Hodge-Kodaira operators
In Infinite dimensional spaces

|chiro SHIGEKAWA
KYOTO UNIVERSITY

November 21, 2005
Universitat Bielefeld

URL: http://www.math.kyoto-u.ac.jp/ ichiro/

Contents

1. Introduction
2. Abstract Wiener space with weighted measure
3. Unbounded lattice spin system



1. Introduction

(B, H, u): an abstract Wiener space

B: a Banach space
H: a Hilbert space — B

. the Wiener measure with
1
/ eV 1@ 1y (da) = eXp{__w@{*},
B 2
0 € B* C H".

p-forms. A” H*-valued functions.

2



We consider the following operators acting on differential
forms L?(u; AP H*).

d: the exterior differentiation

0. the dual operator of d

p» = —(dd 4 dd): the Hodge-K odaira operator

Then

o(—Up) ={p,p+1,p+2,...}




In particular, setting

p
H, = {w € L*(p; \ H*); Opw = 0}

we have

{constant functions}, p = 0,

H, =
{O}a p > 1.

Aim: To show a similar kind of vanishing theorem in
Infinite dimensional space.



2. Abstract Wiener space with weighted
measur e
Set
pr=e ' p, pr(B) =1
and consider

dr = d: the exterior differentiation

0 the dual operator of dp W.I.t. pup

r = —(dpdr + dpdr): the Hodge-Kodaira operator
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proved the following:

H, =

{constant functions},

10},

p = 0,
p > 1.

Ap =info(—Up,) >0, p>1.




proved the following:

{constant functions}, p = 0,

H, =
10},

elVFI" ¢ L't = A\, = inf o (—

p > 1.

F,p) >0, p>1

elVFI' ¢ LT = )\, = info(—

Fap) > 07

p =1




Define I': L?(pu; AP H*) — L?*(up; APH*) by

Tw = ef'w

Under this isomorphism, we have

L2(ps \PH*) ——  L*(pp; \"H?)

ir | | ar
L2(ps NPTV H*) —— L2(pp; ANV H)
where
drw =I"'odpolw =e Fdp(efw) = dw + ext(dF)w
Similarly

drw =I"10dpoIw=eTop(efw) = dw + int(dF)w
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The assoclated Hodge-Kodaira operator Lg,, IS given by

A

Fp — —(SFJF + JFSF)

and the associated bilinear form £, is given by

Epp(w,n) = E[(dw + ext(dF)w|dn + ext(dF)n)
+ (0w + int(dF)w|dn + int(dF)n)]



Proposition 2.1. We have

E[|Vwlg]
pla .
Erp(w,w
—_ (\/—_\/5)2 9 ( )
| P! o e?ldFI*] — a)l|lw||?
s v os Ele T — pvRa)

. 1 2\ 2
8F,p(w,w) < _,<1 + \/i) E“V‘*’ﬁ{s]
p! a

o 2) 2
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To show A, > 0, we take an approximation method.

Define an approximating sequence { F3, } as follows.

{p;} C B* C H*:co.nsof H*
Fn=0c{pist=1,...,n}
F, = E|F|F,]

Then we have F,, — F a.e. and

Elexp(a|dF,|*)] < Elexp(a|dF|")]
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We show U, converges to Lg_, INn norm resolvent sense,
.e.,

G =(1-Uryp) " G=(1-0Ugrp)"

and

|G™ — Gllop — 0 asn — oo.
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Proposition 2.2. There exists a constant C' so that

E[|[VGwl|#s] < C||lw
E[|VdrGw|?s] < Cllw
E[|VérGuw|?] < C||w
E[|[VG™w|3 ] < C|lw
E[|Vdr, GMw|?] < C||w
E[|Vér,G™w|?3 ] < C||lw

NN NN NN DN NN NN
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Proof of ||G™ — G|op — O
(Gw — G™w|n)
= (ext(dF — dF,,))G™w,dprGn)

+ (dp, G™w, ext(dF — dF,)Gn) + terms of §

_ ( ext(dF — dF,)

GM™w,/|dF|? + |dF,|? 1JG>
JIdF FdE.E £ 1 VI|dF|? + |dF,|? + 1drGn

. t(dF — dF,
+ <\/|dF|2 + |dF,|? + 1dr, G™w, ext( ) G )

VIAF|? + |dF,|? 4+ 1
-+ terms of §
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3. Unbounded lattice spin system

Setting

Configulation space; R%

Gibbs measure:

v =21 exp{—zj Y (@ —ai)?—2) U(wi)} ] do'.

i,jezd 1€Z4 1€Z4

Tangent space: £2(Z4)
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Known results:

e B. Zegarlinski [1996] : logarithmic Sobolev inequality for
d=1

e N. Yoshida [1999] : logarithmic Sobolev inequality for
general d

e T. Bodineau and B. Helffer [1999] : spectral gap for
1-fomrs
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Instead of infinite volume Gibbs state, we consider finite
volume Gibbs state:

Teke a finite set A C Z¢ and a boundary condition 1 and
define an Hamiltonian

Prg(z) = ) T -2+ ) U

LI €A i€ Z

1~

+2 ) T )

i€A,jEAC
1~]
and a measure on RA

UNpy = Z_1€_2(I)A’"(w)d$A
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The Hodge-Kodaira operator is defined by

= —(dd + 8d)

and set

A, = info(—0,).

We are interested In the positivity of A,.
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Theorem 3.1. Assume
U=V +W,V"”">c>0,Wishbounded
Waup = sup W, Wiy = Inf W
2(c 4 8dJ)e2Wsur=Wint) _ 16dT > 0

= X\, > {2(c + 8dT)e 2 Wewr—Wint) _ 16d .7 }p.
We also have the Hodge-Kodaira decomposition:

L*(Ua i AP(R)*) = Ran(d) @ Ran(d), p > 1
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Theorem 3.2. Assume
U(t) = at* — bt?
vV3a—b—4dg > 0

= Ap 2> 2(V3a — b—4dJ)p.
We also have the Hodge-Kodaira decomposition.
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Thanks!
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