
1Spe
tra of 1-dimensoinal di�usion operators:some examples

I
hiro Shigekawa (Kyoto University)September 9, 2013, University of Leipzig\Diri
hlet Forms and Appli
ations:German-Japanese Open Meeting on Sto
hasti
 Analysis"

URL: http://www.math.kyoto-u.a
.jp/�i
hiro/Contents1. Introdu
tion2. One dimensional diffusion pro
esses3. Bessel fun
tions4. Laguerre polynomials5. Ja
obi polynomials



21. Introdu
tion

Hermite polynomials

Hermite polynomials are de�ned by

Hn(x) = (�1)nn! ex2=2 dndxn e�x2=2; n = 0; 1; : : :

These are eigenfun
tions of the Ornstein-Uhlenbe
k operatord2dx2 � x ddx:We have ddxHn(x) = Hn�1(x):
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eigenvalue 00 H0(x) H0(x)�1 H1(x) H1(x)�2 H2(x) H2(x)�3 H3(x) H3(x)... ... ...
ddx

In this talk, we give a general framework of this fa
t.



42. One dimensional di�usion pro
esses

� I = (l; r)� a, p: positive 
ontinuous fun
tions on (l; r)We 
onsider the diffusion pro
ess generated by

(1) Au = 1p(apu0)0:This operator is regarded as a self-adjoint operator in L2(p). Here pdenotes a measure p(x)dx on (l; r).By formal 
al
ulation, the asso
iated Diri
hlet form is

(2) E(u; v) = Z rl u0v0ap dx:



5Now we de�ne an operator V : L2(p)! L2(ap) by(3) V u = u0Here Dom(V ) = Dom(E). The dual opetator V � : L2(ap)! L2(p)of V : L2(p)! L2(ap) is given by

(4) V �� = �(ap�)0p :

If we assume that a and p are C2 fun
tions, we haveAu = �V �V u = au00 + bu0;(5) ^A� = �V V �� = a�00 + (b+ a0)�0 + b0�:(6)Here b = a0 + a(log p)0 ( b+ a0 = a0 + a(log ap)0 ).
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Theorem 1. A and ^A have the same spe
trum ex
ept for 0. Herewe impose the Neumann boundary 
ondition on A and the Diri
hletboundary 
ondition on ^A if we need the boundary 
ondition.Moreover the differentiation u 7! u0 gives rise to the 
orresponden
ebetween eigenfun
tions.
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3. Bessel fun
tions

Squared Bessel pro
ess

We 
onsider the squared Bessel pro
ess. We take I = (0;1), a = x,p = x�. ThenAu = xu00 + (1 + �)u0; ^Au = xu00 + (2 + �)u0:

Then, by Theorem 1, A and ^A has the same spe
trum. Thedifferentiation gives rise to the 
orresponden
e between eigenfun
tions.



8Hypergeometri
 fun
tions

We de�ne
(7) 0F1(
;x) = 1Xn=0 1(
)nn!xn:For simpli
ity, we denote(8) B(
;x) = 0F1(
;x):We use the notation B(
�) = B(
� 1;x). Then we haveProposition 2.

B0 = 1
B(
+); xB0 = (
� 1)(B(
�)�B)

Eigenfun
toins are given as follows.



9(a) � > �1The eigenfun
tion for the eigenvalue �� (� � 0) is B(1 + �;��x)and ddx [B(1 + �;��x)℄ = �1 + �B(2 + �;��x):

Let us 
all these eigenfun
tions as entran
e family eigenfun
tions.(b) � < 0The eigenfun
tion for the eigenvalue �� (� � 0) isx��B(1� �; �x) andddx [x��B(1� �;��x)℄ = ��x���1B(��;��x)

Let us 
all these eigenfun
tions as exit family eigenfun
tions.



10Remark 1. The fun
tion B is essentially the Bessel fun
tion.(9) B(�+ 1;��x) = �(�+ 1)(�x)��=2J�(p4�x)Remark 2. A has the spe
tral de
omposition. De�ne the Hankeltransform by
(10) ^H�[f ℄(�) = Z 10 f(x)�(�+ 1)�1B(�+ 1;��x)x� dx:

Then, we have
(11) f(x) = Z 10 ^H�[f ℄(�)�(�+ 1)�1B(�+ 1;��x)�� d�

and the following Plan
herel identity

(12) Z 10 f(x)2x� dx = Z 10 ^H�[f ℄(�)2�� d�:
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�
�� �+1 �+2 �+3 �+4

exit family

�

�� �+1 �+2 �+3 �+4�1
entran
e family



12Squared Bessel pro
ess on a �nite interval

� x d2dx2 + (1 + �) ddx on I = (0; r).On the boundary r, we 
onsider the Diri
hlet boundary 
onditionand the Neumann boundary 
ondition.� z(�; n): nth zero point of the Bessel fun
tion J�.(a) � > �1[entran
e, Neumann℄ familyThe eigenfun
tion for the eigenvalue �z(�+1;n)24a isB(1 + �;�z(�+1;n)24a x).[entran
e, Diri
hlet℄ familyThe eigenfun
tion for the eigenvalue �z(�;n)24a isB(1 + �;�z(�;n)24a x).
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The differentiation gives rise to the mapping from [entran
e,Neumann℄ family to [entran
e, Diri
hlet℄ family.(b) � < 0[exit, Neumann℄ familyThe eigenfun
tion for the eigenvalue �z(��;n)24a isx��B(1� �;�z(��;n)24a x)).[exit, Diri
hlet℄ familyThe eigenfun
tion for the eigenvalue �z(1��;n)24a isx��B(1� �;�z(1��;n)24a x).
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15

�50
�100

�150
�200

�250
0�1�2�3�4�5 �

[exit, Neumann℄ family

�50
�100

�150
�200

�250
�1 0�1�2�3�4 �

[exit,Diri
hlet℄ family



164. Laguerre polynomials

We take I = (0;1), a = x, p = x�e�x. ThenAu = xu00 + (1 + �� x)u0; ^Au = xu00 + (2 + �� x)u0 � u:These operators have the same spe
trum ex
ept for 0.To show the eigenfun
tion we need the hypergeometri
 fun
tionsde�ned by
(13) 1F1(a; 
;x) = 1Xn=0 (a)n(
)nn!xn:We set(14) M(a; 
;x) = 1F1(a; 
;x)



17

Theorem 3. We have M 0 = a
M(a+; 
+);(15) xM 0 + (
� 1)M = (
� 1)M(
�);(16) 
(M 0 �M) = (a� 
)M(
+);(17) xM 0 + (1� 
� x)M = (
� 1)M(a�; 
�):(18)



18(a) � > �1 entran
e familyThe eigenfun
tion for the eigenvalue �n (n = 0; 1; : : : ) isM(�n; �+ 1;x) and[M(�n; �+ 1;x)℄0 = � n�+ 1M(�n+ 1; �+ 2;x):

(b) � < 0 exit familyThe eigenfun
tion for the eigenvalue �n+ � (n = 0; 1; : : : ) isx��M(�n; 1� �;x) and[x��M(�n; 1� �;x)℄0 = ��x���1M(�n;��;x):Remark 3. M is essentially the Laguerre polynomial.

(19) L(�)n (x) = (�+ 1)nn! M(�n; �+ 1;x)
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0�1�2�3�4�5
� �+1 �+2

exit family ...
� �+1 �+2 �+3 �+4�1

entran
e family



205. Ja
obi polynomials

We take I = (0; 1), a = x(1� x), p = x�(1� x)�. ThenAu = x(1� x)u00 + ((�+ 1)(1� x)� (� + 1)x)u0;^Au = x(1� x)u00 + ((�+ 2)(1� x)� (� + 2)x)u0 � (�+ � + 2)u:To get eigenfun
tions, we need hypergeometri
 fun
tion de�ned by

(20) 2F1(a; b; 
;x) = 1Xn=0 (a)n(b)n(
)nn! xn:

We set(21) K(x) = K(�; �; 
;x) = 2F1(�
; �+ � + 
 + 1;�+ 1;x)



21Remark 4. K is essentially the Ja
obi polynomial.

(22) P (�;�)n (x) = �(�+ n+ 1)n!�(�+ 1) K(�; �; n; 1� x2 ):

Proposition 4. We have

K0 = �
(
 + �+ � + 1)�+ 1 K(�+; �+; 
�):(23) xK0 + �K = �K(��; �+):(24)
(1� x)K0 � �K = �(�+ 
 + 1)(� + 
)�+ 1 K(�+; ��):(25) x(1� x)K0 + (�(1� x)� �x)K = �K(��; ��; 
+):(26)
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(a) � > �1, � > �1 [entran
e,entran
e℄ familyThe eigenfun
tion for the eigenvalue �n(n+ �+ � + 1)(n = 0; 1; : : : ) isK(�; �; n) and

K0(�; �; n) = �
(�+ � + 
 + 1)�+ 1 K(�+ 1; � + 1; n� 1):

(b) � < 0, � > �1 [entran
e,exit℄ familyThe eigenfun
tion for the eigenvalue �(n� �)(n+ � + 1)(n = 0; 1; : : : ) is x��K(��; �; n) and[x��K(��; �; n)℄0 = ��x���1K(��� 1; � + 1; n):
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(
) � < 0, � < 0 [exit,exit℄ familyThe eigenfun
tion for the eigenvalue �(n+ 1)(n� �� �)(n = 0; 1; : : : ) is x��(1� x)��K(��;��; 
) and[x��(1� x)��K(��;��; n)℄0= ��x���1(1� x)���1K(��� 1;�� � 1; n+ 1):
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(a) � > �1, � > �1
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[entran
e, entran
e℄ family
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e℄ family
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) � < 0, � < 0
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Summary
x d2dx2 + (�+ 1) ddx Bessel 0F1

x d2dx2 + (�+ 1� x) ddx Laguerre 1F1

x(1� x) d2dx2 + ((�+ 1)(1� x)� (� + 1)x) ddx Ja
obi 2F1
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Thanks !


