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1. Introduction

(X4, P.): an m-symmetric Markov process on M

{T;}: the associated semigroup
2. the generator {73}

E: the Dirichlet form

Ultracontractivity

{T;} iscalled ultracontractive if

ITifllo < acllflli, Yf € L'(m), Vt > 0.
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Criteriafor ultracontractivity

Let 1 > 0. Thefollowings are equivalent to each other:

(1) There exists a constant ¢; so that

1T flloe < cxt™?||f]l1, Vf € L', Vt>o.

(11) There exists a constant c, so that

IFIGEY" < e €CF, £ £V, VF € Dom(€) N L.

If 1 > 2 the conditions above are equivalent to

(111) There exists a constant ¢z so that

1F5 ey < s €Sy £), VI € Dom(€).



We are interested in the following property:

There exist constants b; so that

ITef|lr < by || flloos VF € L™(m), VE > 0.

This property called the dual ultracontractivity.

by = “T;f”oo—ﬂ — Pm(c > t)’

”th”oo < a; ”f”la \V/f S Ll(m)v vt > 0.
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2. Dual ultracontractivity

||th||1 < Clt_u/znf”oov t>0, felL™

DUC FIZ™ < ey €(F, £) || £114
1F112, ey < s EF F) (1> 2)
|Tof oo < ext™/2||f|l1, t>0, f € L
uC FIZ ™ < e €(F, £) 1 £I1T7*

| f

gp,/(u—Z) S C3£(f7 -f) (u’ > 2)




ITflli < et ™2 fllocs t € (0,1], f €L

DUC | [I£II37" < ca (E(S, ) + NFIIZ) 1 FI12
FlZ ey S cs (ELH L)+ A2 (v >2)
Tiflloo < ext™*/2|flly, te€(0,1], f € L
ucC FISTY™ < co (E(S ) + ILFID) NI

1 f

oz S 3 (ECLH L) I (k> 2)




3. Onedimensional diffusion processes

D = (ll, lz)

{(Xt), P} : a(minima) diffusion on D (Dirichlet
boundary condition)

s(x) : the sclae function. We assumethat s(x) = .
dm : the speed measure, m(y) — m(x) = [, . dm

¢ : theexplosion time

d d
. the generator
dm ds
df d
Dirichlet form: E(f,g) = / ! gds
p dsds
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D DUC
sup zrrzm([z,1/2)) < oo
(O, l) O<a3<l/2 "
sup (I —x)»F2m((l/2,x]) < oo
l/2<x<l
(0, 00) sup z# 2 m([z, 00)) < oo
x>0
R m(R) < oo
D UC
sup mﬁm([w,l/Z)) < o0
sup (I —x)r—2m((l/2,x]) < oo
l/2<x<l
(0, 00) sg%wﬁm(([w,oo)) < 00
sup z7—2m([x, 00)) < 0o
R r>1

sup z#-2m((—oo, —x]) < 0o
r>1




Asymptoticsof P,({ > t)

p(tv L, y) — Z e_AthOj(m)on (y)

P.[¢ > t] = /Dp(t,w,y) dm(y)

~ B_Aotsoo(w)/DSOO(y) dm(y).

To ensure [, wo(y) dm(y) < oo, we need the dual
ultracontractivity:

po € L*(m) = o € L' (m).
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