘ . 0'2+o' .
oxty(§) = i€ 52 ima =T € _ pilmitme)E -T2

000000000 N(mi+me,0i+05)000000000000000O0O0O0OOODO
ggbbobooogbbobooobbbuooogg

gooon

0000 T, T, 000000000

r+1, —

IN —
5 A
IN B

— A
o

T(x) —x+1, 0

0, elsewhere.
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a<b,c>00000

o) =7 (2 (o~ 1)
oood

O00c>1000000000100000000000 Dy, O

Da,b,c(x) - Ta,b,c(x) N1l = Ta,b,c(x) - Ta+(b7a)/2c,b7(bfa)/2c,cf1(:U)
ooogno

0 22.00000,VO00000000U(0,e)0000000U-VOOO0D0O000000O
0000 F)=PU-V <O U-VOOOOOOOOO¢>000000000000
00 t>e00000000 F()=1.000<t<ae000

1 a a
F(t) = —2/ dv/ L(cooy(u —v)du
a® Jo 0
1 a a
== i dv i (= oo t40] (u)du
1 a

=— [ (t+v)Aad
" 0( v) Aadv
1 a—t 1 a
== i (t—l—v)dv—i—;/a_tadv
171 a=t ¢
= —|=(t 2] Z
2[2( +v) 0 +a
t

Loy
= —(a®— 1)+ -
a2(a )+a

1

0000000 F'(t)= 5(a—t). 0000000 T4, 0000000000
a

U-vOoOoOooO o0

o) = Ua du /Oa dv%eiﬁ(u—v) _ 6mjag 1 ei‘;g 1
— (2 ) = (1 - cosa)
gooo
00 24. 0000 XOO0OO0OODODOO ox OOO0OOOO
P == [ x5t e (2.4)
E[Tope(X)] = 2 /°° ex (&) exp{—i(a i b)f} L cos %df (2.5)
70— ) > e
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ud o0 2200

e 2(1 = cos )
00
1
/ esz%sfdg_ﬂ() (2.7)
1 —cosé
O0o0ooooooooooon TDDDDDDDDDDDDDD
o0 1
/cosfz ;OSgﬁ

goodooooooogoo
1
coséx(1 — cos€) = coséx — §{cos§(x+ 1) +cos&(z—1)}

gogbgoboboboooooboo

o —cos &

(27y0OO :/Oocosﬁ e ———d¢
1 [® 1 —cos&(x+1) 1 [*1—cosé(x—1) *1—coséx
001_
= [ e (Gl 11+ 5le = 11 Jal)

ERERN

/_Zl—;OSﬁdg—[ (1_COS£)%]OOOO+/_ZSi2§d§:7r

O00000R)0DODoooOo
(270000000 OOODOOOO

E[T(X)] = lEUOO piex 17 COSE dg]
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ogogoon
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00 25.0000 X,YOOOOOO ¢y, oy 00000,

px () =¢v(€) YEeER
doodoooooXx,Yyooooooooao
Od 00 2400000000000 Tep.ooonO
E[Top,o(X)] = E[Top.(Y)]
gooboooooooboodon Dy, 0Oo0ooo
E[Dypo(X)] = E[Dap(Y)]: (2.8)
0o

lim Dype(7) = Liap)(2)

c—00

D00000(28)0 c—oo000O
Pla< X <b)=Pla<Y <b)
000000, b 00000ODOO0O0O0ODODODOOO0O U

o0 26. 0000 XOOOOOO X, 000000 ox,¢x, DOOOOOOO

lim ¢x,(§) = ox(§) VEER

n—o0

00000000000 P(X=a)=P(X=b)=00000a<b0000

lim Pla< X,<b)=Pa<X<b) (00000000000) (2.9)

n—0o0

ggoooo

uggd goboood

o0 ,(a+b)§}1—cos%

lim vx, (€) exp{ —i &
(b—a)¢

- [orm{ -

dg

oo oo 2240000000000

lim E[T,p.0(Xn)] = E[Tupe(X)]

n—0o0

goobooobooooboodoob Dy, Oboooo

lim E[Dgpe(Xn)] = E[Dap.e(X)]

n— 00
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gooobooobd e<b,e>10000

Liat(b—a)/2¢,0—(b—a)/2¢] (%) < Dape < Liap)

goobooo
lim P(a < X, < b) > lim E[Dypo(X0)]
n—00 n—00
= E[Dape(X)]

2P(a+b_a§X§b—b_a>.
2c 2c

b ece—=o0o000O0

lim Pla < X,, <b) > Pla< X <b).
n—0o0
000 b—oo OO0
lim P(X, >a) > P(X > a).

n—o0

00 (21000 a—» -0 00000 « O0ODODOOO

lim P(X, <a) > P(X <a).

n—oo

goon

lim P(X, >a)=1— lim P(X, <a) <1—P(X <a)=P(X >a).

n—00 n—00

000 (211) 00000
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