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1. Introduction

(X4, P.): an m-symmetric Markov process on M

{T;}: the associated semigroup
2. the generator {73}

E: the Dirichlet form

Ultracontractivity

{T;} iscalled ultracontractive if

ITifllo < acllflli, Yf € L'(m), Vt > 0.
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Criteriafor ultracontractivity

Let 1 > 0. Thefollowings are equivalent to each other:

(1) There exists a constant ¢; so that

1T flloe < cxt™?||f]l1, Vf € L', Vt>o.

(11) There exists a constant c, so that

IFIGEY" < e €CF, £ £V, VF € Dom(€) N L.

If 1 > 2 the conditions above are equivalent to

(111) There exists a constant ¢z so that

1F5 ey < s €Sy £), VI € Dom(€).



We are interested in the following property:

There exist constants b; so that

ITef|lr < by || flloos VF € L™(m), VE > 0.

This property called the dual ultracontractivity.

by = “T;f”oo—ﬂ — Pm(c > t)’

”th”oo < a; ”f”la \V/f S Ll(m)v vt > 0.
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2. Dual ultracontractivity

Theorem 2.1. Let © > 0. The followings are equivalent
to each other:
(1) There exists a constant ¢; so that

1T fll1 < et ™| fllos, Vf € L™, Vt > 0.

(11) There exists a constant c, so that

IFIHYH < e €(F, ) IFII2#, VF € Dom(€) N L™.




Proof. From (i)
| Tocf 1 < Cit™2|| £l oo-
Hence, for 0 < f € Dom(&) N L™

Cit 2|1 F112, > 1 Toef 121l f lloo
Z (T2tf9 f)

td
— (f,f)—l_/() £(T3f,T3f)dS

— (faf)_Z/O E(TvaTsf)dS
> (faf) —2t8(f,f).



Therefore
I£115 < 2tE(f, £) + Coit 2| £I%.

Choose

||f||go 2/(n+2)
(27.5)
so that

17112 < (2 4+ COE(S, )/ B2 1|2 1+,
Thus
IFII2T4" < (2 4+ C)WHD/Rg (£, £)I1FI2H

which is (ii).




Theorem 2.2. Let © > 2. The followings are equivalent
to each other:

(1) There exists a constant ¢; so that

1T flly < eit™?||fll, Vf € L®, Vt > 0.

(11) There exists a constant c3 so that

||f||§u/(u+2) < c3 g(fv f)v Vf € Dom(g), vt > 0.

Remark. 1 < 2—“ < 2.
If n < 2, then > < 1 and(ii) = (i) holds.
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||T1tf||1 S Clt_u/zuf”ooa t > 07 .f c L~

DUC IFIE" < ca ECF, £) 1 FI14H
||f||2,,,/(u+z) <c&(f, f) (u>2)
1T f oo < c1t™/2||fll1, t>0, f €L
uc |17 < e2 (£, 1) 11

||f||2,,,/(u 2) <cé&(f,f) (n>2)
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||T1tf||1 S Clt_u/zuf”ooa t > 07 .f c L~

DUC IFIE" < ca ECF, £) 1 FI14H
||f||2u/(u+2) <c&(f, f) (u>2)
1T f oo < c1t™/2||fll1, t >0, f €L
uc |17 < e2 (£, 1) 11

||f||2u/(u 2) <cé&(f,f) (n>2)
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|1T:flr < it 2| flloos, t € (0,1], f € L™

DUC | [IFII3T" < o (E(F, £) + I FI12) 1| F1142w
1FN3, gy < e (ECEF) +NFIZ) (1> 2)
1T lloo < est™#/2||f]l1, € (0,1], f € L

uc | IFIET" < e (ECE F) + A1) LN

1FN5, 2y < es (ECF L) +FIZ) (1> 2)
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3. Onedimensional diffusion processes

D = (ll, lz)

{(Xt), P} : a(minima) diffusion on D (Dirichlet
boundary condition)

s(x) : the sclae function. We assumethat s(x) = .
dm : the speed measure, m(y) — m(x) = [, . dm

¢ : theexplosion time

d d
. the generator
dm ds
df d
Dirichlet form: E(f,g) = / ! gds
p dsds
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We introduce some notations.

Ultracontractivity:

R,
R, (0):

Ti f
Ti f

o < CtH/2
o < CtH/2

Dual ultracontractivity:

S,
S,.(0):

Ti f
Ti f

1 < Ct™H/72
1 < CtH2
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Vit > 0,
vt € (0,1].

vVt > 0,
vt € (0,1].



Thecase D = (0,1)

Dual ultracontractivity:

sup zrrm([z,1/2)) < oo
0<z<l/2 PN Sp, PN S“(O)

sup (I — z)rzm((1/2, z]) < oo
l/2<x<I

m((0,1)) < co & Sy

S, = P.(¢ > t) decaysexponentially ast — oo
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Asymptoticsof P,({ > t)
0 < Ao < A1 < ... adiscrete spectrum of —2A.
{v;}: c.o.n.sof eigen-functions

p(t, x,y): transition density function

p(tv L, y) — Z e_)\jtgoj(m)soj (y)

Then

P.[¢ > t] = /Dp(t,w,y) dm(y)

~ €_A°t900(33)/D900(y) dm(y).



To ensure [, po(y) dm(y) < oo, we need the dual
ultracontractivity:

po € L*(m) = ¢y € L' (m).
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Ultracontractivity: ( )

sup wﬁm([m,l/Z)) < 00

0<xz<l/2 o Ru

sup (I — z)r2m((l/2,z]) < oo
l/2<x<1

R, aways holds.

/ zm([z,1/2))?dxr < oo
(0,1/2)

/ (I —x)m([l/2,z])* dz < oo
(1/2,0)

= p(t, x, y) decaysexponentialy ast — oo
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Thecase D = (0, c0)

Dual ultracontractivity:

sup " #2)m([x,1)) < oo

sup 2/ P Dm([z, 00)) < oo
x>1

sup " #t2)m([x,1)) < oo
0<xz<1 & Su(o)

m([1,00)) < oo
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/ xdm(x) = oo = DUC doesnot hold
(0,1)

sup ¥ #t2)m([z,1)) < oo
0<x<1

/ rm([z,00))*dr < oo
(0,00)

= P,(¢ > t) decays exponentially ast — oo
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Ultracontractivity:

sup " *2Dm([z,1)) < oo
sup z* "D m(([x, 00)) < oo
r>1

Under m([1,00)) < oo,

sup 2/ *Im(([x, 00)) < oo & R,(0)
x>1
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/ rm([z,1))*’dx < oo
(0,1)

sup 2/ *2m([xz, 00)) < oo
r>1

= p(t, x,y) decays exponentialy ast — oo
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Thecase D = (—o0, 00)

DUC

m(R) = co < DUC doesnot hold

UC

Under m(R) < oo

sup zi-2m([z, 00)) < 0o

"= & R,(0)

sup zi-2m((—oo, —x]) < oo
x>1

p(t, x,y) convergesto m(RR) ! exponentially
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Proof inthecase D = (0, o)

Assume

sup 2 * 2 m([x, 00)) := M < oo.
x>0

Define
1 — dt.
f@ = [ rea
ThenI: L'(dt) — L°°(m) isbounded and

Lf(z)] < z||fllec, f € L™(dt)
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and hence

m({z; [If(x)] > A}) < m({z; z||fllec > A})
= M((A/]| oo 20))

( A
< M
— A\ Sl

This meansthat I isof weak (oo, ﬁ)-type. By the
interpolation theorem, I': L2(dt) — L**/(#+2)(m)is
bounded, whichmeans (g = I f)

) —p/(p+2)

lgll3,/(urey < C1E(g, 9)-
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D DUC
sup zrrzm([z,1/2)) < oo
(O, l) O<a3<l/2 "
sup (I —x)»F2m((l/2,x]) < oo
l/2<x<l
(0, 00) sup z# 2 m([z, 00)) < oo
x>0
R m(R) < oo
D UC
sup mﬁm([w,l/Z)) < o0
sup (I —x)r—2m((l/2,x]) < oo
l/2<x<l
(0, 00) sg%wﬁm(([w,oo)) < 00
sup z7—2m([x, 00)) < 0o
R r>1

sup z#-2m((—oo, —x]) < 0o
r>1
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