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1. INTRODUCTION

Floer theory of Lagrangian submanifolds plays an important role in symplectic
geometry since Floer’s invention [Fl] of the Floer homology and subsequent gen-
eralization to the class of monotone Lagrangian submanifolds [Ohl]. After the
introduction of A, structure in Floer theory [Ful] and Kontsevich’s homological
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mirror symmetry proposal [Ko], it has also played an essential role in a formulation
of mirror symmetry in string theory.

In [FOOO1], we have analyzed the anomaly 9% # 0 and developed an obstruction
theory for the definition of Floer homology and introduced the class of unobstructed
Lagrangian submanifolds for which one can deform Floer’s original definition of
the ‘boundary’ map by a suitable bounding cochain denoted by b. Expanding the
discussion in section 7 [FOOO1] and also motivated by the work of Cho-Oh [CO], we
introduced the notion of weakly unobstructed Lagrangian submanifolds in Chapter
3 [FOOO02] which turns out to be the right class of Lagrangian submanifolds to look
at in relation to the mirror symmetry of Fano toric A-model and Landau-Ginzburg
B-model proposed by physicists (see [Ho], [HV]). In this paper, we study the
relationship between this class of Lagrangian submanifolds with the earlier work
of Givental [Gil] which advocates that quantum cohomology ring is isomorphic
to the Jacobian ring of a certain function, which is called the Landau-Ginzburg
superpotential. Combining this study with the results from [FOOO2], we also
apply this study to symplectic geometry of Lagrangian fibers of toric manifolds.

Denote by £ag®***(X,w) the set of weakly unobstructed Lagrangian submani-
folds in (X, w) and by Miyeak(L) the moduli space of (weak) bounding cochains for
a weakly unobstructed Lagrangian submanifold L. While appearance of bounding
cochains is natural in the point of view of deformation theory, explicit computation
thereof has not been carried out. One of the main purposes of the present paper
is to perform this calculation in the case of fibers of toric manifolds and draw its
various applications. Especially we show that each fiber L(u) at u € t* is weakly
unobstructed for any toric manifold 7 : X — t* (see Proposition 3.2), and then
show that the set of the pairs (L(u),b) of a fiber L(u) and a bounding cochain b
with nontrivial Floer cohomology can be calculated from the quantum cohomology
of the ambient toric manifold, at least in the Fano case. Namely the set of such
pairs (L(u),b) is identified with the set of ring homomorphisms from quantum co-
homology to the relevant Novikov ring. We also show by a variational analysis that
for any compact toric manifold there exists at least one pair of (u,b)’s for which
the Floer cohomology of (L(u),b) is nontrivial.

Now more precise statement of the main results are in order.

Let X be an n dimensional smooth compact toric manifold. We fix a T"-
equivariant Kéhler form on X and let 7 : X — t* = (R™)* be the moment map.
The image P = 7(X) C (R™)* is called the moment polytope. For u € Int P, we de-
note L(u) = 7~ %(u). L(u) is a Lagrangian torus which is an orbit of the T action.
(See section 2. We refer readers to [Au], [Ful], for example, for the details on toric
manifolds.) We study the Floer cohomology defined in [FOOO2]. According to
[FOOO1, FOOO2|, we need an extra data, the bounding cochain, to make the def-
inition of Floer cohomology more flexible to allow more general class of Lagrangian
submanifolds. In the current context of Lagrangian torus fibers in toric manifolds,
we use weak bounding cochains. In this situation we first show (Proposition 3.2)
that each element in H'(L(u); Ag) gives rise to a weak bounding cochain, i.e.,

Hl(L(u);AO) - Mweak(L(u))- (11)

Here we use the universal Novikov ring

A = {i aiT)‘i
i=1

a; €Q, N\ €R, lim \; = oo} (1.2)
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where T is a formal parameter. (We do not use the grading parameter e used in
[FOOO0?2] since it will not play much role in this paper.) Then Ay is a subring of A

defined by
Ao = {ZaiT)‘i GA’)\iZO}' (1.3)
i=1

We also use another subring

Ay = {ZaiT/\"' €A ‘ Ai > 0} : (1.4)
i=1

We note A is the field of fractions of Ag and Ag is a local ring with maximal ideal
Ay. Here we take the universal Novikov ring over @ but we also use universal
Novikov ring over C or other subfield F of C which we denote A€, AF respectively.

Remark 1.1. If we strictly follow the way taken in [FOOQO2|, we only get the
inclusion H*(L(u); Ay) C Myeak(L(u)), not (1.1). However we can modify the
definition of weak unobstructedness so that (1.1) follows, using the idea of Cho
[Chol. See section 11.

We next consider the quantum cohomology ring QH (X; A) with the universal
Novikov ring A as a coefficient ring. (See section 5.) It is a commutative ring for
the toric case, since QH (X; A) is generated by even degree cohomology classes.

Definition 1.2. (1) We define the set Spec(QH (X;A))(A®) to be the set of A
algebra homomorphisms ¢ : QH (X; A) — AC. (In other words it is the set
of all A€ valued points of the scheme Spec(QH (X;A)).
(2) We next denote by M(Lag(X)) the set of all pairs (u,b), u € Int P, b €
HY(L(u); A§)/HY(L(u); 2mv/—1Z) such that

HF((L(u),b), (L(u), b); A%) # {0}.
Theorem 1.3. If X is a Fano toric manifold then
Spec(QH (X; A))(A%) = M(Lag(X)).
If QH(X; A) is semi-simple in addition, then we have

> rankgHa(X;Q) = # (M(Lag(X))). (1.5)

d

We remark that a finite dimensional commutative ring over a field (A in our case)
is semi-simple if and only if it does not contain nilpotent element. We also remark
that a compact toric manifold is Fano if and only if every nontrivial holomorphic
sphere has positive Chern number.

We believe that (1.5) still holds in non Fano case but are unable to prove it
at the time of writing this paper. We however can prove that there exists a fiber
L(u) whose Floer cohomology is nontrivial, by a method different from the proof
of Theorem 1.3. Due to some technical reason, we can only prove the following
slightly weaker statement.

Theorem 1.4. We assume the Kdhler form w of X is rational. Then, there exists
u € Int P such that for any N there exists b € H'(L(u); AY) with

HF((L(u),b), (L(u),b); Ag /(T™)) = H(T™;R) @p Ag/(T™).
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The rationality assumption in Theorem 1.4 is likely to be removed. It is also
likely that we can prove 9(Lag(X)) is nonempty but its proof is a bit cumbersome
at the moment to write down. We can however derive the following theorem from
Theorem 1.4, without rationality assumption.

Theorem 1.5. Let X be an n dimensional compact toric manifold. There exists
ug € IntP such that the following holds for any Hamiltonian diffeomorphism 1 :
X - X.

(L (uo)) N L(ug) # 0 (1.6)
If Y(L(ug)) is transversal to L(ug) in addition, then
# (¢ (L(uo)) N L(uo)) = 2". (1.7)

Theorem 1.5 is proved in section 12.

We would like to point out that (1.6) can be derived from a more general inter-
section result by Entov-Polterovich, Theorem 2.1 [EP1], by a different method using
a very interesting notion of symplectic quasi-state constructed out of the spectral
invariants constructed in [Sc], [Oh3]. (See also [Vi], [Oh2] for similar constructions
in the exact Lagrangian context.)

Remark 1.6. Precisely speaking, Theorem 2.1 of [EP1] is stated under the as-
sumption that X is semi-positive and w is rational because the theory of spectral
invariant was developed in [Oh3] under these conditions. The rationality assump-
tion has been removed in [Oh4] and the semi-positivity assumption of w removed
by Usher [Us]. Therefore the proof of Theorem 2.1 [EP1] goes through without
these assumptions and hence it implies (1.6). (See the introduction of [Us].) But
the result (1.7) is new.

Our proof of Theorem 1.5 gives an explicit way of locating ug, as we show in
section 8. (The method of [EP1] is indirect and does not provide the way to find such
up. See [EP2]. Below, we will make some remarks concerning Entov-Polterovich’s
approach in the perspective of homological mirror symmetry.) In various explicit
examples we can find more than one element uy that have the properties stated in
this theorem. Following terminology employed in [CO], we call any such torus fiber
L(ug) as in Theorem 1.5 a balanced Lagrangian torus fiber. (Definition 3.10.)

A criterion for L(ug) to be balanced, for the case b = 0, is provided by Cho-Oh
[CO] and Cho [Cho] under the Fano condition. Our proofs of Theorems 1.4, 1.5 is
much based on this criterion, and on the idea of Cho [Cho] of twisting non-unitary
complex line bundles in the construction of Floer boundary operator. This criterion
in turn specializes to the one predicted by physicists [HV], [Ho], which relates the
location of ug to the critical points of the Landau-Ginzburg superpotential.

In [FOOO2], the authors have introduced a potential function

PO : Muear(L) — Ao
for an arbitrary weakly unobstructed Lagrangian submanifold L C (X,w). By
varying the function O over L € £ag”®** (X, w), we obtain the potential function
S’BD : U Mweak(L) - AO~ (18)
LeLag®erk (X w)

This function is constructed purely in terms of A-model data of the general sym-
plectic manifold (X, w) without using mirror symmetry.
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For a toric (X,w), the restriction of PO to H(L(u); Ag) (see (1.1) can be made
explicit when combined with the analysis of holomorphic discs attached to torus
fibers of toric manifolds carried out in [COJ, at least in the Fano case. (In the non
Fano case we can make it explicit modulo ‘higher order terms’.)

Remark 1.7. In [EP3] some relationships between quantum cohomology, quasi-
state, spectral invariant and displacement of Lagrangian submanifolds are discussed
: Consider an idempotent i of quantum cohomology. The (asymptotic) spectral
invariants associated to i gives rise to a quasi-state via the procedure concocted in
[EP3], which in turn detects undisplaceability of certain Lagrangian submanifolds.
(The assumption of [EP1] is weaker than ours.)

In the current context of toric manifolds, we could also relate them to Floer
cohomology and mirror symmetry in the following way : Quantum cohomology
is decomposed to indecomposable factors. (See Proposition 6.6.) Let i be the
idempotent corresponding to one of the indecomposable factors.

Let L = L(u(1,i)) be a Lagrangian torus fiber whose undisplaceability is de-
tected by the quasi-state obtained from i. We conjecture that Floer cohomol-
ogy HF (L(u(1,1),b), (Lu(1,1),b)) is nontrivial for some b. (Conjecture 4.8.) This
bounding cochain b in turn is shown to be a critical point of the potential function
PO defined in [FOOO2].

On the other hand, i also determines a homomorphism ¢; : QH(X;A) — A. Tt
corresponds to some Lagrangian fiber L(u(2,1)) by Theorem 1.3. Then this will
imply via Theorem 3.9 that the fiber L(u(2,1)) is undisplaceable.

We conjecture that w(1,i) = u(2,i). We remark that u(2,1) is explicitly calcu-
lable. Hence in view of the way u(1,i) is found in [EP1], w(1,i) = w(2,1i) will give
some information on the asymptotic behavior of the spectral invariant associated
with i.

We fix a basis the Lie algebra t of 7™ which induces a basis on t* and hence a
coordinate of P C t*. This in turn induces a basis H!(L(u); Ag) for each u € Int P
and so identification H'(L(u); Ag) = (Ao)". We then regard the potential function
as a function

q30($1,"‘ sy Iy ULy ,un) : (Ao)n X IHtPHAO

and prove in Theorem 3.9 that Floer homology HF((L(u),z), (L(u),x); A) with
x= (21, , &), u= (u1, - ,uy,) is nontrivial if and only if (x,u) satisfies

a(;’;%j(:v;u)zo, i=1,---,n. (1.9)

To study (1.9), it is useful to change the variables z; to
yi =e".
In these variables we can write potential function as a sum

mg(l’la"' sy Ly ULy - - ,Un) = ZTCZ(M)PZ(yla ayn)

where P; are Laurent polynomial which do not depend on w, and ¢;(u) are positive
real valued function.

We assume X is Fano, until the end of the statement of Theorem 1.9. We can
calculate the right hand side and write it as a finite sum. (See Theorem 3.4.)
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We define a function PO of y;’s by
%Du(yh 7yn) :‘4353(.'1}1, s Ly ULy - 7un)

as a Laurent polynomial of n variables with coefficient in A. We denote the set of
Laurent polynomials by

A[ylv e vynvyflv T aygl]
and consider its ideal generated by the partial derivatives of PO“. Namely
<8‘BD“ . )
e=1,---,n|.
yi
Definition 1.8. We call the quotient ring

Ay, yn,yr Loyt
JCLC(‘BDM) _ [yly yYns Y1 s s Un ]

(ag‘ff;iﬂv“ ,n)

the Jacobian ring of PO,

We will prove that the Jacobian ring is independent of the choice of u up to
isomorphism (see the end of section 5).

Theorem 1.9. If X is Fano, then there exists a A algebra isomorphism
Yo QH(X;A) — Jac(PO)
from quantum cohomology ring to the Jacobian ring such that
Pu(c1(X)) = PO™.

Theorem 1.9 (or Theorem 1.12 below) enables us to explicitly determine all the
pairs (u,b) with HF ((L(u),b), (L(u),b); A) # 0 out of the quantum cohomology of
X. More specifically Batyrev’s presentation of quantum cohomology in terms of
the Jacobian ring plays an essential role for this purpose. We will explain how this
is done in sections 6, 7 .

Remark 1.10. (1) The idea that quantum cohomology ring coincides with
the Jacobian ring begins with a celebrated paper by Givental [Gil] The-
orem 5 (1). There it was claimed also that the D module defined by an
oscillatory integral with the superpotential as its kernel is isomorphic to
S'-equivariant Floer cohomology of periodic Hamiltonian system. When
one takes its WKB limit, the former becomes the ring of functions on its
characteristic variety, which is nothing but the Jacobian ring. The latter
becomes the (small) quantum cohomology ring under the same limit. As-
suming the Ansatz that quantum cohomology can be calculated by fixed
point localization, these claims are proved in a subsequent paper [Gi2] for,
at least, toric Fano manifolds. Then the required fixed point localization is
made rigorous later in [GrPa]. See also Iritani [Iril].

In physics literature, it has been advocated that Landau-Ginzburg model
of superpotential (that is, the potential function B9 in our situation) calcu-
lates quantum cohomology of X. A precise mathematical statement thereof
is our Theorem 1.9. (See for example p. 473 [MIRROR)].)

Our main new idea entering in the proof of Theorem 1.3 other than those
already in [FOOO?2] is the way how we combine them to extract informa-
tion on Lagrangian submanifolds. In fact Theorem 1.9 itself easily follows
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if we use the claim made by Batyrev that quantum cohomology of toric
Fano manifold is a quotient of polynomial ring by relations, called quan-
tum Stanley-Reisner relation and linear relation. (This claim is now well
established.) We include this simple derivation in section 5 for complete-
ness’ sake, since it is essential to take the Novikov ring A as the coefficient
ring in our applications the version of which does not seem to be proven in
the literature in the form that can be easily quoted.

(2) The proof of Theorem 1.9 given in this paper does not contain serious
study of pseudo-holomorphic spheres. The argument which we outline in
Remark 5.13 is based on open-closed Gromov-Witten theory, and different
from various methods that have been used to calculate Gromov-Witten
invariant in the literature. In particular this argument does not use the
method of fixed point localization. We will present this conceptual proof
of Theorem 1.9 in a sequel to this paper.

(3) In this paper, we only involve small quantum cohomology ring but we can
also include big quantum cohomology ring. Then we expect Theorem 1.9
can be enhanced to establish a relationship between Frobenius structures
of the deformation theory of quantum cohomology (see, for example, [Ma])
and that of Landau-Ginzburg model (which is due to K. Saito [Sa]). This
statement (and Theorems 1.3, 1.9) can be regarded as a version of mirror
symmetry between the toric A-model and the Landau-Ginzburg B-model.
In various literature on mirror symmetry, such as [Ab], [AKO], [Ue], the B-
model is dealt for Fano or toric manifolds in which the derived category of
coherent sheaves is studied while the A-model is dealt for Landau-Ginzburg
A-models where the directed A, category of Seidel [Se2] is studied.

(4) Even when X is not necessarily Fano we can still prove a similar isomor-
phism

G QH(X;5A) = Jac($D,) (1.10)

where the left hand side is the Batyrev quantum cohomology ring (see
Definition 5.3) and the right hand side is the Jacobian ring of some function
PO, : it coincides with the actual potential function PO ‘up to higher order
terms’. (See (3.8).) In the Fano case PO, = PO. (1.10) is Proposition 5.7.

(5) During the final stage of writing this article, a paper [CL] by Chan and
Leung was posted in the Archive which studies the above isomorphism via
SYZ transformations. They give a proof of this isomorphism for the case
where X is a product of projective spaces and with the coefficient ring C,
not with Novikov ring. Leung presented their result [CL] in a conference
held in Kyoto University in January 2008 where the first named author also
presented the content of this paper.

From our definition, it follows that the potential functions PO and PO, can
be extended to the whole product (R™)* x (A§)" in a way that they are invariant
under the translations by elements in (27y/—1Z)". Hence we may regard them as
functions defined on

(R™)* x (AS/(2nvV/=1Z))" = R" x (A /(2nv—1Z))"
Definition 1.11. We denote by
M, o(Lag(X)), (respectively M. (Lag(X)))
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the subset of pairs (u,z) € R" x (AS/(2m/—1Z))" satisfying the equation
OPO,
8(Ei

i1=1,---,nat z.

(z;u) =0, (respectively ?;mg(x, u) = 0)

Note an element (u,z) € M (Lag(X)) gives rise to an element of M(Lag(X)) if
u € Int P.

We also remark PO, = PO in case X is Fano. The following is a more precise
form of Theorem 1.3.

Theorem 1.12. (1) There exists a bijection :
Spec(QH*(X; A))(A) = My o(Lag(X)).
(2) If X is Fano then we have
M(Lag(X)) = My (Lag(X)) = My o(Lag(X)).
(3) If QH“(X;A) is semi-simple, then

D rankaQHY(X;A) = # (M o(Lag(X))).
d

In section 7, we illustrate by an example that the first equality of (2) does not
hold in the non-Fano case.

We would like to point out that PO, is explicitly computable. But we do not
know the explicit form of BO. However we can show that elements of M o(Lag(X))
and of M, (Lag(X)) can be naturally related to each other under a mild nondegen-
eracy condition. (Theorem 9.4.) So we can use PO, in place of PO in most of the
cases. For example we can use it to prove that the following :

Theorem 1.13. For any k, there exists a Kahler form on X (k), the k point blow
up of CP2, that is toric and has exactly k + 1 balanced fibers.

See Definition 3.10 for the definition of balanced fibers. Balanced fiber satisfies
the conclusions (1.6), (1.7) of Theorem 1.5. We prove Theorem 1.13 in section 9.

Remark 1.14. The cardinality of b € H(L(u); A§)/H*(L(u); 2m/—1Z) with non-
vanishing Floer cohomology is an invariant of Lagrangian submanifold L(w). This
is a consequence of [FOOO2] Theorem G.

The authors would like to thank H. Iritani and D. McDuff for helpful discussions.

2. COMPACT TORIC MANIFOLDS

In this section, we summarize basic facts on the toric manifolds and set-up our
notations to be consistent with those in [CO], which in turn closely follow those in
Batyrev [B1] and M. Audin [Au].

2.1. Complex structure. In order to obtain an n-dimensional compact toric man-
ifold X, we need a combinatorial object X, a complete fan of regular cones, in an
n-dimensional vector space over R.

Let N be the lattice Z", and let M = Homyz(N,Z) be the dual lattices of rank
n. Let Ng = N®R and Mr = M ® R.
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Definition 2.1. A convex subset 0 C Ng is called a regular k-dimensional cone
(k > 1) if there exists k linearly independent elements vy, -+ , v € N such that

a:{alvl+~-~+akvk|ai€R,ai20},

and the set {vy, -+ ,vi} is a subset of some Z-basis of N. In this case, we call
vy, -+ ,v; € N the integral generators of o.

Definition 2.2. A regular cone ¢’ is called a face of a regular cone o (we write
o' < o) if the set of integral generators of ¢’ is a subset of the set of integral
generators of o.

Definition 2.3. A finite system X = g1,--- , 0 of regular cones in Ny is called a
complete n-dimensional fan of regular cones, if the following conditions are satisfied.

(1) if o € ¥ and 0’ < o, then ¢’ € 3;
(2) if 0,0" are in X, then 6’ No < o and ¢/ No < 0’;
(3) Nk =01 U---Uos.

The set of all k-dimensional cones in ¥ will be denoted by ().

Definition 2.4. Let X be a complete n-dimensional fan of regular cones. Denote
by G(X) = {v1, - ,vm} the set of all generators of 1-dimensional cones in ¥ (m =
Card ). We call a subset P = {v;,,--- ,v;,} C G(X) a primitive collection if
{wi,, -+ , v, } does not generate p-dimensional cone in ¥, while for all k(0 < k < p)
each k-element subset of P generates a k-dimensional cone in 3.

Definition 2.5. Let C™ be an m-dimensional affine space over C with the set of
coordinates z1,--- , 2, which are in the one-to-one correspondence z; < v; with
elements of G(X). Let P = {v;,,--- ,v;, } be a primitive collection in G(¥). Denote
by A(P) the (m — p)-dimensional affine subspace in C" defined by the equations

P

Since every primitive collection P has at least two elements, the codimension of
A(P) is at least 2.

Definition 2.6. Define the closed algebraic subset Z(X) in C™ as follows

2(=) =JAP),
P

where P runs over all primitive collections in G(¥). Put
UE)=C"\ Z(%).

Definition 2.7. Let K be the subgroup in Z™ consisting of all lattice vectors
A= (M1, -, Am) such that

Avr + -+ Apuy, = 0.
Obviously K is isomorphic to Z™~™ and we have the exact sequence:
0—-K—2zm™57Z" -0, (2.1)

where the map 7 sends the basis vectors e; to v; for i =1,--- ;m.
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Definition 2.8. Let X be a complete n-dimensional fan of regular cones. Define
D(X) to be the connected commutative subgroup in (C*)™ generated by all one-
parameter subgroups

@€ = (@),
t (M, )
where A = (A1, , Am) €K
It is easy to see from the definition that D(X) acts freely on U(X). Now we

are ready to give a definition of the compact toric manifold Xy, associated with a
complete n-dimensional fan of regular cones .

Definition 2.9. Let X be a complete n-dimensional fan of regular cones. Then the
quotient

Xz =U(2)/D(X)
is called the compact toric manifold associated with 3.

There exists a simple open coverings of U(X) by affine algebraic varieties.

Proposition 2.10. Let o be a k-dimensional cone in % generated by {v;,, -+ ,v;, }.
Define the open subset U(o) C C™ as

U(o) ={(z1,- ,2m) €C™ | 2; #0 for allj & {i1, -~ ,ix}}
Then the open sets U(o) have the following properties:
(1)
uE) = J U0

ceY
(2) ifoc <o, thenU(o) CU(c’);
(3) for any two cone 01,09 € X, one has U(o1) N U(o2) = U(o1 No2); in

particular,
uE =Y Ul
cex(n)
Proposition 2.11. Let o be an n-dimensional cone in 2" generated by {viy, v, },

which spans the lattice M. We denote the dual Z-basis of the lattice M by {u;,, - ,u;, }.
i.e.

<vik ) uil> = 6k,l (22)
where (-, -) is the canonical pairing between lattices N and M.

Then the affine open subset U(c) is isomorphic to C™ x (C*)™~", the action
of D(X) on U(o) is free, and the space of D(X)-orbits is isomorphic to the affine

space Uy = C™ whose coordinate functions yy,--- ,yo are n Laurent monomials in
1yt 5 Amd
V1 ,U;g U, Ui
yTZZf . ”>"'Zr<nm i1)
(2.3)
Yo = o) | om )

The last statement yields a general formula for the local affine coordinates
y{, -+ ,y2 of apoint p € U, as functions of its “homogeneous coordinates” z1,- - - , zpm.
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2.2. Symplectic structure. In the last subsection, we associated a compact man-
ifold Xy to a fan 3. In this subsection, we review the construction of symplectic
(Kéhler) manifold associated to a convex polytope P.

Let M be a dual lattice, we consider a convex polytope P in Mg defined by

{u € Mgp | (u,vj) > \jforj=1,--- ,m} (2.4)

where (-,-) is a dot product of Mr = R". Namely, v;’s are inward normal vectors
to the codimension 1 faces of the polytope P. We associate to it a fan in the lattice
N as follows: With any face I' of P, fix a point ug in the (relative) interior of T
and define

or = Ur-(P—uo).
r>0
The associated fan is the family X (P) of dual convex cones
or = {z € Ngr|(y,z) >0 Vy €or} (2.5)
= {z € Ngr| {u,x) <(p,z) Vp€ PuecTl} (2.6)

where (-, ) is dual pairing Mg and Ng. Hence we obtain a compact toric manifold
Xy (p) associated to a fan X(P).

Now we define a symplectic (Kdhler) form on Xxpy as follows. Recall the exact
sequence :

0—-K5z™ 57" —0.
It induces another exact sequence :
0—-K—R"/Z™ —-R"/Z" — 0.

Denote by k the Lie algebra of the real torus K. Then we have the exact sequence
of Lie algebras:

0—-k—-R"LR" 0.
And we have the dual of above exact sequence:

0— (R™)* — (R™)* 5 k* — 0.

Now, consider C™ with symplectic form % > dz AdzZy. The standard action T™
on C" is hamiltonian with moment map
1

/’L(Zlf" ’Zm) = §(|Z1|2"" 7|Zm|2)' (27)

For the moment map pg of the K action is then given by
pr =i op: C™ — k.
If we choose a Z-basis of K C Z™ as

Ql :(Qllv"' 7Q’m1)a"' 7Qk:(Q1k7"' ank)

and {q',---,¢"} be its dual basis of K*. Then the map i* is given by the matrix
Q! and so we have

1 m m .
p (21 zm) = 5 Do Qalzl- > Qulzlt | eRF =k (2.8)
j=1 j=1
in the coordinates associated to the basis {q',--- ,¢"}. We denote again by ux the

restriction of pux on U(X) C C™.
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Proposition 2.12 (See Audin [Au]). Then for anyr = (r1, - ,rm-n) € pr(U(X)) C
k*, we have a diffeomorphism

px (r)/K = U(X)/D(2) = Xx (2.9)

And for each (regular) value of r € k*, we can associate a symplectic form wp on
the manifold Xy, by symplectic reduction [MW].

To obtain the original polytope P that we started with, we need to choose r as
follows: Consider A; for j = 1,--- ,m which we used to define our polytope P by
the set of inequalities (u,v;) > A;. Then, for each a =1,--- ,m —n, let

m

ra=—Y_ Qja)j.
j=1

Then we have
71 [a¥)
1434 (rlv te ,Tm,n)/K = XE(P)

and for the residual 7" = T™ /K action on Xx(p), and for its moment map 7, we
have

m(Xsp)) = P.

Using Delzant’s theorem [De], one can reconstruct the symplectic form out of the
polytope P (up to T"-equivariant symplectic diffeomorphisms). In fact, Guillemin
[Gu] proved the following explicit closed formula for the T™-invariant Kahler form
associated to the canonical complex structure on X = X5 (P)

Theorem 2.13 (Guillemin). Let P, Xxpy, wp be as above and
7 Xypy — (R™/E)* = (R")*

be the associated moment map. Define the functions on (R™)*

Li(uw) = (uyv;)— A fori=1,---,m (2.10)
goo(u) - Z<uavi> - <u7 sz> .
i=1 =1

Then we have

i=1

wp =/—100 (W*(i/\i(log&) +£m>> (2.11)

on Int P.

The affine functions ¢; will play an important role in our description of potential
function as in [CO] since they also measure symplectic areas w(/3;) of the canonical
generators (3; of Hy(X, L(u);Z). More precisely we have

w(B;) = 2ml;(u) (2.12)
(see Theorem 8.1 [CO]). We also recall
P={ue Mg|l(u)>0,i=1,--- ,m} (2.13)
by definition (2.4).
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3. POTENTIAL FUNCTION

In [FOOO2], we introduced the notion of weak bounding cochains of a filtered
A algebra in general. The A, structure canonically induces one on a canonical
model of the given A, algebra. In the geometric context of A, algebra associated
to a Lagrangian submanifold L C M of a general symplectic manifold (M,w), the
structure is defined on the cohomology group H*(L; Ay).

An element b € H*(L; A, ) is called a weak bounding cochain if it satisfies the
As Mauer-Cartan equation (or master equation)

imk(b, --,b)=0 mod PD([L]) (3.1)
k=0

where {mk},;“;o is the A, operators associated to L. We denote by /\//Yweak(L)
the set of weak bounding cochains of L. We say L is weakly unobstructed if
/(/l\weak(L) # (). The moduli space M yeak (L) is then defined to be the quotient space
of /T/l\weak(L) of suitable homotopy equivalence. (See chapter 3 and 4 [FOOO2] for
more explanations.)

The main point of introducing (weak) bounding cochains is the following

Lemma 3.1 (Lemma 11.12 [FOOO02|). Ifb € /\//\lweak(L) then dpp © Oy = 0, where
dp,p 15 the deformed Floer operator defined by

Sop(x) = mf (2) = ka+z+1(b®k7$7 b%%).
ot

For b € //\/\lweak(L), we define

Ker(&byb : C — C)
Im((Sb,b :C — C) ’

where C' is an appropriate subcomplex of the singular chain complex of L. When
L is weakly unobstructed i.e., Myeak(C) # 0, we define a function

PO : Myear(C) — Ay

HF(L;b) =

by the equation
m(e”) = PO(b) - PD([L]).
This is the potential function introduced in [FOOO2].

For the later analysis of examples, we recall from [FOOO1, FOOO2] that my is
further decomposed into

mp= Y g @ T2,
5671’2(M,L)

Firstly we incorporate the grading parameter e into the ground ring and do not
write it explicitly. Secondly to eliminate many appearance of 27 in front of the affine
function ¢; in the exponents of the parameter T later in this paper, we redefine T
as T2?". Under this arrangement, we get the formal power series expansion

my = Z Mg g & TB)/2m (3.2)
BEWQ(M,L)

which we will use throughout the paper.
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Now we restrict to the case of toric manifold. Let X = Xy be associated a
complete regular fan ¥, and 7 : X — t* be the moment map of the action of the
torus 7" = T™ /K. We make the identifications

t = Lie(T") = N§ = R", * = Mg = (R")".

We will exclusively use Ng and Mg to be consistent with the standard notations in
toric geometry instead of t (or R™) and t* (or (R™)*) as much as possible.

Denote the image of 7 : X — Mg by P C Mg which is the moment polytope of
the T™ action on X.

We will prove the following in section 10.

Proposition 3.2. For any u € IntP, the fiber L(u) is weakly unobstructed. More-
over we have the canonical inclusion

HY(L(u); Ay) © Myear(L(u)).

Choose an integral basis e} of NV and e; be its dual basis on M. With this choice
made, we identify Mk with R™ as long as its meaning is obvious from the context.
Identifying Hy(T";Z) with N = Z™ via T™ = R"/Z", we regard e; as a basis of
HY(L(u);Z). The following immediately follows from definition.

Lemma 3.3. We write m = (w1, ,m,) : X — Mg using the coordinate of Mg
associated to the basis e;. Let S} C T™ be the subgroup whose orbit represents
el € Hi(T™;Z). Then m; is proportional to the moment map of S} action on X.

Let
b= Z:Biei € H(L(u); Ay) € Myear(L(u)).
We study the potential function
PO : HY(L(u);AyL) — Ay

Once a choice of the family of bases {e;} on H'(L(u);Z) for u € Int P is made as
above starting from a basis on N , then we can regard this function as a function
of (1, ,zn) € (Ay)™ and (u1,--- ,un) € P C Mg. We denote its value by
PO (w1 u) = PO(1, - +Eitig, -+ ). We put

o N2
Yi =€ IZZHEAQ.
k=0
Let
oP=|Jop
i=1

be the decomposition of the boundary of the moment polytope into its faces of
codimension one. (9;P is a polygon in an n— 1 dimensional affine subspace of Mg.)
Let ¢; be the affine functions

bi(u) = (u,v;) — A\ for i=1,--- 'm

appearing in Theorem 2.13. Then the followings hold from construction :

(2) P={u€ Mg|li(u)>0,i=1,---,m}.
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(3) The coordinates of the vectors v; = (v; 1, -, v;,) satisfy
¢,
Vi = (3.3)
J (9’U,j

and are all integers.

Theorem 3.4. Let L(u) C X be as in Theorem 1.5 and £; be as above. Suppose
X is Fano. Then we can take the canonical model of As structure of L(u) over
u € Int P so that the potential function restricted to

U H'Z(u);Ay) = (A" x Int P

u€lnt P
has the form
m
PO(wsu) = Yy g TH (3.4)
i=1
= ie(“””>T["(“) (3.5)
i=1
where (xz;u) = (@1, -+, Tpj U1, ,Up) and v; ; is as in (3.3).

Theorem 3.4 is a minor improvement of a result from [CO] (see (15.1) of [COJ)
and [Cho] : The case considered in [CO] corresponds to the case where y; € U(1) C
{#z € C||z| = 1} and the case in [Cho] corresponds to the one where y; € C\ {0}.
The difference of Theorem 3.4 from the ones thereof is that y; is allowed to contain
T, the formal parameter of the universal Novikov ring encoding the energy.

For the non-Fano case, we prove the following slightly weaker statement. The
proof will be given in section 10.

Theorem 3.5. Let X be an arbitrary toric manifold and L(u) be as above. Then
there exist c; € Q, eé € Z>o and p; > 0, such that 2211 ej» >0 and

m
YBD(xl’... Sy Ty UL, e ’un) . qufi’l ...y%i,nT‘gi(u)
i=1
- chyf;’l R IO (3.6)
j=1

where
m m
r_ i /o Q.
Vi = E ek, ;= E esl;.
i=1 i=1

If there are infinitely many non-zero c;’s, we have
lim £ (u) + p;j = oo,
Jj—00
Moreover p; = [w] N o for some a; € mo(X) with nonpositive Chern number.

We note that although B9 is defined originally on AE x P, Theorems 3.4 and 3.5
imply that PO extends to a function on (AS)™ x Mg. Furthermore these theorems
also imply the periodicity of PO in x;’s,

BO(x1, -,z + 20V =1, Jxpiu) = PO(x1, -+, Tn;u). (3.7)
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We write
m
PO, =Dy -y T (35)
1=1

to distinguish it from PO. We call PO, the leading order potential function.

We will concern the existence of the bounding cochain b for which the Floer
cohomology HF((L(u),b), (L(u),b)) is not zero, and prove that critical points of
the PO (as a function of yi,- - ,y,) have this property. (Theorem 3.9.)

This leads us to study the equation

IPO
%(Uh'"vnn)zov kzla"'anu (39)
where n; € Ag \ Aq.

We regard PO as either a function of x; or of y;. Since the variable (z; or y;)
is clear from situation, we do not mention it occasionally.

Proposition 3.6. We assume that the coordinates of the vertices of P are rational.

Then there exists ug € IntP N Q™ such that for each N there exists vy, -+ , 9, €

Ao \ Ay satisfying :
oIPO

L(Ulﬁ"' 7‘)71)507 mod TN k:l, , N (310)

Oy,
Moreover there exists v, ,9,, € Ao \ Ay such that
OPO°
ggyko (Ulla 7027,):07 kzl, , N (311)

We will prove Proposition 3.6 in section 8 .

Remark 3.7. (1) wuo is independent of N. But y; may depend on N. (We
believe it does not depend on N, but are unable to prove it at the time of
writing this paper.)

(2) If [w] € H*(X;R) is contained in H?(X;Q) then we may choose P so that
its vertices are rational.

(3) We believe that rationality of the vertices of P is superfluous. We also
believe there exists not only a solution of (3.10) or of (3.11) but also of
(3.9). However then the proof seems to become more cumbersome. Since
we can reduce the general case to the rational case by approximation in
most of the applications, we will be content to prove the above weaker
statement in this paper.

We put
ri = logn; € Ao.

Since y; € Ap \ Ax, logy; is well-defined (by using non-Archimedean topology on
Ap) and is contained in Ag.
Take 1,9 € C\ {0} such that n; — 1,0 =0 mod AT and write

b= rie; € H'(L(ug); Mo).

If we put an additional assumption that y; g =1 for ¢ =1,--- ,n, then b lies in

Hl (L('Ll/()); A+) C Hl(L('LL(]); A(]).
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Therefore Proposition 3.2 implies the Floer cohomology H F'((L(ug),b), (L(uo),b); Ao)
is defined. Then (3.10) combined with the argument from [CO] (see section 12) im-
ply
HF((L(uo),b), (L(uo), b); AG/(T™)) 2= H(T"; AT /(TY). (3.12)
We now consider the case when y; o # 1 for some ¢. In this case, we follow the
idea of Cho [Cho] of twisting the Floer cohomology of L(u) by non-unitary flat line

bundle and proceed as follows :
We define p : Hi(L(u); Z) — C\ {0} by

Let £, be the flat complex line bundle on L(u) whose holonomy representation is p.
We use p to twist the operator my, in the same way as [Fu2], [Cho] to obtain a filtered
A algebra, which we write ((H(L(u); Ag), p), m?). Tt is weakly unobstructed and
M ear (H(L(u); Ag), p),m?) 2 HY(L(u); Ay). (See section 11.)

We deform the filtered A, structure m? to m?® using b € H*(L(u); A ) for which
m?Pm?? = 0 holds. Denote by HF((L(uo), p,b), (L(uo), p,b), AS) the cohomology
of m”?. We denote the potential function of ((H (L(u); Ag), p), m?) by

PO, H' (L(u); Ay) — Ay

which is defined in the same was as PO is using m” instead of m. From the way
how the definition goes, we can easily prove

Lemma 3.8.
n
PO, (x) = PO (3? + Zzﬁi,oez) .
i=1
Here v € HY(L(u); Ay).
We note from the remark right after Theorem 3.5 that PO" has been extended
to a function on (A§)™ x Mg and hence the right hand side of the identity in this

lemma has a well-defined meaning. Lemma 3.8 will be proved in section 12.
Now we have :

Theorem 3.9. Let r; and p satisfy (3.9) and (3.13) respectively. We put

b= (ri—rio)ei € H (L(u); A). (3.14)
i=1
Then we have
HF((L(UO)v Ps b)’ (L(u0)7 Ps b)’ A(O:) = H(Tn; Ag) (315)
If (3.10) and (3.13) are satisfied instead then we have
HF((L(U0)7 Ps b), (L(UO)’ P b)’ A((():/(TN)) = H(Tn; A((():/(TN)) (316)

Theorem 3.9 is proved in section 12. Using this we prove Theorem 1.5 in section
12. More precisely, we will also discuss the following two points in that section :

(1) We need to study the case where w is not necessarily rational
(2) We only have (3.16) instead of (3.15).

We define :
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Definition 3.10. Let (X, w) be a smooth compact toric manifold, P be its moment
polytope. We say the fiber L(ug) at ug € P is balanced if there exists a sequence
w;, u; such that

(1) w; is an T™ invariant K&hler structure on X such that lim;_, oo w; = w.

(2) w; is in the interior of the moment polytope P; of P. We make an appro-
priate choice of moment polytope P; so that they converge to P. Then
hmzﬁoo U; = UQ-

(3) For each N, there exist a sufficiently large i and b; x € Hy(L(u;); AS) such
that

HF((L(u:), bi,n), (L(ug), by v AS/(TN)) 2 H(T™;C) @ AC/(TV).

Theorem 3.9 implies that L(ug) in Proposition 3.6 is balanced. (Proposition
12.3.) We will prove that any balanced Lagrangian fiber satisfies the conclusion of
Theorem 1.5. (Lemma 12.2.)

Denoting b’ = b+ 1 0€;, we sometime write HF((L(ug),b'), (L(up),b’), Ag) for
HF((L(uo), p,b), (L(ug), p,b), Ag) from now on.

4. EXAMPLES AND CONJECTURES

In this section, we discuss various examples of toric manifolds which illustrate
the results of section 3.

Example 4.1. Consider X = S? with standard symplectic form with area 2. The
moment polytope of the standard S'-action by rotations along an axis becomes
P =0, 1] after a suitable translation. We have A\;(u) = u, Aa(u) =1 —u and

PO (z;u) = TV 4+ e *T1% = yT¥ 44~ 1T170,

The zero of
8%9” _ Tu _ y—ZTl—u
dy
is p = =T 2%/2 If 4 # 1/2 then
1-2

is not an element of universal Novikov ring. In other words, there is no critical
point in (A \ AT)"™.

If w = 1/2 then y = £1. The case y = 1 corresponds to ¢ = 0. Namely b = 0.
We have

HF((L(1/2),0), (L(1/2),0); Ag) = H(S™; AG).
The other case y = —1, corresponds to a nontrivial flat bundle on S?!.
Example 4.2. We consider X = CP™. Then

P={(u1, - ,un) | 0 <wujyuy + - +u, <1},
is a simplex. We have

‘BD(xh L, Tpy UL, 7“’11) = ZeﬁﬁTUl + e_zmiTl_Z v

i=1
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Weputu:uoz( 7T#J.Then

1
e REEE

PO = (y1 4+ yn +y; Yy - ygl)Tl/(nJrl)_
Solutions of the equation (3.9) are given by

01:"':Un+1262ﬂkﬁ/(n+1)7 ]{;:07...’77“

Hence the conclusion of Theorem 1.5 holds for our torus. The case kK = 0 corre-
sponds to b = 0. The other cases correspond to an appropriate flat bundles on
.
Remark 4.3. The critical values of the potential function is (n + 1)62”\/jlk/("+1),
k=0,---,n.

We consider the quantum cohomology ring

QH(CP™AY) = AP [=,T)/ (=" — 1),
The first Chern class ¢; is (n + 1)z. The eigenvalues of the operator
c: QH(CP") - QH(CP"),a— c1 Ug «

are (n + l)e2ﬂmk/("+1), k=0,---,n. It coincides with the set of critical values.
Kontsevich announced this statement at the homological mirror symmetry con-

ference at Vienna 2006. (According to some physicists, this statement is known to

them before.) See [Aur]. In our situation we can prove it by using Theorem 1.9.

In the rest of this subsection, we discuss 2 dimensional examples.

Let e1, ey be the basis of HI(TQ;Z) as in Lemma 3.3. We put e;s = e; Ues €
H?*(T?;Z). Let ey be the standard basis of H*(T?;Z) = Z. The proof of the
following proposition will be postponed until section 12.

Proposition 4.4. Let b =1y € H'(L(u); Ay). Then the boundary operator m} is
given as follows :

opoO™
mh(e:) = T3 (n)en
opoO™ opoO"
ml(en) = ?;yl (n)es — ?yQ (n)eq, (4.1)

m (ep) = 0.
With (4.1) in our disposal, we examine various examples.
Example 4.5. We consider M = CP? again. We put u; = €+ 1/3, ug = 1/3.
(e > 0.) Using (4.1) we can easily find
HF"((L(u),0), (L(u),0)) = HF***((L(u), 0), (L(u),0)) = Ao/ (T*/*~).

Let us apply Theorem J [FOOO2] in this situation. (See also Theorem 4.11 below.)
We consider a Hamiltonian diffeomorphism ¢ : CP? — CP?. We denote by |||
the Hofer distance of ¥ from identity. Then we have

#(P(L(u)) N L(u)) = 4

if ||| < 2m(3 — €) and ¥(L(u)) is transversal to L(u).
We remark that this fact was already proved by Chekanov [Che]. (Actually the
basic geometric idea behind our proof is the same as Chekanov’s.)
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Example 4.6. Let M = S%(%) x S%(2), where S?(r) denotes the 2-sphere with
radius r. We assume a < b.
Then B = [0, a] x [0,b] and we have :
PO (21, w3 ur, ug) = n T 4 yo T2 4y T 4 yy 'TV742,
Let us take u1 = a/2, us = b/2. Then
oIPO 9 opO B
T (11— T2, — (1 — y2)T/2,
8y1 ( Y1 ) ayQ ( Yo )
Therefore y; = +£1 yo = +1 are solutions of (3.9). Hence we can apply Theorem
3.9 to our torus.
We next put u1 = a/2, a < 2us < b. Then

oOPpO” ovra2 OPOY
= ]_ — Ta' s _ =
ayl ( yl ) 8y2
We put y; = y2 = 1. Then %‘% =0, %’By% # 0. We find that
HF*"((L(u),0), (L(u),0)) = HF"((L(u),0), (L(u), 0)) = Ao/(T"2).

Let ¢ : CP?2 — CP? be a Hamiltonian diffeomorphism. Then, Theorem J [FOOO2]
implies that

Tu2 _ y272Tb—u2.

#(W(L(w) N L(u)) > 4
if ||| < 2mug and ¥ (L(w)) is transversal to L(u). Note there exists a pseudo-
holomorphic disc with symplectic area wa (< 2mwusz). Hence our result improves a
result from [Che].

Example 4.7. Let X be two-point blow up of CP2. We may take its Kéahler form
so that the moment polytope is given by
P={(u,u2) | -1 <u; <1,-1<uy <1,uy +up <1+ a},
where —1 < a < 1 depends on the choice of Ké&hler form. We have
PO (21, w3 ur,ug) = yn T 4 yo T2 4y 1T (4.2)
oy TRy T T, .
Note X is Fano in our case.

(Case 1: a=0).
In this case X is monotone. We put ug = (0,0). L(ug) is a monotone Lagrangian
submanifold. We have

IPO™° ) 2 1 OPO™° 2 —1 -2
=(1—y2— T =(1—y;2— T.
s ( Y1 Y1 Yy )T, e ( Yo Y1 Ys )

The solutions of (3.9) are given by y, = ﬁ, v +yt —2yf — 2y +1=0in C.
1

(There are 5 solutions.)

(Case 2: o > 0).
We put ug = (0,0). Then

oPOYe PO
oy Yo
We consider, for example, the case y; = yo = 7. Then (3.9) becomes

™7 -T*=0. (4.3)

= 1=y HT =y Py ' T, = 1=y )T —yy 'yy *TH.
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The solution of (4.3) with 7 =1 mod A is given by

_ 1 e 3 2c 1 3o - ko
T=14 T - ST T + 3 epThe
k=4
Let us put b = x1e; + xoe5 with
1 3 1
ZCl:SL’Q:]Og(1+§TQ—§T2a+§T3a+>€A+

Then by Theorem 3.9 we have
HPF((L(uo),b), (L(uo),b); Ao) = H(T?; A).
We like to point out that in this example it is essential to deform Floer coho-
mology using an element b of H'(L(ug); A ) containing the formal parameter T to

obtain nonzero Floer cohomology.
At ug, there are actually 4 solutions such that

(y1,92) = (1,1),(1,-1),(-=1,1),(=1,-1) mod A4,
respectively.
In the current case there is another point uf = (o,a) € P where L(up) is
balanced . In fact at u, = (o, a) the equation (4.3) becomes
0= _(y;ngl 4 y;2)T17(x + T1+a, 0= _(y;1y52 4 yEQ)Tlfa + T1+a.
we put 7 = y1; = 2 to obtain
BT 7 -1=0

This equation has a unique solution with 7 = —1 mod A;. (The other solution is
T2%/37 =1 mod A, for which Theorem 3.9 is not applicable for this case.)
The total number of the solutions (u,b) is 5.

(Case 3: a < 0).
We first consider ug = (0,0). Then

opO™ s . FRO I _
5 =—y; 2y2 1T1+ + (1 -y 2)7*17 5 = —y; 1y2 2T1+ + (1 — 5 2)T
Y1 Y2

We assume y; satisfies (3.9). It is then easy to see that yfl = 0, or y;l =0
mod A;. In other words, there is no yi,y2 to which we can apply Theorem 3.9.
Actually it is easy to find a Hamiltonian diffeomorphism ¢ : X — X such that
$(L(uo)) N L(ug) = 0.

We next take uj = (a/3,@/3). Then

IPO0 ( ,
“gyl = (L—yy 2y NI =y rime s,
IPOU0
Y’gy2 _ (1 _ y;lyEQ)T1+a/3 _ y272T17a/3.
By putting y; = yo = 7 for example, (3.9) becomes

-T2/ _1=0. (4.4)

1Using the method of spectral invariants and symplectic quasi-states, Entov and Polterovich
discovered some undisplaceabe Lagrangian fiber which was not covered by the criterion given in
[CO]J (see section 9 [EP1]). Recently this example, among others, was explained by Cho [Cho] via
Lagrangian Floer homology twisted by non-unitary line bundles.
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Let us put b = x1e; + xoey with

21 = x5 = log T = log (1 + %T*Qa/?’ + §T*4“/3 + - ) €A,
where 7 solves (4.4). Theorem 3.9 is applicable. (There are actually 3 solutions of
(3.9) corresponding to the 3 solutions of (4.4).)

There are two more points u = (o + 1, &), (o, @ + 1) where (3.9) has a solution
in (Ao \ A+). Each u has one b.

Thus the total number of the pair (u,b) is again 5. We remark

5= Zranka(X;Q).

This is not just a coincidence but an example of general phenomenon stated as in
Theorem 1.3.

We remark that as o — 1 our X blows down to S?(1) x S%(1). On the other
hand, as @« — —1 our X blows down to CP2. The situation of the case a > 0 can
be regarded as a perturbation of the situation of S?(1) x S%(1), by the effect of
exceptional curve corresponding to the segment u; + us = 1 + «. The situation
of the case a < 0 can be regarded as a perturbation of the situation of CP? by
the effect of the two exceptional curves corresponding to the segments u; = 1 and
ug = 1. An interesting phase change occurs at o = 0.

The discussion of this section strongly suggests that Lagrangian Floer theory
(Theorems G, J [FOOO2]) gives the optimal result for the study of displacement
of the T™-orbits in toric manifolds.

Conjecture 4.8. Let X be a compact toric manifold and L(u) = 7~ (u), u € IntP.
Then the following two conditions are equivalent.

(1) There exists no Hamiltonian diffeomorphism ¢ : X — X such that ¥(L(u))N
L(u) = 0.
(2) There ezists (91,--- ,0p) € (Ao \ A4)™ satisfying (3.9).

Note (2) = (1) follows from Theorem 3.9. In many cases (including all the
examples we discuss in this paper) we can prove (1) = (2).

Using the argument employed in Example 4.6 we can discuss the relationship
between the Hofer distance and displacement. First we introduce some notations for
this purpose. We denote by Ham(X,w) the group of Hamiltonian diffeomorphisms
of (X,w). For a time-dependent Hamiltonian H : [0,1] x X — R, we denote

by ¢%; the time t-map of Hamilton’s equation & = Xp(¢,2). The Hofer norm of
¥ € Ham(X,w) is defined to be

1
||| = inf / (max Hy — min Hy) dt
H;oh=v Jo

(See [H].)

Definition 4.9. Let Y C X. We define the displacement energy e(Y') € [0, 0] by
(V) = it {6 | ¢ € Ham(X,w), $(¥) nY = 0}.

We put e(Y) = oo if there exists no ¢ € Ham(X,w) with ¢(Y)NY = 0.

Let us consider BO(y1,- -+ , Yn; U1, -+ ,Upn) : Al X P — Ay as in Theorem 3.4.
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Definition 4.10. We define the number &(u) € (0, 00] as the supremum of all A

such that there exists v, , 0, € (Ag \ AJ)" satisfying
PO
£ (91, ,0p;u) =0 mod T* (4.5)
9y
fori=1,---,n. (Here we consider universal Novikov ring with C-coeflicients.) We

call &(u) the PO-threshold of the fiber L(u), and a point (91, - ,9,;u) satisfying
(4.5) a PO-threshold point of L(u).

Theorem 4.11. For any compact toric manifold X and L(u) = 7=1(u), u € IntP,
we have

e(L(u)) > 27€(u). (4.6)

Proof. Let us consider (91, ,9,5u) € (A§ \ AD)" be a PO-threshold point of
L(u). We associate to it a local system p by (3.13) and a bounding cochain b by
(3.14). Then by the same way as the proof of Theorem 3.9, we prove

HF((L(u), £5:), (L(w), £5;0); AG/(T)) = H(T"; Ag /(T).

This isomorphism and Universal Coefficient Theorem imply that the Floer cohomol-
ogy HF((L(u), £3;b), (L(u), £5;0); A§) contains a torsion summand A§ /(T?) with
X > X or Ag. Therefore Theorem J [FOOQO2], after twisting Floer cohomology by
the local system p, implies e(L(u)) > 2w A. This finishes the proof. O

Conjecture 4.12. The equality always holds in (4.6).

It is very likely that Conjecture 4.12 holds for all the examples in this paper
although we did not check them all. (In the non-Fano case, we may use PO, in
place of PO.)

We like to remark &(u) can be easily calculated once the toric manifold X is
given explicitly.

Remark 4.13. Appearance of a new family of pseudo-holomorphic discs with
Maslov index 2 after blow up, which we observed in Examples 4.7 can be related
to the operator g that we introduced in section 13 [FOOQO?2] in the following way.

We denote by M ;+1(3) the moduli space of stable maps f : (¥,0%) — (X, L)
from bordered Riemann surface 3 of genus zero with [ interior and k + 1 boundary
marked points and in homology class 8. (See section 3 [FOOO1].) Let us consider
the case when Maslov index of 3 is 4. We assume [f] € Mg o+1(3) and Mg o4+1(0)
is Fredholm regular at f. The virtual dimension of Mg g4+1(5) is n+2. We blow up
X at apoint p = f(0) € X and obtain X. (We assume p ¢ L.) Let [E] € Hgn_g()z')
be the homology class of the exceptional divisor E = 7~ !(p). Now f induces a map
f:(D%*0D?) — (X,L). The Maslov index of the homology class [f] € Ha(X, L)
becomes 2. We put 3 = [f]

For the case where X is toric and L is a T™-orbit, we can take a T™-invariant
perturbation. (See section 10.) If p is a fixed point of 7™ action, a 7"-invariant
perturbation lifts to a perturbation of the moduli space M0+1(B).

Then any T"-orbit of the moduli space Mg41(X; 3) of holomorphic discs passing
through p corresponds to the T"-orbit of M0,0+1()?; B) and vice versa. Namely we
have an isomorphism

~

M1,041(B) ev Xx {p} = Mo o11(6). (4.7)
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Here ev in the left hand side is the evaluation map at the interior marked point.
(Actually we need to work out analytic detail of gluing construction etc.. It seems
very likely that we can do it in the same way as the argument of Chapter 10
[FOOO2]. See also [LiRu].)

Using (4.7) we may prove :

aLks(PD([p)); b, -+ ,0) = my 5(b,--- D),
where
A1k (Q; Pry -+ Pr) = evow (M1 (8) X (xxk)y (@ X P1x -+ X Py))

is defined in section 13 [FOOO2]. (Here @ is a chain in X and P; are chains
in L(u), and evy : My +1(8) — X is the evaluation map at the 0-th boundary
marked point. In the right hand side, we take fiber product over X x L*.) This is
an example of a blow-up formula in Lagrangian Floer theory.

5. QUANTUM COHOMOLOGY AND JACOBIAN RING

In this section, we prove Theorem 1.9. Let PO, be the leading order potential
function. (Recall if X is Fano, we have PO, = PO.) We define the monomial

Zi(u) = y,** ...yzqz,nT&:(u) € Aoly, -+ 7yn’y1—17... Lyt (5.1)

Compare this with (2.3). Tt is also suggestive to write Z; as
Zi(u) = e @UITEW g = (2, xy), Y = e (5.2)

By definition we have
POy = D zi(w) (5.3)
i=1
0z;

Yim=— = i zi(u). 5.4
= nAW) (5.4)

The following is a restatement of Theorem 1.9. Let z; € H?(X;Z) be the Poincaré
dual of the divisor 771(9;P).

Theorem 5.1. If X is Fano, there exists an isomorphism
Yyt QH(X;A) = Jac(PO)
such that 1, (z;) = Z;.

Since ¢1(X) = 3" 2 (see [Ful]) and POg = Y. | Z;(u) by definition, Theorem
1.9 follows from Theorem 5.1.

In the remaining section, we prove Theorem 5.1. We remark that z; (¢
1,---,m) generates the quantum cohomology ring QH (X;A) as a A-algebra (see

Theorem 5.5 below). Therefore it is enough to prove that the assignment v, (z;) =
Zi(u) extends to a homomorphism ¢, : A[z1,- - -, zm] — Jac(POY) that induces an
isomorphism in QH(X;A). In other words, it suffices to show that the relations
among the generators in Afzq,- -+ , 2] and in Jac(POy) are mapped to each other
under the assignment 1, () = Z;(u). To establish this correspondence, we will
review Batyrev’s description of the relations among z;’s.

We first clarify the definition of quantum cohomology ring over the universal
Novikov rings Ay and A. Let (X,w) be a symplectic manifold and « € m(X). Let
Ms(a) be the moduli space of stable map of genus 0 with 3 marked points. Let ev :
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M3 (a) — X3 be the evaluation map. We can define the virtual fundamental class
evi [Ms(a)] € Hy(X3;Q) where d = 2(dimc X + ¢1(X) Na). Let a; € H*(X;Q).
We define a1 Ug as € H*(X; Ag) by the following formula.

(a1 Ug ag, az) = ZT“QO‘/Q”ev* [Ms(a)] N (a1 X az X ag). (5.5)

Here (-,-) is the Poincaré duality. Extending this linearly we obtain the quantum
product

H(X;A0) ® H(X;Ao) — H(X;Ao).
Extending the coefficient ring further to A, we obtain the (small) quantum coho-
mology ring QH (X; A).
Now we specialize to the case of compact toric manifolds and review Batyrev’s
presentation of quantum cohomology ring. We consider the exact sequence

0 — mo(X) — mo(X; L(u)) — m(L(u)) — 0. (5.6)

We note mo(X; L(u)) = Z™ and choose its basis adapted to this exact sequence
as follows : Consider the divisor 7=1(9;P) and take a small disc transversal to it.
Each such disc gives rise to an element

[6i] € Ha(X; 7~ (IntP)) = Ha(X; L(u)) 2 ma(X, L(u)). (5.7)
The set of [3;] withi = 1,--- ,m forms a basis of mo(X; L(u)) =& Z™. The boundary
map [8] — [00] : 772(X L( )) — m1(L(w)) is identified with the corresponding map
Hy(X; L(u)) — Hy(L(u)). Using the basis chosen in Lemma 3.3 on H;(L(u)) we
identify Hy(L(u)) = Z"™. Then this homomorphism maps [3;] to

[08:] = v; = (vi,1,- Vi), (5.8)

where v; ; is as in (3.3). By the exactness of (5.6), we have an isomorphism
Hy(X) = {0 € Hy(X; L(w)) | [95] = 0} (5.9)

Lemma 5.2. We have
N [Z kzﬁz} = 27‘(2 kzﬁl(u) (510)
k 11
> du] (5.11)
In particular, the right hand side of (5.10) is independent of u.

Proof. (5.10) follows from the area formula (2.12), w(5;) = 27¢;(u). On the other
hand if [> k;00;] = 0, we have

By the definition of ¢;, ¢;(u) = (u,v;) — A;, from Theorem 2.13, this equation is
precisely (5.11) and hence the proof. O

Let P C {1,--- ,m} be a primitive collection (see Definition 2.4). There exists
a unique subset P’ C {1,---,m} such that ), v; lies in the interior of the cone
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spanned by {v; | i € P'}, which is a member of the fan X. (Since X is compact,
we can choose such P’. See section 2.4 [Ful].) We write

> vi= Y kv (5.12)
i€P i'EP!
Since X is assumed to be nonsingular k; are all positive integers. (See p.29 of
[Ful].) We put
WP) = li(u) = Y kil (u). (5.13)
i€P i/ €P’
It follows from (5.10) that 27w(P) is the symplectic area of the homotopy class
BP)=>"Bi— > kufly € ma(X). (5.14)
i€P i'EP!
We remark that w(P) > 0 : In fact, since the cone spanned by {v; | i’ € P’} does
not contain the origin it follows that

() = ' (@:P) # 0.
i P
Then for any u € (), cp m *(9;P), we have {;(u) = 0 and so obtain w(P) =

> iep Li(w) > 0. The last inequality follows since £;(u) > 0 for u € Int P by defini-
tion (2.13) of P.

Now we associate z1, - , zp, formal variables to vy, - - ,v,, respectively.

Definition 5.3 (Batyrev [B1]). (1) The quantum Stanley-Reisner ideal SR, (X)
is the ideal generated by

2(P)=[[z—-1P ][ = (5.15)
i€P irep’
in the polynomial ring A [z1,- -, 2,,]. Here P runs over all primitive col-

lection.
(2) We denote by P(X) the ideal generated by

Zvi,jzi (5.16)
i=1

for j =1,--- ,n. In this paper we call P(X) the linear relation ideal.
(3) We call the quotient

A [217 e 7Z'm]
(P(X) + SR, (X))
the Batyrev quantum cohomology ring.

Remark 5.4. We do not take closure of our ideal P(X) 4+ SR, (X) here. See
Proposition 7.4.

QH“(X;A) = (5.17)

Theorem 5.5 (Batyrev [Bl, Gi2]). If X is Fano there exists a ring isomorphism
from QH¥(X;A) to the quantum cohomology ring QH(X;A) of X such that z; is
sent to the Poincaré dual to 7=1(0;P).

The main geometric part of the proof of Theorem 5.5 is the following.

Proposition 5.6. The Poincaré dual to m=1(0;P) satisfy the quantum Stanley-
Reisner relation.
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We do not prove Proposition 5.6 in this paper. See Remarks 5.13 and 5.14.
However since our choice of the coefficient ring is different from other literature,
we explain here for reader’s convenience how Theorem 5.5 follows from Proposition
5.6.

Proposition 5.6 implies that we can define a ring homomorphism h : QH*(X; A) —
QH(X;A) by sending z; to PD(7~1(0;P)). Let F*QH(X;A) be the direct sum of
elements of degree < 2k. Let FFQH®“(X;A) be the submodule generated by the
polynomial of degree k/2 on z;. Clearly h(FFQH<“(X;A)) C FFQH(X;A).

Since X is Fano, it follows that,

rUgy—aUy € Fdeg””eregy’zQH(X; A).

We also recall the cohomology ring H(X;Q) is obtained by putting 7' = 0 in
quantum Stanley-Reisner relation. Moreover we find that the second product of
the right hand side of (5.15) has degree strictly smaller than the first since X is
Fano.

Therefore the graded ring

gr(QH(X;A)) = P FH(QH(X; A))/FFH(QH(X; A)),
k

is isomorphic to the (usual) cohomology ring as a ring. The same holds for QH“ (X; A).
It follows that A is an isomorphism. O

In the rest of this section, we will prove the following Proposition 5.7. Theorem
5.1 follows immediately from Proposition 5.7 and Theorem 5.5.

Proposition 5.7. There exists an isomorphism :
Yy QHY (X3 A) = Jac(PO,)
such that 1, (z;) = Z;.

We remark that we do not assume that X is Fano in Proposition 5.7. We
also remark that for our main purpose to calculate My(Lag(X)), Proposition 5.7
suffices. Proposition 5.7 is a rather simple algebraic result whose proof does not
require study of pseudo-holomorphic discs or spheres.

Proof of Proposition 5.7. We start with the following proposition.
Proposition 5.8. The assignment
’lﬂu(Zz) = Ez(u) (518)
induces a well-defined ring isomorphism
~ Az, 2]
‘T SRL(X)
Proof. Let P be a primitive collection and P’, k;s be as in (5.12). We calculate
[[zitw) =TTw - ypen st (5.20)
i€P i€P
by (5.1). On the other hand,
_k;s kirvgr kit Vit n ok €0 (u
zif(u):Hle*l...yn ’Tklel()
irep’ irep’

i€P i/ €P’

_’A[yla"' 7yn7y;17"' 73/';1] (519)
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by (5.12). Moreover
> li(u) = Y kil (u) = w(P)

i€P i€P’
by (5.13). Therefore
[z =7® T] 2 (u)
i€P i’ eP’

in Alyy,--- ,yn,yfl, <+, y- Y. In other words, (5.18) defines a well-defined ring
homomorphism (5.19).
We now prove that 1, is an isomorphism. Let
pr:Z™ 2 mo(X; L(u) — Z™ 2 71 (L(u))

be the homomorphism induced by the boundary map pr([5]) = [08]. (See (2.1).)
We remark pr(ai,--- ,am) = (b1, ,by) with b; = >, a;v; ;. Let A =3 a;; be
an element in the kernel of pr. We write it as

> aibi =3 bib;

iel jed
where a; b; are positive and I NJ = (). We define

T(A) _ HZ’ZM —xaiti(u) =22 ; bt (u) H Z?J (5,21)
el jeJ

We remark that a generator of quantum Stanley-Reisner ideal corresponds to r(A)

for which I is a primitive collection P and J = P’. We also remark that the case
I=0or J=0is included.

Lemma 5.9.

r(A) € SR, (X).

Proof. This lemma is proved in [B1]. We include its proof here for reader’s conve-
nience. We prove the lemma by an induction over the values

E(A) =) aili(ug) + Y _ bil;(uo).
iel jed
Here we fix a point ug € IntP during the proof of Lemma 5.9.
Since I'NJ = (), at least one of {v; | i € I}, {v; | ¢ € J} can not span a cone that
is a member of the fan ¥. Without loss of generality, we assume that {v; | ¢ € I'}

does not span such a cone. Then it contains a subset P C [ that is a primitive
collection. We take P’, k; as in (5.12) and define

Z =1z -1 [ = []=" ] =" (5.22)
i€l i€I\P  i€P i’ P!
Then Z lies in SR, (X) by construction. We recall from Lemma 5.2 that the values
D i) = Y kiti(u) = w(P)
i€P i€P’
are independent of u and positive. By the definitions (5.21), (5.22) of r(A) and Z,
Wwe can express

r(A) — Z = Tw(P)+e <H z;zh) r(B)

heK
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for an appropriate B in the kernel of pr and a constant ¢. Moreover we have
E(B)+2 Y nply(ug) + w(P) = E(A).

heK
Since ug € Int P it follows that £}, (ug) > 0 which in turn gives rise to E(B) < E(A).
The induction hypothesis then implies r(B) € SR, (X). The proof of the lemma is
now complete. (Il
Corollary 5.10. z; is invertible in

A[Zla"' 7Zm]
SRL(X)

Proof. Since X is compact, the vector —wv; is in some cone spanned by v; (j € I).
Namely
—V; = Z k‘j’Uj

jel
where k; are nonnegative integers. Then

TEFS kit () — Hz mod SR, (X)

JjeI
by Lemma 5.9. Since T%W+X; kit (W) ig invertible in the field A, it follows that
[1;c;2; defines the inverse of z; in the quotient ring. O

We recall from Lemma 5.2 that £;(u)+3_; k;¢;(u) is independent of u. We define
Zi_l — (W)= kit (u) H ij (5.23)
Jjel
(Note we have not yet proved that A [z1, - ,2zm]/SR.(X) is an integral domain.
This will follow later when we prove Proposition 5.8.)

Since vy, - -+ , vy, generates the lattice Z", we can always assume the following
by changing the order of v;, if necessary.

Condition 5.11. The determinant of the n x n matrix (v; ;)i j=1,... n is £1.

Let (v%7) be the inverse matrix of (v; ;). Namely > vIvj = 6; k. Condition
5.11 implies that each v*/ is an integer. Inverting the matrix (v; ;), we obtain

yi =T [z (5.24)
Jj=1

from (5.20) where ¢;(u) = > v“7¢;(u). We define using Corollary 5.10

n

~ i (u Zv"'azm
Qbu(yi =Tl H SlRw—(X)]

More precisely, we plug (5.23) here if +v*/ is negative.
The 1dent1ty z/)u ¢ = id is a consequence of (5.24). We next calculate (¢, o

zﬁu)( h) = ¢’u(2h( )) and prove
((g“ °© zz}\“)(zh) = Téh(u)au(ych e vh " Te(h u) H m]
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where m; > 0 and

vy = ijvj, Ly (u) = e(h;u) + ijéj (u) : (5.25)

To see (5.25), we consider any monomial Z of y;, z;,Z;, T* We define its multi-
plicative valuation v,(Z) € R by putting

vu(yz) =0, Uu(ZZ) = Uu(zi) = EZ(U), Uu(Ta) = Q.
We also define a (multiplicative) grading p(Z) € Z™ by
p(yi) =ei, p(z)=p(z)=vi, p(T%)=0.
and by p(ZZ") = p(Z) + p(Z'). We remark that v, and p are consistent with (5.1).
We next observe that both v, and p are preserved by ,, ¢, and by (5.23). This

implies (5.25).
Now we use Lemma 5.9 and (5.25) to conclude

2 — T T 2 € SRu(X).
j=1
The proof of Proposition 5.8 is now complete. O
Next we prove

Lemma 5.12. Let P(X) be the linear relation ideal defined in Definition 5.3. Then

~ OPOY

Proof. Let >, v; jz; be in P(X). Then we have

~ “ " 0% IPOL
y (; U@j%) = ;vi,jgi = Zyj (9;' =Yj ?yio

i=1

by (5.1) and (5.4). Since y;’s are invertible in Afyr, - ,yn,y; "+ ,y; '), this

identity implies the lemma. (I
The proof of Theorem 5.1 and of Proposition 5.7 is now complete. (]
We define

s : Jac(POY) — Jac(POY)
by
Yuru(Zi(u) = Zi(u') = THOO =Wz, (w), (5.26)

It is an isomorphism. We have

W © Yoy = Poyr.
The well-definedness v, ,, is proved from this formula or by checking directly.

In case no confusion can occur, we identify Jac(POY), Jac(‘BDg/) by 1y ., and
denote them by Jac(PO,). Since ¢y (Zi(w)) = Z;(v') we write them Z; when
we regard it as an element of Jac(PO,). Note 1 o(yi) # yi- In case we regard
y; € Jac(POy) as an element of Jac(PO,) we write it as y;(u) 1= o (y;)-
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Remark 5.13. The above proof of Theorem 5.1 uses Batyrev’s presentation of
quantum cohomology ring and is not likely generalized beyond the case of compact
toric manifolds. (In fact the proof is purely algebraic and do not contain serious
study of pseudo-holomorphic curve, except Proposition 5.6, which we quote without
proof and Theorem 3.4, which is a minor improvement of an earlier result of [CO].)
There is an alternative way of constructing the ring homomorphism 1, which is
less computational. (This will give a new proof of Proposition 5.6.) We will give
this conceptual proof in a sequel to this paper.
We use the operations

qi,k:6 * H(X;Q)[2] ® BpH(L(u); Q)[1] — H(L(u); Q)[1]

which was introduced by the authors in section 13 [FOOO2]. Using the class z; €
H?(X;Z) the Poincaré dual to 7~ 1(9;P) we put

m

Py (zi) = Z ZTB"’““’/%/ Q1kp, (2 @ b2F). (5.27)
L(u)

k =1

Here we put b = > z;e; and the right hand side is a formal power series of x; with
coefficients in A.

Using the description of the moduli space defining the operators qq .3 (See
section 10.) it is easy to see that the right hand side of (5.27) coincides with the
definition of Z; in the current case. Extending the expression (5.27) to an arbitrary
homology class = of arbitrary degree we obtain

bu() =Y S penesn /L( sz © %), (5.28)

k B;p(B)=deg

Since u(3) = deg 2, q1,k:5(2@b%F) € H™(L(u); Q). One can prove that (5.28) defines
a ring homomorphism from quantum cohomology to the Jacobian ring Jac(POY).
We may regard Jac(PO") as the moduli space of deformations of Floer theories of
Lagrangian fibers of X. (Note the Jacobian ring parameterizes deformations of a
holomorphic function up to an appropriate equivalence. In our case the equivalence
is the right equivalence, that is, the coordinate change of the domain.)

Thus (5.28) is a particular case of the ring homomorphism

QH(X)— HH(Lag(X))

where HH (£ag(X)) is the Hochschild cohomology of Fukaya category of X. (We
remark that Hochschild cohomology parameterizes deformations of A, category.)
Existence of such a homomorphism is a folk theorem which is verified by various
people in various favorable situation. (See for example [Aur].) It is conjectured to
be an isomorphism under mild conditions by various people including P. Seidel and
M. Kontsevich.

This point of view is suitable for generalizing our story to more general X (to non-
Fano toric manifolds, for example) and also for including big quantum cohomology
group into our story. (We will then also need to use the operators qe; mentioned
above for ¢ > 2.)

These points will be discussed in subsequent papers in this series of papers. In
this paper we follow more elementary approach exploiting the known calculation of
quantum cohomology of toric manifolds, although it is less conceptual.
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Remark 5.14. There are two other approaches towards a proof of Proposition
5.6 besides the fixed point localization. One is written by Cieliebak and Salamon
[CS] which uses vortex equations (gauged sigma model) and the other is written by
McDuff and Tolman [MT] which uses Seidel’s result [Sel].

6. LOCALIZATION OF QUANTUM COHOMOLOGY RING AT MOMENT POLYTOPE

In this section, we discuss applications of Theorem 1.9. In particular, we prove
Theorem 1.12. (Note Theorem 1.3 is a consequence of Theorem 1.12.) The next
theorem and Theorem 1.9 immediately imply (1) of Theorem 1.12.

Theorem 6.1. There exists a bijection
M. o(Lag(X)) = Hom(Jac(PO); A°).

Here the right hand side is the set of unital A®-algebra homomorphisms.
We start with the following definition

Definition 6.2. For an element x € A \ {0}, we define its valuation vr(z) as the
unique number A € R such that 7=z € Ag \ A,

We note that vy is multiplicative non-Archimedean valuation, i.e., satisfies
or(z +y) min(vr (), 07 (y)),
or(zy) = vr(z)+o7r(y).

Lemma 6.3. For any ¢ € Hom(Jac(PO,); AC) there exists a unique u € My such
that

v

o7 (e(y;(u))) =0 (6.1)
forallj=1,--- n.

Proof. We still assume Condition 5.11. By definition (5.1) of Z;, homomorphism
property of ¢ and multiplicative property of valuation, we obtain

or(p(Z:)) = bi(u) + Z v o7 ((y;(u))), (6.2)

for i = 1,--- ,m. On the other hand, since ¢;(u) = (u,v;) — A; and (v; ;)i j=1,.- n
is invertible, there is a unique u that satisfies

or(p(z:i) = Li(u) (6.3)
for i =1,---,n. But by the invertibility of (v; ;)i j=1,... » and (6.2), this is equiva-
lent to (6.1) and hence the proof. O

We remark that obviously by the above proof the formula (6.3) automatically
holds for i =n+1,--- ,m and v in Lemma 6.3 as well.

Proof of Theorem 6.1. Consider the maps
Ui(p)=ue Mg,  Ua(p) = (logp(yi(u))e; € H'(L(w);Ao)
i=1
where u is obtained as in Lemma 6.3. Since y;(u) € Ag \ A4 it follows that we
can define its logarithm on Ag as a convergent power series with respect to the
non-Archimedean norm.
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o~

Set (u,b) = (¥1(p), ¥a(p)). Since ¢ is a ring homomorphism from Jac(PO,)
Jac(POF) it follows from the definition of the Jacobian ring that

POy
qsyi ; (0)=0
Therefore by Theorem 3.9, HF (L(u,b), (L(u),b); A) # 0. We have thus defined
U : Hom(Jac(POy); AC) — My o(Lag(X)).

Let (u,b) € M4 o(Lag(X)). We put b = > x,e;. We define a homomorphism
v Jac(PO,) — A by assigning

p(yi(u)) = ™.
It is straightforward to check that ¢ is well defined. Then we define ®(u,b) := ¢.

It easily follows from definition that ® is an inverse to W. The proof of Theorem
6.1 is complete. O

We next work with the (Batyrev) quantum cohomology side.

Definition 6.4. For each z;, we define a A-linear map z; : QH“(X;A®) —
QH*(X;A%) by z;(2) = z; Ug 2, where Ug is the product in QH*(X; A).

Since QH“(X; A) is generated by even degree elements it follows that it is com-
mutative. Therefore we have

Definition 6.5. For w = (w,--- ,1,) € (A®)" we put

QHY(X;w) = {zx € QHY(X;A") | (Zi—w;) 2 =0 fori=1,---,n and large N.}
We say that w is a weight of QH¥(X) if QH“(X;to) is nonzero. We denote by
W (X;w) the set of weights of QH“(X) .

We remark that w; # 0 since z; is invertible. (Corollary 5.10.)

Proposition 6.6. (1) There exists a factorization of the ring
QH®”(X;A%) = H QH“(X;w).
eW (X;w)
(2) There exists a bijection
W(X;w) = Hom(QH" (X; A); A©).
(3) QH¥(X ;1) is a local ring and (1) is the factorization to indecomposables.

Proof. Existence of decomposition (1) as a AC-vector space is a standard linear
algebra. (We remark that AT is an algebraically closed field.) If z € QH“(X; )
and 2/ € QHY(X ;') then

(zi =)V Ug (2Uq 2') = ((z — ;)N Ug 2) Ug 2 =0,
(zi = w})N Ug (2 Ug 2) = ((z: — w})N Uq 2') Ug 2 = 0.

Therefore zUg 2" € QH“(X;0)NQH*(X;w’). This implies that the decomposition
(1) is a ring factorization.

Let ¢ : QH“(X;w) — A® be a unital A algebra homomorphism. It induces a
homomorphism QH“(X;A) — A® by (1). We denote this ring homomorphism by



34 K. FUKAYA, Y.-G. OH, H. OHTA, K. ONO

the same letter ¢. Let z € QH*(X;w) be an element such that ¢(z) # 0. Then
we have
(o(2) = w:) () = p((2i — 10;)Y Ug 2) = 0.
Therefore
w; = p(2;). (6.5)
Since z; generates QHY(X;w), it follows from (6.5) that there is a unique A®
algebra homomorphism : QH* (X ;1) — AC. (2) follows.
Since QH*(X;w) is a finite dimensional A® algebra and AC is algebraically
closed, we have an isomorphism
QH(X;w)
rad
for some k. (Here rad = {z € QH¥(X;w) | 2V = 0 for some N.}) Since there
is a unique unital A®-algebra homomorphism : QH*(X;r) — A®, it follows that
k =1. Namely QH%(X;w) is a local ring.
It also implies that QH*(X;tv) is indecomposable. O

= (A% (6.6)

The result up to here also works for the non-Fano case. But the next theorem will
require the fact that X is Fano since we use the equality QH*(X;A) 2 QH(X; A).

Theorem 6.7. If X is Fano then My (Lag(X)) = M(Lag(X))
Proof. Let 1o be a weight. We take 2 € QH*(X;w) C H(X;A®) = H(X;C) ® A®.
We may take z so that

z€ (H(X;C)®@A§) \ (H(X;C) @ A%).
Since

ziUgz=2zUz modAE_,

where U is the classical cup product. (We use QH“(X;A) = QH(X;A) here.) It
follows that

wi'z = (2;)"(2) = (z:))" Ug z = ()" Uz mod AE
Therefore t; € A as (z;)" Uz =0. (6.3) and (6.5) then imply
&(u) = UT(mi) > 0.
Namely v € IntP. (]

We are now ready to complete the proof of Theorem 1.12. (1) is Theorem 6.1.
(2) is Theorem 6.7. If QH“(X;A®) is semi-simple, then (6.6) and k = 1 there
implies

QH®(X;AC) 2 (AC)#W(X:) (6.7)
as a A algebra. (3) follows from (6.7), Proposition 6.6 (2), and Theorem 6.1. The
proof of Theorem 1.12 is complete. O

We next explain the factorization in Proposition 6.6 (1) from the point of view
of Jacobian ring. Let (u,b) € M4 o(Lag(X)).
Definition 6.8. We consider the ideal generated by
0
awi
i=1,--+,n, in the ring Af[wy, - - ,w,]] of formal power series where b = > x;(b)e;
and y; = e%(®). We denote its quotient ring by Jac(POy; u, b).

‘Bog(yl +wy, - y Yn +wn)
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Proposition 6.9. (1) There is a direct product decomposition :
Jac(PO,) = 11 Jac(POy; u, b),
(w,b)EM 4 0 (Lag(X))

as a ring.

(2) If (u,b) € My o(Lag(X)) corresponds to w € W(X;w) via the isomor-
phism given in Proposition 6.6 (2) and Theorem 6.1, then 1, induces an
isomorphism

Pyt QHY (X w) =2 Jac(POy; u, b).
(3) Jac(POy;u,b) is one dimensional (over A) if and only if the Hessian
9*POg
<3yiayj >i,j—1,~~~ n

)

15 invertible over A at b.

Proof. Let m(u,b) be the ideal generated by y;—y;(b), in Jac(POg). Since Jac(PO,)
is finite dimensional over A it follows that

Jac(PO,) = H Jac(BOo)m(u,b)-
(u,0)€My 0(Lag(X))
Here Jac(*PBOg)m(u,p) is the localization of the ring Jac(BO,) at m(u,b). Using
finite dimensionality of Jac(BO,) again we have Jac(PBOg)m(u,p) = Jac(POg; u, b).
(1) follows.
Now we prove (2). If z € QH“(X;w) then (z; — w;)Vz = 0. Let m,, :
Jac(PO,) — Jac(POy; u, b) be the projection. We then have

(Tei(u)yfi,l Cylim mi)Nﬂ'u,b(wu(Z» =0. (6.8)
‘We remark that
ro; = T4 )y’f’ivl gV (6.9)

if w; corresponds (u/,b’) and y} are exponential of the coordinates of b'. We define
the operator y; : Jac(POy; u, b) — Jac(POy; u, b) by

Ui(x) = yx.
By definition of Jac(PO; u, b) the eigenvalue of g; is e”', where b = > x;e;. There-

fore (6.8) and (6.9) imply that m, (¢, (2)) = 0 unless (u,b) = (u,d’). (2) follows.
(3) is a standard fact on Jacobian ring. So we omit the proof. O

We recall that a symplectic manifold (X, w) is said to be (spherically) monotone
if there exists A > 0 such that ¢;(X)Na = A[w] Na for all & € m2(X). Lagrangian
submanifold L of (X,w) is said to be monotone if there exists A > 0 such that
w(B) = dw(p) for any B € mo(X, L). (Here p is the Maslov index.) In the monotone
case we have the following :

Theorem 6.10. If X is a monotone compact toric manifold then there exists a
unique ug such that

M(Lag(X)) C {uo} x A

i.e., whenever (u,b) € M(Lag(X)), u=ug. Moreover L(ug) is monotone.

Remark 6.11. Related results are discussed in [EP1].
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Proof. Since X is Fano, we have QH%(X; A) = QH(X;A). We assume ¢ (X)Na =
Aw] Na with A > 0. We define U, by

rUgy=aUy+ Z T2 Uy .
aemy(X)\{0}

Then
deg(x Uy y) =degz +degy —2¢1(X) N =degz + degy —2ManNw]. (6.10)

We define
Odeg(T) = 2X, Vgeg(x) =degz (for x € H(X;Q)).

Ddeg 1s a multiplicative non-Archimedean valuation on QH (X; A) such that v4es (aUg
b) = Vgeg(a) + Ve (b), by virtue of (6.10). Moreover for ¢ € A and a € QH(X;A)
we have vgeg(ca) = 2X07(c) + Vgeg(a). Now let w be a weight and x € QHY(X; w).
Since vaeg(2;) = 2 it follows that

2007 (10;) 4 Vdeg (%) = Vdeg(2i7) = 2 + bgeg ().

Therefore if (u,b) corresponds to to then ¢;(u) = vr(w;) = 1/A. Namely v is
independent of w. We denote it by ug.

For 8; € Hy(X, L(ug)) (i =1,---,m) given by (5.7), we have w(5;) = £;i(ug) =
1/A. Hence u(8;) = 2Aw(6;). Since §; generates Ho (X, L(ug)), it follows that L(ug)
is monotone, as required. (Il

So far we have studied Floer cohomology with AC-coefficients. We next consider
the case of AF coefficient where F is a finite Galois extension of Q. We choose F'
so that each of the weight tv lies in (AL)". (Since every finite extension of A€ is
contained in such A we can always find such an F.) Then we have a decomposition

QHY(X;A") = ] QH“(X;m;F). (6.11)
eW (X;w)

It follows that the Galois group Gal(F/Q) acts on W (X;w). It induces a Gal(F/Q)
action on M, o(Lag(X)). We write it as (u,b) — (o(u),o(b)). We remark the
following:

Proposition 6.12. (1) o(u) =u.
(2) We write by y;(b) the ezponential of the coordinates of b. Then y;(b) € A
and yi(o (b)) = o (y:(b))-
(3) If QH*(X;A9) is indecomposable, there exists ug such that whenever (u,b) €
My 0(Lag(X)), u = uo.
Proof. Let w;(b) corresponds to (u,b). Then
ti(o(u)) = vp(wi(o(u,b))) = vr(ow;(u, b)) = vr(wi(u,b)) = £i(u).

(1) follows. (2) follows from the definition and (1). (3) is a consequence of (1). O

Am monotone blow up of CP? (at one or two points) gives an example where
the assumption of Proposition 6.12 (3) is satisfied.
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7. FURTHER EXAMPLES AND REMARKS

In this section we show how we can use the argument of the last 2 sections to
illustrate calculations of M (Lag(X)) in examples.

Example 7.1. We consider one point blow up X of CP?. We choose its Kihler
form so that the moment polytope is

P ={(u1,u2) | 0 <uy,ug, ug +uz <1, up <1—aj},
0 < a < 1. The potential function is
;po — leul + y2Tu2 + (ylyg)_lTl_“l_“2 + yQ—ITl—a—uz.

We put 21 = 51T, 2y = 12T, Zg = (y1ya) 1T 7742, 24 = gy (T,
The quantum Stanley-Reisner relation is

Z1Z3 = 24T, ZoZs =T 79, (7.1)
and linear relation is
Z1—23=0, Zo—23—724=0. (7.2)
We put X =7%; and Y = Z5 and solve (7.1), (7.2). We obtain
X3(T*+ X) =T, (7.3)

with Y = X + T-*X2. We consider valuations of both sides of (7.3). There are
three different cases to consider.

(Case 1: vr(X) > «). (7.3) implies 3o7(X)+a =1+ «. Namely vr(X) =1/3. So
a < 1/3. Moreover by (Y) = 1/3. We have u; = vp(X) =1/3, ug = o0 (Y) = 1/3.
(See Lemma 6.3.) It easily follows from consideration of the leading term equation
of (7.3) that we have three solutions for b : Writing X = a;T"/3 4 a;T*+ higher
order terms with A > 1 and substituting this into (7.3), we get the leading term
equation a3 = 1 which has 3 simple roots.

(Case 2: vr(X) < ). By taking the valuation of (7.3) we obtain u; = vp(X) =
(1 + a)/4. Hence a > 1/3. Moreover ug = vp(Y) = (1 — a)/2. There are four
solutions.

(Case 3: v7(X) = ). We put X = a; T +asT*+ higher order terms where A > a.
(Case 3-1: a1 # —1). By taking valuation of (7.3), we obtain u; = vp(X) = 1/3.
Then o = 1/3 and us = vp(Y) = 1/3. (7.3) becomes

ai+a} —1=0. (7.4)

(In this case X = a;T“ has no higher term.) There are four solutions. We remark
that (7.4) is irreducible over Q. Namely the assumption of Proposition 6.12 (3) is
satisfied. Actually X is monotone in the case a = 1/3. Hence the same conclusion
(uniqueness of ) follows from Theorem 6.10 also.
(Case 3-2: a; = —1). By taking valuation of (7.3), we obtain A =1 —2a. A > «
implies & < 1/3. ug = vp(Y) =1 —2a. (u1 = v7(X) = «.) There is one solution.
In summary, if o < 1/3 there are two choices of u = (o, 1 — 2a),(1/3,1/3). On
the other hand the numbers of choices of b are 1 and 3 respectively.

If & > 1/3 there is the unique choice u = ((1+ «)/4, (1 — «&)/2). The number of
choices of b is 4.

We next study the non-Fano case. We will study Hirzerbruch surface F,,. Note
I, is one point blow up of CP? which we have already studied. We leave the case
F5 to the reader.
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Example 7.2. We consider Hirzerbruch surface F,,, n > 3. We take its Kéahler
form so that the moment polytope is
P = {(u1,u2) | 0 <uy,ug, uy +nug <n, ug <1—a},
0 < a < 1. The leading order potential function is
‘BDO _ leul + szuz + yl—lyz—nTnfulfnug + yz—lTlfafug.
We put 2 = gy T, Zp = yoT™2, Zg = yy 'yy "I "2, 3y = yy ' T2,
The quantum Stanley-Reisner relation and linear relation gives
Z1Z3 = 24T, ZoZy =TI, (7.5)
zZ1 — 23 =0, Zo —nz3 —Z4 = 0. (7.6)
Let us assume n is odd. We put
2= 2", Za= 22T
(In case n = 2n’ is even we put z; = Z"/7 Z4 = £ZT . The rest of the argument
are similar and is omitted.) Then zZp = T~*Z% +nZ"™ and
ZAnZ" 2 4T =T. (7.7)
(Case 1: (n—2)vp(Z) > —a). In the first case, we have v (Z) = (a+1)/4. (Then
(n—2)op(Z) > —a is automatically satisfied.) Therefore u; = vr(z1) = n(a+1)/4,
us = vp(22) = (1 — «)/2. We also can check that there are 4 solutions. We remark
that we are using PO, in place of PBO. However we can easily check the strongly
nondegeneracy condition of Corollary 9.5 in our case and hence each critical point

of PO corresponds to a unique critical point of PO with the same u. Hence L(u)
is balanced.

(Case 2 : (n—2)op(Z) < —a). We have vp(z) = 1/(n + 2). This can never occur
since 1/(n+2) > 0> —a/(n — 2).
(Case 3 : (n —2)or(Z) = —a). We put Z = a;T~*/("=2) 4 ayT*+ higher order
term.
(Case 3-1: na}~? # —1). Then vy (Z) = (a+1)/4. Since (a+1)/4 # —a/(n—2),
this case never occur.
(Case 3-2 : nat™? = —1). We have 4vr(Z) + (n — 3)vr(Z) + X = 1. Therefore
n—2+(n+1a

n—2 '

A=

‘We have

no n—2+ 2«
— ug =vr(z)=1—a—vp(zy) = ——

Thus (u1,us) is not in the moment polytope.

ulsz(zl):f n—2

In Example 7.2, we have
M(Lag(X)) # My o(Lag(X)).
On the other hand, the order of M(Lag(X)) is 4 and is equal to the Betti number.

Conjecture 7.3. Let X be a compact toric manifold which is not necessarily Fano.
If QH(X; A) is semi-simple then

> rank Hy(X;Q) = #(M(Lag(X))).
d
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We next discuss the version of the above story where we substitute some explicit
number into the formal variable T'. We define a Laurent polynomial

Y‘]31)16,T:t € (C[ylv aynay1_17"' ayrjl}

by substituting a complex number ¢ € C\{0}. In the same way we define the algebra
QH“(X;T = t;C) over C by substituting T" = ¢ in the quantum Stanley-Reisner
relation. The argument of section 5 goes through to show

QH®(X:T = C) = Jac(POY r_,)- (7.8)

In particular the right hand side is independent of u up to an isomorphism. Here
the C-algebra in the right hand side of (7.8) is the quotient of the polynomial
ring Cly1, - ,Yn,¥; 5 -, ¥, '] by the ideal generated by OPOo7—t/0yi- (i =
1,---,m.)

We remark that right hand side of (7.8) is always nonzero, for small ¢, by Propo-

sition 3.6. It follows that the equation

R%r= _, (7.9)

Ayi

has a solution y; # 0 for any u. Namely, as far as the Floer cohomology after T' =t
substituted, there always exists b € H*(X;C) with nonvanishing Floer homology.
Since the version of Floer cohomology after substituting 7' = ¢ is not invariant
under the Hamiltonian isotopy, this is not useful for the application to symplectic
topology. (Compare this with section 14.2 [CO].)

The relation between the set of solutions of (7.9) and that of (3.9) is as follows
: Let (ygc)(t; u), - ,yff) (t;u)) be a branch of the solutions of (7.9) for ¢ £ 0 where
c is an integer with 1 < ¢ < [ for some [ € N. We can easily show that it is a
holomorphic function of ¢ on C \ {0}. We consider its behavior as ¢ — 0. For
usual u the limit either diverges or converges to 0. However if b = > z,e; lies in
Mo(Lag(X)) then there is some ¢ such that

}i_{% ygc) (t;u) € C\ {0} and that yic) (t;u) = e™®),

The rest of this section owes much to the discussion with H. Iritani and also to
his papers [Iril], [Iri2]. The results we describe below will not be used in the other
part of this paper.

We go back to the discussion on the difference between two moduli spaces
Mo(Lag(X)) and My o(Lag(X)). We recall that we did not take closure of the
ideal (P(X) + SR,(X)) in section 5. This is actually the reason why we have
Mo (Lag(X)) # M4 o(Lag(X)). More precisely we have the following Proposition
7.4.

We consider the polynomial ring Alzy, - , 2mm]. We define its norm || - || so that

g azzyt - 2im || = exp < inf UT(a;)> .
- 7
7

We take the closure of the ideal (P(X) 4+ SR, (X)) with respect to this norm and
denote it by Clos(P(X) + SR, (X)). We put

A[Zla"' ;zm]

QX0 = G tp(x) + SR ()

(7.10)
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Let W& (X;w) be the set of all weight such that the corresponding (u,b) satisfies
u € Int P. We remark that w € W (X;w) if and only if vp(r;) > 0 for all 7.

Proposition 7.4 (Iritani). There exists an isomorphism

QH (X;A% = ] QH*(X;w).

weWseo(M;w)

Proof. Let to € W(X;w) \ W8®°(X;w). We first assume vp(to;) = —A < 0. (The
case vr(to;) = 0 will be discussed at the end of the proof.)

Then, there exists f € Ay \ Ay such that T*fro; = 1. Let * € QH“(X; ).
We have T* fz;x = x. Since limy_oo ||(f2T*)V|| = 0, it follows that x = 0 in
QH"(X;AS).

We next assume vp(to;) > 0 for all .. We consider the homomorphism

@ Alz1, 0 2m] = Homy (QH® (X w), QH (X ),
defined by
o)) = 2 Ug .

We have p(P(X) + SR,(X)) = 0. We may choose the basis of QH¥(X;w)
so that ¢(z;) is upper triangular matrix whose diagonal entries are all tv; and
whose off diagonal entries are all 0 or 1. We use it and vy(w;) > 0 to show
that ¢(Clos(P(X) + SR,(X))) = 0. Namely ¢ induces a homomorphism from
Q—HW(X :A). Tt follows easily that the restriction of the projection QH* (X ; A®) —
QH”(X;A%) to QH*(X; ) is an isomorphism to its image.

We finally show that for v € 9P, there is no critical point of PO, on (Ag\ AL)™.

Let
iel igl
Then
PO, = Zyiji’l coeyrir mod A
i€l

We remark that v; (i € I) is a part of the Z basis of Z", since X is nonsingular toric.
Hence by changing the variables to appropriate y; it is easy to see that there is no
nonzero critical point of Y-, ;yy*" - yn"" = >, yi. The proof of Proposition
7.4 is now complete. O

To further discuss the relationship between contents of sections 5 and 6 and
those in [Iri2], we compare the coefficient rings used here and in [Iri2]. In [Iri2] (like
many of the literatures on quantum cohomology such as [Gil]) the formal power
series ring Q|[[q1, -+ , ¢m—n]] is taken as the coefficient ring. (m — n is the rank of
H?(X;Q) and we choose a basis of it.) The superpotential in [Iri2] (which is the
same as the one used in [Gil]) is given as 2

Fo=> | IT @ IIs7 - (7.11)

i=1 \ a=1 j=1
Here I, ; is a matrix element of a splitting of Ho(X;Z) — Ho(X,T";Z). We will
show that (7.11) pulls back to our potential function POy after a simple change of

2We change the notation so that it is consistent to ours. m,n,v; ; here corresponds to r + N,
T, ®; p in [Iri2], respectively.



LAGRANGIAN FLOER THEORY ON COMPACT TORIC MANIFOLDS I 41

variables. Let o, € H3(X;Z) be the basis we have chosen. (We choose it so that
[w] N o is positive.)

Lemma 7.5. There exists fj(u) €R (j=1,---,n) such that
1
% Z la,i[u}] Naoag = Ez(u) - Zvi7jfj(u).
a j

Proof. We consider the exact sequence
0 — Hy(X;Z) - Ha(X, L(u); Z) — Hy(L(u); Z) — 0.

1, ,Cm) € Ha(X, L(u); Z) is in the image of Hy(X;Z) if and only if ). c;v; =
0. (Here v; = (vi1, -+ ,vin) € Z™.) For given o € Hy(X,Z) denote i,(a) =
(c1,-+ ,¢m). Then we have

Z[w] Neilgicg =wNa = 27TZ cili(u),

a

This implies the lemma. U
We now put
do = TINGe/2n () — THy, (7.12)
We obtain the identity
Fo(si(u), -+ sn(u)) = PO (Y1, -+ 1 yn)- (7.13)
We remark that if we change the choice of Kéahler form then the identification
(7.12) changes. In other words, the story over Ql[g1," - ,¢m—n]] corresponds to

studying all the symplectic structures simultaneously, while the story over A focus
on one particular symplectic structure.

In [Iri2] Corollary 5.12, Iritani proved semi-simplicity of quantum cohomology
ring of toric manifold with coefficient ring Q[[q1,- " ,@m-n]]- It does not imply
the semi-simplicity of our QH“(X;A) since the semi-simplicity in general is not
preserved by the pull-back. (On the other way round, semi-simplicity follows from
semi-simplicity of the pull-back.) However it is preserved by pull back at a generic
point. Namely we have:

Proposition 7.6. The set of T"-invariant symplectic structures on X for which
Jac(POG) is semi-simple is open and dense.

Proof. We give a proof for completeness, following the argument in the proof of
Proposition 5.11 [Iri2]. Consider the polynomial

m
_ Vi, 1 Vi,
Foyo v, = E Wiy Y
i=1

where w; € C\ {0}. By Kushnirenko’s theorem [Ku] the Jacobian ring of Fy, ... w,,
is semi-simple for a generic wy, -+ , wy,. We put

1
wi = exp | 5 Z loilw]Na+ va'fj (u)
a j

It is easy to see that when we move [w] N, and u (there are m — n, n parameters
respectively) then w; moves in an arbitrary way. Therefore for generic choice of w
and u, the Jacobian ring Jac(POY) is semi-simple. Since Jac(POg) is independent
of u up to isomorphism, the proposition follows. O
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Remark 7.7. Combined with Theorem 1.9, this proposition gives a partial answer
to Question in section 3 [EP2].

8. VARIATIONAL ANALYSIS OF POTENTIAL FUNCTION

In this section, we prove Proposition 3.6. Let BO be defined as in (3.6).
We define
s1(u) = inf{l;(u) |i=1,--- ,m}.
s1 is a continuous, piecewise affine and convex function and s; = 0 on 0P. Recall
if u € 9; P then ¢;(u) = 0 by definition.
We put
Sy = sup{s1(u) | u € P},
P ={ueP]|si(u)= 251}
Proposition 8.1. There exist si, Sk, and Py with the following properties.
(1) Py is a convex polyhedron in Mg. dim P, < dim P,_; — 1.
2) sgp+1: Pr — R is a continuous, convex piecewise affine function.
) Skr1(w) = inf{l;(u) | £;(u) > Sk} for u € IntPy.
) Sk+1(u) = Sk for u € OP.
) Sk+1 =sup{si+1(u) | u € Py}
) Pry1={u € Py | sps1(u) = Sky1}.
) Py C Inthy.
) Sk, Sk, P are defined fork =1,2,--- | K for some K € Z and Pk consists
of a single point.

Example 8.2. Let P = [0,a]x[0,b] (a < b.) Then s1(u1, us) = inf{uy, us, a—uy, b—
ug}. S1=a/2, P = {(a/2,u2) | a/2 <ug < b—a/2}, s2(1/2,us) = inf{uz,b—ua},
Sz =b/2, P, ={(a/2,b/2)}.
Proof. We define sy, S, P inductively over k. We assume that si, Sk, Py are
defined for k = 1,--- , kg so that (1) - (7) of Proposition 8.1 are satisfied for k =
1o ko — 1.

We define si,+1 by (3) and (4). We will prove that it satisfies (2). We use the
following lemma for this purpose.

(
(
(
(
(
(
(

Lemma 8.3. Let u; € IntPy, and lim; oo 4j = U € OPy,. Then
Jim sk 1 (1) = Sko-

Proof. We put

Iy = {4i | li(uoo) = Sk, }- (8.1)
We take the affine space A; C Mg such that IntPy, is an open subset of A4;. We
take 4 € T, A; such that u + e@ ¢ Py, for sufficiently small positive e. We use
Proposition 8.1 (7) for k = kg — 1. Then we have u + €t € Pjy_1.

Therefore we have
Sk (U + €U) < Sk, -

It follows that there exists ¢; € Ii, such that

Zl(u + 6’17:) < éi(uoo) < EZ(U — €ﬁ) (82)

Since (8.2) holds for any @ € T, A' with u + e ¢ Py,, it follows that, for any
sufficiently large j there exists ¢ € I such that

&(uj) > Sko' (83)
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Therefore
Skot1(u;) = inf{li(u;) [ £; € Iny, Ci(u;) > Sk} (8.4)
This implies the lemma. O

Lemma 8.3 implies that sj,4+1 is continuous and piecewise linear in a neighbor-
hood of OPy,. We can then check (2) easily.

We define Si,+1 by (5). Then we can define Py,11 by (6). (In other words the
right hand side of (6) is nonempty.) (7) is a consequence of Lemma 8.3. We can
easily check that Pj,11 satisfies (1). (We remark that ¢; is not constant.) We can
continue the induction until Py, becomes 0-dimensional (namely a point). Hence
we have (8). The proof of Proposition 8.1 is now complete. O

The next lemma easily follows from construction.
Lemma 8.4. If all the vertices of P lie in Q™ then ug € Q™. Here {up} = Pk.

By parallelly translating the polytope, we may assume, without loss of generality,
that up = 0, the origin. In the rest of this subsection, we will prove that PO° has
a critical point on (Ap \ A;)™. More precisely we prove Proposition 3.6 for ug = 0.
(We remark that if P and ¢; are given we can easily locate ug.)

Example 8.5. Let us consider Example 7.1 in the case v > 1/3. At ug = ((1 +
«@)/4, (1 —a)/2) we have
PO = (y2 +y5 VT2 + (g1 + (yry2) T/,

Therefore the constant term ;.0 of the coordinate y; of the critical point is given
by

1—950=0, 1-93p56=0. (8.5)
Note the first equation comes from the term of the smallest exponent and contains
only 12.,0. The second equation comes from the term which has second smallest
exponent and contains both 1.0 and t2,0. So we need to solve the equation induc-

tively according to the order of the exponent. This is the situation we want to work
out in general.

We remark that the affine space A; defined above in the proof of Lemma 8.3
MR:AoDAlD-“DAK,l DAK:{O}
is a strictly decreasing sequence of linear subspaces such that Int P, is an open
subset of Aj. Let
AlL C (M]R)* = NR
be the annihilator of A; C Mg. Then we have
{0} =Ay CAf C - C Aj_; C Aj = Ng.

We recall that the formula (8.1) in our case is

I = {6 6:(0) = Si, (8.6)
for k=1,---, K. We renumber |J, I} so that
{lejli=1,-,a(k)} = I (8.7)

By construction
su(u) = inf £, (u) (8.8)
J
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in a neighborhood of 0 in Py_;. In fact sx—1(0) = Skp_1 < Sp = sx(0) and
{61(0) | i = 13 T 7m} N (Sk—la Sk) = 0.

Lemma 8.6. If u € Ay, then 4y ;(u) = Sk.

Proof. We may assume k < K. Hence 0 € IntP,. We regard u € Ay = ToAx. By
(8.8), we have

sk(euw) = inf{ly j(ew) | j=1,--- ,a(k)}.
Since sy (eu) = Sy, for eu € Py, it follows that 5 j(u) = Sk. O
Lemma 8.6 implies that the linear part dfj, j of £, ; is an element of A} C t = Ng.

In fact if £ ; = ¢;, we have d{;_; = v; from the definition of ¢;, ¢;(u) = (u,v;) — X\
given in Theorem 2.13.

Lemma 8.7. For any v € Ai‘, there exists nonnegative real numbers c; > 0,
j=1,--- a(k) such that
a(k)

v= Y cidly; € Ay

j=1
Proof. Suppose to the contrary that
a(k)
0= Y el |e; 20, =1, alk) g AL, =0,
j=1

Then we can find u € Ap_1 \ Ag such that
b5 () > 0 (5.9)

forall j=1,---, a(k).
Since eu € Ap_1 \ A it follows that

sk(su) < Sk

for a sufficiently small e. On the other hand, (8.9) implies d/ ;(su) > 0 for all
e > 0 and so £ j(eu) > 0y ;(0) = Si. Therefore by definition of s in Proposition
8.1 we have

This is a contradiction. O

Applying Lemma 8.7 inductively downwards starting from ¢ = k ending at £ = 1,
we immediately obtain the following

Corollary 8.8. For any v € Aj-, there ewist cj =0 forl =1,---,k, j =
1,-+-,a(l) such that
k a(l)

V= Z Z Cl’jd&’j.

1=1 j=1

‘We denote

K
I={ti=1,- m}\ |J I (8.10)
k=1
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It is easy to see that

LeTd=£(0)> Sk. (8.11)
Now we go back to the situation of (3.6). We use the notation of (3.6). In this
case, for each k = 1,--- | K, we also associate a set Jj consisting of pairs (¢, p) with

an affine map ¢/: Mr — R and p € R..
Definition 8.9. We say that a pair (¢,p) = ({},p;) is an element of Jj if the
following holds :
(1) If €% # 0 then /; € Ule I;. (Note £ = Y7 eil;.)
(2) (1) does not hold if we replace k by k — 1.
A pair (¢,p) = (£}, p;) as in (3.6) is, by definition, an element of Jf 1 if it is not

contained in any of Jx, k=1, --- , K.

Lemma 8.10. (1) If (¢, p) € Ty, then dl € Aj-.
(2) If (¢, p) € Ty, then £(0) + p > S.
(3) If (¢, p) € Try41 then £(0) + p > Sk.

Proof. (1) follows from Definition 8.9 (1) and Lemma 8.6.
If (¢, p) = (¢}, p;) € Ty then there exists e} # 0, £; = {4 j. Then
K(O) +p> 6;&(0) +p; > 61(0) =Sk
(2) follows. The proof of (3) is the same. O

Lemma 8.11. The vector space Ay is defined over Q.

Proof. Ay is defined by equalities of the type ¢; = Sk on Ag_;. Since the linear
part of ¢; has integer coefficients, the lemma follows by induction on k. O

We put d(k) = dim Ay — dim Ay = dim A,Jc- - dimAé;l. We choose e, €

2,

Hom(Mg,Q) 2 Ng (1t =1,--- ,K, j=1,---,d(k)) such that the following condi-
tion holds. Here Mg =M ® Q and Ng =N ®Q
Condition 8.12. (1) €1, €} g is a basis of At C Ng.

(2) dzk,j = Zk’,j’ ’U(k’j)’(k/’j/)ez,’j, with U(k:,j),(k’,j’) € 7.

(3) If (¢,p) € Ty or L €T, then dl =}y, . v (r joy€5s j» With ve xr j1y € Z.

We identify R™ with H!(L(u); R™) in the same way as Lemma 3.3 and let z, ; €
Hom(H'(L(u);R),R) be the element corresponding to e;, ; by this identification.

In other words, if
* *
€kj = E :a(k,j);iew
i

where e] is as in Lemma 3.3, then we have
Thyj = E :a(k,j);ixi'
i
We put yi ; = e**3. We define

K d(k

)
Yikg) = 1T TL o (8.12)

k'=1j'=1
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And for (¢, p) € Ty or £ € J, we define

K d(k)

O=1]TTv5"" (8.13)

k=1 j=1
By Theorem 3.5 there exists ¢y, ,) € Q such that :

K a(k)

O Yk ) | T+ Y ()T

k=1 \j=1 0T
K+1

+3 > cupY (T,

k=1 (£,p)€Ts
Lemma 8.13. (1) If &' <k then
oY (K',j")
Wk

(8.14)

=0. (8.15)

(2) If (¢,p) € T, k' <k then
Y (¢)
Yk, j

(3) If (£, p) € Ti then £(0) + p > Si..
(4) If (¢,p) € Tx+1 then £(0) + p > Sk.
(5) If £ €T then ¢£(0) > Sk.

=0. (8.16)

Proof. Since dly ;o € Az, by Lemma 8.6 it follows that v jr) k) = 0 for k > k.
(1) follows. (2) follows from Lemma 8.10 (1) in the same way. (3) follows from

Lemma 8.10 (2). (4) follows from Lemma 8.10 (3). (5) follows from (8.11). O
Now equation (3.9) becomes
_opo°
Yk,

We calculate this equation using Lemma 8.13 to find that it is equivalent to :

a(k)

oY (k j 8Y( 3 s, —s
0= 77" k! TPk
8.17
K+1
+ Z Z )TK(O)er Sk +Z é)Tl(O)fsk.
—k £0) 8y ayk,j
(€,p)ETp €eT

Note the exponents of T in the second, third, and fourth terms of (8.17) are all
strictly positive. So after putting 7' = 0 we have

a(k) X
oY (k,j')
0= E —_—. 8.18
j'=1 8yk77 ( )

Note that the equation (8.18) does not involve T but becomes a numerical equation.
We call (8.18) the leading term equation.
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Lemma 8.14. There exist positive real numbers 9y j.0, k=1,--- | K, j=1,--- ,d(k),
solving the leading term equations for k=1,--- | K.

Proof. We remark the leading term equation for k,j contain the monomials in-
volving only yi ; for k' < k. We first solve the leading term equation for k = 1.

Denote
a(l)

fl(xl,la e axl,d(l)) = Z Y(17J)
j=1
It follows from Corollary 8.8 that for any (z1,1,---,%1,4(1)) # 0, there exists j such
that
dly (w11, 2 ,401)) > 0.
Therefore, we have

Jim fi(teya, - e a)) 2 im Cexp(tdly (e, 5 21a))) = F00.
Hence fi(1,1,---,%1,4(1)) attains its minimum at some point of R4V Taking its

exponential, We obtain ; ;.0 € R\ {0}.
Suppose we have already found vy ;.0 for £ < k. Then we put

a(k)
Fip(@1,1, s Tp1s 0 5 Thah) ZYk‘J
and
Je(@r,  Tham)) = Fr(r,100 0 e 1,d(k—1):00 Tyl " > Thod(k))

where rx j.0 = log 9y j.0. Again using Corollary 8.8, we find

tlggo Se(tzr, -ty qm)) = +00.
for any (2,1, , Tk,am)) # 0. Hence fr(wg1, -+, Tpak)) attains a minimum and
we obtain 1y ;.0. Lemma 8.14 now follows by induction. [l

We next find the solution of our equation (3.10) or (3.11). We take a sufficiently
large N and put

a(k) a(k’)

Y (K, 7)), 5. g
kN*ZijJ“ZZ I Tk *
k'>k j'=1 J
+ ), YOO (8.19)
€3, 1(0)<N
K+1

+ 0y > clopY (£)THO =5,

W=h+1 (£,0) €3, £(0)+p<N
We remark that (3.10) is equivalent to

opO?
%(gl,.-.,gn)zo mod TN~ 5k k=1,---,K,j=1,---,a(k). (8.20)
k,j

We also put
a(k)

TO) = D_ Y (k.j).

Jj=1
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It satisfies 0
PO, = POL y mod Ay (8.21)
For given positive numbers R(1),--- , R(K) we define the discs
D(R(K)) = {(xk1 -+ Thag) | 221+ + 27 gy < R(k)} C RUK)
and the poly-discs

D(R(-))

K
[ o&x))
k=1

= {(xl,l"' ,«TK,d(K)) | :L‘i’l 4+ .. +x2,d(l€) < f%(k)7 k=1, 7K}

‘We factorize p
R" = [ RY™.
k=1

Then we consider the Jacobian of &B—Dg

VPO, : R" — RI®)
i.e., the map
B0,
Oz

(Zﬁl,h cee ,ZCK,d(K))) . (8.22)

(?1,1,"' ,ZCK,d(K)) = (
J=1,--,d(k)

We remark that V‘B_DZ depends only on R4 x ... x RU¥) components.
Combining all V‘B_DZ, k=1,---,K (8.22) induces a map
V‘p—DO :R" — R"
defined by
VD’ = (VED), -, VED).
The next lemma is closely related to Lemma 8.14.

Lemma 8.15. We may choose the positive numbers R(k) for k =1,--- , K such
that the following holds :

(1) V‘B—DO is nonzero on O(D(R(-))).
(2) The map : (D(R(-))) — S~ 1
VEO
L —
VRO

0

has degree 1.
Proof. We first prove the following sublemma by an upward induction on kg.

Sublemma 8.16. There exist R(k)’s for 1 < k < K such that for any given
1 < ko < K we have

d(ko) ——0

OFD
> ko (T11,  Thg (ko)) > 0 (8:23)
j=1 axk()vj

if (T, Thgey) € D(R(K)) for all1 <k < ko —1 and (Tro,1, - Th,d(ky)) €
OD(R(ko)).
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Proof. In case kg = 1 the existence of R(1) satisfying (8.23) is a consequence of
Corollary 8.8. We assume that the sublemma is proved for 1,--- ko — 1.

For each fixed x = (21,1, , Txy—1,d(ko—1)) We can find R(ko)x such that (8.23)
holds for (zyy1, "+, kg (k) € R¥¥0)\ D(R(ko)x/2). This is also a consequence
of Corollary 8.8.

We take supremum of R(kg)x over the compact set x € Hﬁ:ll D(R(k)) and
obtain R(kg). The proof of Sublemma 8.16 is complete. O

It is easy to see that Lemma 8.15 follows from Sublemma 8.16. (]

We now use our assumption that the vertices of P lies in Mg = Q" and that
p; € Q. Replacing T' by T' I/M! if necessary, we may assume that all the exponents
of yi,; and T appearing in (8.19) are integers. Then

‘BDE,N = mDQ,N(yl,l, L YRdk); )
are polynomials of yy ;, y; ; and T'. Define the set X by the set consisting of
(1,1, s Kak); @) € (RE)" xR

that satisfy

IPOL N
: sty s ; = 07 8.24
Dyrs (911 VK ,d(K) q) ( )

fork=1,--- ,K,j=1,---,d(k). Clearly X is a real affine algebraic variety. (Note
the equation for y; are polynomials. So we need to regard y; (not x;) as variables
to regard X as a real affine algebraic variety. )

Consider the projection

T: X =R, w11, 9K4K);9) =4
which is a morphism of algebraic varieties.
Lemma 8.17. There exists a sufficiently small € > 0 such that if |q| < € then
T ) n{(e™, -+ e™) | (w1, wn) € D(R())} # 0.
Proof. We consider the real analytic g-family of polynomials
‘ng,mq(yl,la T 7yK,d(K)) = ;'BD%N(yl,la T 7yK,d(K)§Q)-
Then o
Y~]3532,N,0 = s33531€,N (8'25)
Replacing ‘B—DZJ\, by %D%Nﬂ, we can repeat construction of the map
V‘BD?\LQ :R" — R"”
for each fixed g € R in the same way as we defined V‘B—DO. Then the conclusion of
Lemma 8.15 holds for V‘BD?V,q if |¢| is sufficiently small. (This is a consequence of

Lemma 8.15 and (8.25).) Lemma 8.17 follows from elementary algebraic topology.
O

Lemma 8.17 implies that we can find

Do = (91,10, > Dr,a(k)0) € (R {0})"

and a sequence

(Uthh) = (U}ll,l;Oa e 7U}IL(,d(K);O; qh) € X cR™!
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h=1,2,--- such that ¢, > 0 and limy,_ (9r, qrn) = (no, 0). Therefore by the curve
selection lemma (Lemma 3.1 [Mi]) there exists a real analytic map

v:[0,€) = X

such that v(0) = (19,0) and 7(y(¢t)) > 0 for ¢ > 0. We reparameterize (t), so
that its g-component is t%/°, where a and b are relatively prime integers. We put
T =t ie., t =T"% and denote the yj, j-components of y(t) by

oo
Ve = Dk + O DT
=1
Since v(t) € X, the element (9, ;),; € (A \ A% )" is the required solution of (3.10).
Since PO, contains only a finite number of summands, we can take PO, y =
PO,. Therefore we can find a solution of (3.11) for PO,,.
The proof of Proposition 3.6 is now complete. |

9. ELIMINATION OF HIGHER ORDER TERM IN NONDEGENERATE CASES

In this section, we prove a rather technical (but useful) result, which shows that
solutions of the leading term equation (8.18) correspond to actual critical points
under certain non-degeneracy condition. For this purpose, we slightly modify the
argument of the last part of section 8. This result will be useful to determine
M(Lag(X)) in the non-Fano case. In fact it shows that we can use PO, in place
of PO in most practical cases. We remark that we explicitly calculate O, but do
not know the precise form of PO in the non-Fano case.

In order to state the result in a general form, we prepare some notations. Let
ug € Int P. (In section 8, ug is determined as the unique element of Px defined in
Proposition 8.1. The present situation is more general.)

We define positive real numbers S; < S < --- by

{&(UO) ‘2:17 am}:{ShSQ? ,Sm’} (91)
and the sets
I, = {; | €i(uo) = Sk}, (9.2)
for k=1,---. We renumber | J,, I} so that
{ng | ] = 1a e 7a'(k)} = Ik~ (93)

Definition 9.1. Let All be the linear subspace of Ng spanned by df;; k < I,
j < a(k). We define K to be the smallest number such that A% = Ng

Note our notations here are consistent with one in section 8 in case {up} = Pk.
We define J and Jj by (8.10) and Definition 8.9. Then Lemma 8.10 and (8.11)
hold. We choose e} ; € Hom(Mg, Q) such that Condition 8.12 is satisfied. (Note
All is defined over Q.) z;; and y; ; then are defined in the same way as section 8.
We define Y (k, j) by (8.12) and Y (£) by (8.13). Then (8.14) and Lemma 8.13 hold.

We remark that Corollary 8.8 does not hold in general in the current situation.

In fact we can write
ko a(l)

v = Z Z Cl7ljdfl,j.

1=1 j=1
under the assumption of Corollary 8.8 but we may not be able to ensure ¢; ; > 0.
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Definition 9.2. (1) We call

j'=1
the leading term equation at ug. We regard it as a polynomial equation for
ve; €C\{0}, k=1,--- K, j=1,---,d(k).
(2) A solution 1° = (9kj:0) k=1, K, j=1,- Jd(k) of leading term equation is said
to be weakly nondegenerate if it is isolated in the set of solutions.
(3) A solution 1° = (9kj:0) k=1, .k, j=1, ,d(k) Of leading term equation is said
to be strongly nondegenerate if the matrices

a(k) 92y -/)

Z ayk 2J1 ayk 2J2

J1,j2=1,,a(k)

are invertible for k = 1,--- , K, at y°.
(4) We define the multiplicity of leading term equation in the standard way of
algebraic geometry, in the weakly nondegenerate case.

Example 9.3. In Example 8.5, the equation (8.5) is the leading term equation.
Let PO be either POy or PO .

Theorem 9.4. For any strongly nondegenerate solution v1° = (yy j.0) of leading
term equation, there exists a solution y = (yj ;) € (AF \ AD)" of
IPOL°
Yk, j

(n)=0 (9.4)

such that vy j = i j,0 mod AS_.
If all the vertices of P and ug are rational, the same conclusion holds for weakly
nondegenerate n°.

The following corollary is an immediate consequence.

Corollary 9.5. Let (u,b) € M4 o(Lag(X)) and u € Int P. Assume one of the
following conditions :

(1) The corresponding solution of the leading term equation is strongly nonde-
generate.

(2) P,u are rational and the corresponding solution of leading term equation is
weakly nondegenerate.

Then there exists b' such that (u,b') € M(Lag(X)) and ¥’ =b mod AF.

Remark 9.6. (1) Using Proposition 9.7 below, we can apply Theorem 9.4 and
Corollary 9.5, for weakly nondegenerate case, without assuming rationality,
to study displacement of Lagrangian fibers. See the last step of the proof
of Theorem 1.5 given at the end of section 12.

(2) The authors do not know an example where the weak nondegeneracy as-
sumption of Corollary 9.5 is not satisfied.

(3) In this section we work with A coefficients, while in the last section we
work with AR coefficients.
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(4) If we define the multiplicity of the element of 9My(Lag(X)) as the dimen-
sion of the Jacobian ring Jac(POy; uo, b) in Definition 6.8 (namely as the
Milnor number) then the sum of the multiplicities of the solutions of (9.4)
converging to n° as T — 0, is equal to the multiplicity of y°.

(5) In the strongly nondegenerate case, the solution of (9.4) with the given
leading term is unique.

Proposition 9.7. Let (X,w) be a compact toric manifold with moment polytope P
and ug € Int P. Then there exist (X, w") with moment polytope P" and ul € Int P"
such that the following holds:
(1) limp, oo w" = w. limy,_ o ul = ug.
(2) The vertices of P" and ul are rational.
(3) The leading term equation at ull is the same as the leading term equation
at ug.

We prove Proposition 9.7 at the end of section 12.
We first derive Theorem 1.13 from Theorem 9.4 before proving Theorem 9.4.

Proof of Theorem 1.138. We start with CP? and blow up a T™ fixed point to obtain
CP%#(—CP?). We take a Kihler form so that the volume of the exceptional CP*
is €1 which is small. We next blow up again at one of the fixed points so that the
volume of the exceptional CP! is €5 and is small compared with €;. We continue k
times to obtain X (k), whose Kéhler structure depends on €1, - , ;. Note X (k) is
non-Fano for k£ > 3.

Let P(k) be the moment polytope of X (k) and PO, , be the leading order
potential function of X (k). We remark that P(k) is obtained by cutting out a
vertex of P(k —1). (See [Ful].)

Lemma 9.8. We may choose¢; (i =1,--- k) so that the following holds forl < k.
(1) The number of balanced fibers of P(l) is | + 1. We write them as L(u(b:?))
i=0,---,1
(2) w10 = 4D fori <1—1. w0 =(1/3,1/3).
(3) u™Y is in an o(e;) neighborhood of the vertices corresponding to the point
we blow up.
(4) The leading term equation of PO, ;1 at ul=1 s the same as the leading
term equation of PO, at u? fori <1—1.
(5) The leading term equations are all strongly nondegenerate.
Proof. The proof is by induction on k. There is nothing to show for k£ = 0. Suppose
that we have proved Lemma 9.8 up to kK — 1. Let w be the vertex of the polytope
we cut out which corresponds to the blow up of X (k — 1). Let ¢;, £; be the affine
functions associated to the two edges containing w. It is easy to see that
Pk)={uePk—1)|£4;(u)+ ly(u) > e}
We also have :
513530,1@ _ ‘BDO,k—l + Tei(u)‘i’li/(u)*ék yi)i)lJrvi’,ly;’i,ZJr'Ui’,z )
Therefore if we choose ¢, sufficiently small, the leading term equation at w(*~1%

does not change.
We take u(¥*) such that

G (WP = 0 (uBR)) = ¢,
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It is easy to see that there exists such «**) uniquely if €, is sufficiently small. We
put

i, i, Vir1, Vi,

Y=y =y
(We remark that v; and v, are Z basis of Z2, since X (k — 1) is smooth toric.) Then
we have
(k)
POG,x = (1 +v5+y1ys)T mod T A,

Therefore the leading term equation is

l+yr=1+y,=0

and hence has a unique solution (—1, —1). In particular it is strongly nondegenerate.
We can also easily check that there is no other solution of leading term equation.
The proof of Lemma 9.8 now follows by Theorem 9.4. (]

Theorem 1.13 immediately follows from Lemma 9.8. |

Note that Theorem 1.13 can be generalized to CP™ by the same proof.
We are now ready to give the proof of Theorem 9.4.

Proof of Theorem 9.4. We first consider the weakly nondegenerate case. Let m be
the multiplicity of y°. We choose § such that the ball Bs(n°) centered at n° and
of radius 6 does not contain a solution of the leading term equation other than n°.
For y € 0Bs(n°) we define

a(k) .
— oY (k,j' n
VEO(y) = | D %(y) e C".
=1 5J

k=1, K, =1, d(k)

The map
N V@(y) g2n—1
IVBO ()|l
is well defined and of degree m # 0 by the definition of multiplicity.
We define PO, y in the same way as (8.19). For g € C, we define PO (- ;)
by substituting ¢ to T. Then in the same way as the proof of Lemma 8.17 we can
prove the following.

Lemma 9.9. There exists € > 0 such that if |q| < €, the equation

0
‘BD:,OJC,N(' ) (9.5)

0 =
3:%,3'

has a solution in Bs(n°). The sum of multiplicities of the solutions of (9.5) con-
verging to Y j,0 1S M.

(9.5) is a polynomial equation. Hence multiplicity of its solution is well-defined
in the standard sense of algebraic geometry.

Now we assume that all the vertices of P and ug are contained in Q™. (9.5) also
depends polynomially on ¢’ = T”, where T’ = T/ for a sufficiently large C. (We
remark that C' is determined by the denominators of the coordinates of the vertices
of P and of ug. In particular it can be taken to be independent of N.)

We denote y = (y1,- -+ ,yn) and put

X={(y,q) |y € Bs(n°), ¢ with |¢'| < e and ¢ = (¢')" satisfying (9.5)}.



54 K. FUKAYA, Y.-G. OH, H. OHTA, K. ONO

We consider the projection
g X = {qd €C||{| <€} (9.6)

By choosing a sufficiently small € > 0, we may assume that (9.6) is a local isomor-
phism on the punctured disc {¢’ | 0 < |¢’| < €¢}. Namely, 7, is an etalé covering
over the punctured disc.

We remark that for each ¢’ the fiber consists of at most m points, since the
multiplicity of the leading term equation is m. We put ¢” = (¢’)*/™. Then the
pull-back

mg X' = {¢"€C|0<|¢"| <€} (9.7)
of (9.6) becomes a trivial covering space. Namely there exists a single valued section
of myr on {¢" | 0 < |¢"| < €}. It extends to a holomorphic section of {¢” | |¢"| < €}.

In other words there exists a holomorphic family of solutions of (9.5) which is
parameterized by ¢ € {¢" | |¢"| < €}. We put T” = (T")/™. Then by taking
the Taylor series of the ¢’-parameterized family of solutions at 0, we obtain the
following :

Lemma 9.10. If all the vertices of P and ug are rational, then for each N there

exists pV) = (1);1\;))

(N) _ N (V)
Dk = ZUW ")

(Ug\;)l € C) such that

OPOLO
8yk \J

(1),w )=0 mod (T")N (9.8)

and that U,(C{\;?O = Uk j:0-

We remark that Lemma 9.10 is sufficient for most of the applications. In fact it
implies that L(ug) is balanced if there exists a solution of leading term equation at
ug. Hence we can apply Lemma 12.2.

For completeness we prove the slightly stronger statement made for the weakly

nondegenerate case in Theorem 9.4. The argument is similar to one in subsection
30.11 [FOOO02].

For each N, we denote by ﬁjv“(((t)kd;o); N) the set of all (Ul(cj,\;?l)kyj;l € C™V, where
k=1,---,K,j=1,---,a(k),l=1,--- N, such that

N
Ulw = Dkjo an(w)l )
1=1

satisfies (9.8).
By definition, M((yx j.0); V) is the set of C-valued points of certain complex

affine algebraic variety (of finite dimension). Lemma 9.10 implies that ﬁ((‘)k,j;o); N)
is nonempty. For N7 > N, there exists an obvious morphism

Iny,Ns = DU(Dk,5:0); N1) — D((9k,5:0); No)

of complex algebraic variety.
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To complete the proof of Theorem 9.4 in the weakly nondegenerate case, it
suffices to show that the projective limit

im (M0 503 V) (9.9)
is nonempty.
Lemma 9.11.
ﬂ ImIy, #0.
N>1

Proof. By a theorem of Chevalley (see Chapter 6 [Mat]), each ImIy is a con-
structible set. It is nonempty and its dimension dimImly ; is nonincreasing as
N — oo. Therefore we may assume dimIm/ly; = d for N > Nj.

We consider the number of d dimensional irreducible components of Im/ ;. This
number is nonincreasing for N > N;. Therefore, there exists Ny such that for N >
Ny the number of d dimensional irreducible components of Im/y ; is independent
of N. It follows that there exists Xy a sequence of d dimensional irreducible
components of ImIx 1 such that Xny41 C Xn. Since dim(Xy \ Xn41) < d, it
follows from Baire’s category theorem that Ny Xy # (). Hence the lemma. O

Lemma 9.12. There exists a sequence (Uéﬁ?;l)k,j;l n=12,3,--- m such that

-1
L1 (0 )kt = (042 ki)
form=2,--- m and that
(U%?Z)k,j;z € () ImLym.
N>m

Proof. The proof is by induction on m. The case m = 1 is Lemma 9.11. Each of
the inductive step is similar to the proof of Lemma 9.11 and so it omitted. ([

Lemma 9.12 implies that the projective limit (9.9) is nonempty. The proof of
weakly nondegenerate case of Theorem 9.4 is complete.

We next consider the strongly nondegenerate case. We prove the following lemma
by induction on M. Let G be a submonoid of (R>g,+) generated by the numbers
appearing in the exponent of (8.17). Namely it is generated by

S — Sk (K > k), ) +p— S (£:p) € T, K > k),
L(ug) — S (¢ € 7).
We define 0 < A\; < Ay < --- by
{Ni]i=1,2,...} =G.

(9.10)

Lemma 9.13. We assume that y° = (Uk,j;o)k:h_.7K7j:17_.)d(k) 18 a strongly non-
degenerate solution of the leading term equation. Then, there exists

M
M
D) = Dk jio + D T
1=1
such that
a(k) .
oY (k,j'
Z ( 7,] )(Ul(c],\?’ e 70%(1()) =0 mod T+, (9.11)

” ayk,j

Jj'=1
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Moreover we may choose t),(:\f) so that

(M) (M+1)

— AM 41
D =95 mod T’ .

Proof. The proof is by induction on M. There is nothing to show in the case M = 0.
Assume we have proved the lemma up to M — 1. Then we have
a(k)

Y (k7). (s )
Z #(U;j}f 1)?"' 70%‘?{1(;{))) = Ck:,j,MTM mod TAM+1.
5J

Jj'=1
Consider t),(fg) of the form
Dy =Dy )+ AT

for some Ay j pr. Then we can write
a(k)

oY (k,5') . (v .
Z %(0271 Vb AT 7‘3%@(11()) + Ak gy, T
§'=1 J
a(k) .
0?Y (k,j'
= Ck,j,M —+ MAkJ”,M T)\M mod T)\MJFI.
3.5 =1 Yk, OYk.

Since % = (Yk,5:0) k=1, K, j=1,- d(k) s strongly nondegenerate, we can find Ay j» n €
C so that the right hand side become zero module T*¥+1. The proof of Lemma
9.13 is complete. (I

By Lemma 9.13, the limit limp;_ U,(CJ’V;) exists. We set

. M
oy = lim o).

This is the required solution of (9.4). The proof of Theorem 9.4 is complete (]

10. CALCULATION OF POTENTIAL FUNCTION

In this section, we prove Theorems 3.4 and 3.5. We begin with a review of [CO)].
Let 7 : X — P be the moment map and P = [J;-, §;P be the decomposition of
the boundary of P into n — 1 dimensional faces. Let 8; € Ho(X, L(u);Z) be the
elements such that

. 1 ifi=j,
pinlm (k)] = {0 if i .
The Maslov index p(53;) is 2. (Theorem 5.1 [CO].)

Let 8 € mo(X, L(u)) and MP(L(u), ) be the moduli space of stable maps
from bordered Riemann surfaces of genus zero with £ + 1 boundary marked points
in homology class 8. (See [FOOO1] section 3. We require the boundary marked
points to respect the cyclic order of S* = dD?. (In other words we consider the
main component in the sense of [FOOO1] section 3.)) Let M?jiln’reg(L(u),ﬂ) be
its subset consisting of all maps from a disc. (Namely the stable map without disc
or sphere bubble.) The next theorem easily follows from the results of [CO].

Theorem 10.1. (1) If u(B) <0, or u(B) =0, B # 0, then M= 5 (L(u), B)
15 empty.
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©2) Ifu(B) =2, B% B, B, then MP "% (L(u), B) is empty.

(3) Fori=1,---,m, we have
MPHIE(L (), B) = MPH(L(u), Bi). (10.1)
Moreover M1(L(u), 5;) is Fredholm regular. Furthermore the evaluation
map
ev s M (L(u), B;) — L(u)
is an orientation preserving diffeomorphism.

(4) For any 3, the moduli space MY*™ 8(L(u), 3) is Fredholm regular. More-
over

ev s MR (L), B) — Lu)

is a submersion.
(5) If MPain(L(u),B) is not empty then there exists k; € Zso and aj €

Hy(X;Z) such that
p= Z ki + Z a;
i J

and o 1s realized by holomorphic sphere. There is at least one nonzero k;.

Proof. For reader’s convenience and completeness, we explain how to deduce The-
orem 10.1 from the results in [CO].

By Theorems 5.5 and 6.1 [CO], Mgfiln’reg(L(u), ) is Fredholm regular for any (3.
Since the complex structure is invariant of the 7™ action and L(u) is T invariant,
it follows that T™ acts on Mkmfln’reg(lj(u),ﬁ) and

ev : Mzn_iiln’rcg(L(u),ﬂ) — L(u)

is T™ equivariant. Since the T action on L(u) is free and transitive, it follows that
ev is a submersion if M} ""*#(L(u), 3) is nonempty. (4) follows.
We assume M;"""(L(u), 3) is nonempty. Since ev is a submersion it follows
that
n = dim L(u) < dim M8 (L(u), B) = n + p(B) — 2

if B # 0. Therefore u(8) > 2. (1) follows.
We next assume p(3) = 2, and M7 (L(u), §) is nonempty. Then by Theo-
rem 5.3 [COJ, we find 8 = §; for some i. (2) follows.

We next prove (5). It suffices to consider
[f] € MP™(L(u), B) \ MP™™ 5 (L (), 5).

We decompose the domain of u into irreducible components and restrict f there.
Let f; : D> — M and g : S* — M be the restriction of f to disc or sphere
components respectively. We have

B=> 11+ [l

Theorem 5.3 [CO] implies that each of f; is homologous to the sum of the element
of §;. It implies (5).
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To prove (10.1) and complete the proof of Theorem 10.1, it remains to prove
M (L (), Biy) = MPM(L(u), Bi,). (Here i9 € {1,---,m}.) Let [f] €
MPA(L(w), Bi,). We take k; and o as in (5). (Here 8 = 3;,). We have

9Bi, = Z ki0B;.
Using the convexity of P, (5) and k; > 0, we show the inequality
61'0 Nw é Z klﬂl Nw. (102)

holds and that the equality holds only if k; = 0 (i # ig), ki, = 1, as follows : By
(5) we have

gio = i kil; + c.
=1

where ¢ is a constant. Since k; > 0 and ¢;,(u’) = 0 for v’ € 9;, P, it follows that
¢ <0. (Note ¢; > 0 on P.) Since 8; Nw = ¥;(u), we have inequality (10.2). Let us
assume that the equality holds. If there exists ¢ # j with k;,k; > 0 then

0i, P = {’U,/ epP | Eio(u’) = 0} - {’U,/ eP ‘ Ki(u’) = Zj(u') = 0} - 8iP08jP.
This is a contradiction since 0;, P is codimension 1. Therefore there is only one

nonzero k;. It is easy to see that ¢ = iy and k;, = 1.
On the other hand since a;; Nw > 0 it follows that

ﬁioﬂwzzkiﬁiﬂw

Therefore there is no sphere bubble (that is ;). Moreover the equality holds in
(10.2). Hence the domain of our stable map is irreducible. Namely

M (L (w), B,) = MPH™(L(w), By, )-
The proof of Theorem 10.1 is now complete. O

Next we discuss one delicate point to apply Theorem 10.1 to the proofs of The-
orems 3.4 and 3.5. (This point was already mentioned in section 16 [CO].) Let us
consider the case where there exists a holomorphic sphere g : S? — X with

c1(X) Ng.[S? <.

We assume moreover that there exists a holomorphic disc f : (D?,0D?) — (X, L(u))
such that

f(0) = g(1).
We glue D? and S? at 0 € D? and 1 € S? to obtain ¥. f and g induce a stable
map h: (3,0%) — (X, L(u)).

In general h will not be Fredholm regular since g may not be Fredholm regular
or the evaluation is not transversal at the interior nodes. In other words, elements
of MPain(L(u), 3) \ MP*™8(L(u), 3) may not be Fredholm regular in general.
Moreover replacing g by its multiple cover, we obtain an element of M (L(u), 8)\
MRS (y) B) such that p(B) is negative. Theorem 10.1 says that all the
holomorphic disc without any bubble are Fredholm regular. However we can not
expect that all stable maps in M3 (L(u), 3) are Fredholm regular.

In order to prove Theorem 3.5, we need to find appropriate perturbations of
those stable maps. For this purpose we use the T action and proceed as follows.
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(We remark that in the Fano case, where there exists no holomorphic sphere g with
c1(M) N g4[S?) < 0, for which many of the arguments below are much simplified.)

We equip each of Mj(L(u),8) with Kuranishi structure. (See [FO] for the gen-
eral theory of Kuranishi structure and section 17-18 [FOOO1] for its construction
in the context we currently deal with.) We may construct Kuranishi neighborhoods
and obstruction bundles that carry 7™ actions induced by the T™ action on X, and
choose T"-equivariant Kuranishi maps. We note that the evaluation map

ev: My (L(u), 8) — L(u)

is T™-equivariant. Since the complex structure of X is T"-invariant and L(u) is a
free T™-orbit it is easy to find such a Kuranishi structure.

We remark that the 7™ action on the Kuranishi neighborhood is free since the
T™ action on L(u) is free and ev is T™ equivariant. We take a perturbation (that
is, a multisection) of the Kuranishi map that is T™ equivariant. We can find such
a multisection which is also transversal to 0 as follows : Since the T™ action is free,
we can take the quotient of Kuranishi neighborhood, obstruction bundle etc. to
obtain a space with Kuranishi structure. Then we take a transversal multisection
of the quotient Kuranishi structure and lift it to a multisection of the Kuranishi
neighborhood of My (L(u), ). Let sg be such a multisection and let M1 (L(u), 3)%?
be its zero set. We remark that the evaluation map

ev: My(L(u),3)* — L(u) (10.3)

is a submersion. This follows from the T equivariance. This makes our construc-
tion of system of multisections much simpler than the general one in section 30
[FOOO02] since the fiber product appearing in the inductive construction is auto-
matically transversal. (See section 30.2 [FOOQO2] for the reason why this is crucial.)
More precisely we prove the following Lemma 10.2. Let

forgety : M (L(u), B) — MP*(L(u), §) (10.4)

be the forgetful map which forgets the first, ..., k-th marked points. (In other
words, only the 0-th marked point remains.) We can construct our Kuranishi
structure so that it is compatible with fotget, in the same sense as Lemma 31.8

[FO002).

Lemma 10.2. There exists a system of multisections sg 1 on MPP(L(u), )
with the following properties :

(1) They are transversal to 0.

(2) They are invariant under the T™ action.

(3) The multisection sg 41 is the pull-back of the multisection sg 1 by the for-
getful map (10.4).

(4) The restriction of g1 to the boundary of M1 (L(u), 3) is the fiber product
of the multisections sg: 1y with respect to the identification of the boundary
given in Proposition 29.2 [FOOO2].

(5) We do not perturb MPa(L(u), 3;) fori=1,--- ,m.

Proof. We construct multisections inductively over w N 8. Since (2) implies that
fiber products of the perturbed moduli spaces which we have already constructed
in the earlier stage of induction are automatically transversal, we can extend them
so that (1), (2), (3), (4) are satisfied by the method we already explained above.
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We recall from Theorem 10.1 (3) that
M (L(u), B) = MY 5(L(u), B;)

and it is Fredholm regular and its evaluation map is surjective to L(u). Therefore
when we perturb the multisection we do not need to worry about compatibility
of it with other multisections we have already constructed in the earlier stage of
induction. This enable us to leave the moduli space M (L(u), 3;) unperturbed
for all 5;. The proof of Lemma 10.2 is complete. (]

Remark 10.3. Actually we need to stop the inductive construction of the multi-
sections at some finite stage, by the reason we explained in section 30.3 [FOOO2].
However we can go around this trouble in the same way as explained in section
30 [FOOO02]. So we will not mention this point any more. (Alternatively we can
stop the construction at some finite stage and calculate the potential function only
modulo TV. This will suffice for most of the applications.) In the Fano case, we
do not need to study this point seriously since there are only finitely many moduli
spaces involved in that case.

Remark 10.4. We explain one delicate point of the proof of Lemma 10.2. Let
a € m(X) be represented by a holomorphic sphere with ¢1(X) Na < 0. We
consider the moduli space M(a) of holomorphic sphere with one marked point
and in homology class «. Let us consider § € mo(X; L(u)) and the moduli space
M ;41(8) of holomorphic discs with one interior and k + 1 exterior marked points
and of homotopy class 8. The fiber product

M (o) xx My 41(8)

taken by the evaluation maps at interior marked points are contained in My ;11 (G+
a). If we want to define a multisection compatible with the embedding

Ml(a) X x Ml,k+1(ﬁ) C M1,k+1(ﬁ + a) (10.5)

then it is impossible to make it both transversal and T™ equivariant in general :
This is because the nodal point of such a singular curve could be contained in the
part of X with non-trivial isotropy group.

Our perturbation constructed above satisfies (1) and (2) of Lemma 10.2 and
so may not be compatible with the embedding (10.5). Our construction of the
perturbation given in Lemma 10.2 exploits the fact that the T™ action acts freely
on the Lagrangian fiber L(u) and carried out by induction on the number of disc
components (and of energy) only, regardless of the number of sphere components.

The following corollary is an immediate consequence of Lemma 10.2.
Corollary 10.5. If u(8) < 0 or u(3) =0, 3 # 0, then M (L(u), 3)%¢ is empty.

We now use our perturbed moduli space to define de Rham version (2(L(u)), mg%)
of the filtered Ao, algebra in the same way as section 37.4 [FOOO2] as follows.
We consider the evaluation map

ev = (evy, -, evy, evy) : MR (L(u), B)°% — L(u)* .
Let p1,-- -, pr be differential forms on L(u). We define

m%%(ph k) = (evo)l(evy, -+ yevr) (p1 A+ A pr). (10.6)
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We remark that integration along fiber (evp)! is well defined and gives a smooth
form, since evg is a submersion. (It is a consequence of T™ equivariance.) Using
the compatibility Lemma 10.2 (4) we can prove that (10.6) defines a filtered A
structure.

We next go to the canonical model (H(L(u);Ao),mZR’c‘m) of (Q(L(u)),mgﬁ;).
(See section 23 [FOO02].)

Lemma 10.6. For b€ H'(L(u), o), we have
can 1
my " (b, ) = 15(98:Nb)* - PD((L(u)).
where PD([L(u)]) is the Poincaré dual to the fundamental class [L(u)] € Hy,(L(u);7Z).

Proof. Let [p] be a harmonic representative of b. Then using Lemma 10.2 and
(10.6), we can prove

1
/ mi (- p) = E(aﬁi nb)* (10.7)
L(u) :

in the same way as the proof of Lemma 37.47 [FOOO2]. We recall this calculation
briefly now. Let

Cr={(tr, - ,t)) |0<ty <o <ty <1} (10.8)
We identify S? = R/Z = dD?. Lemma 10.2 (2) implies that
P (L(u), B) = MY (L(u), B) % Cj. (10.9)
Moreover the evaluation map ev is
evi(u; t1,--- ,tk) = [tlaﬁ] . ev(u). (10.10)

Here 08 € Hy(L(u);Z) is identified to an element of the universal cover L(u) = R"
of L(u) and [t;00] € L(u) acts as a multiplication on the torus. ev(u) is defined by
the evaluation map ev : MPa*(L(u), 3) — L(u). We also have :

evo(usty, -+ ,tg) = ev(u). (10.11)

We remark that ev : M (L(u), 3;) — L(u) is a diffeomorphism (See Theorem
10.1 (3)). Now we have

k,Bi \F» ) 98, k! i 5

L(u)
as required.

We next use (10.7) to calculate operations in the canonical model. According to
the construction of section 23.4 [FOOQO2], we have

mi‘f&-(ba"' 7b) = ZmF(P,"' 7p)
T

where I' runs on a set of trees with k + 1 exterior vertices and each of its interior
vertex v is assigned with 3(v) € m2(X) such that M8 (L(u), B(v)) is nonempty
and the sum ) B(v) is B;. It is then easy to see that only the following tree 'y, o (3;)
gives a nontrivial contribution : Here I'y o(8;) is a tree with k + 1 exterior vertices
and only one interior vertex to which §; is assigned. Then we obtain

1
ka,o(ﬂi)(pa T ’p) = mzi%@l (p’ T 7/)) = E(aﬁl n b)k : PD[L(U)]

from (10.7). The proof of Lemma 10.6 is now complete. O
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The proof of the following lemma is the same as that of Lemma 37.54 [FOOO2]
and is omitted here. We refer readers thereto for the details.

Lemma 10.7. (Q(L(u)), ngﬁ) is homotopy equivalent to the filtered Ao algebra
in [FOOO2] Theorem A.

In fact we do not need to use Lemma 10.7 to prove Theorem 1.5 if we use de
Rham version in all the steps of the proof of Theorem 1.5 without involving the
singular homology version.

Proof of Proposition 3.2. Proposition 3.2 immediately follows from Corollary 10.5,
Lemma 10.6 and Lemma 10.7 : We just take the sum

Z mcan 7 , _ i Z Twmﬁ/Qsz‘}g(b, ceey b)

k=0 Bemy (X, L(u))

_ ZZTMQ@/QW can(b’“ ,b)

k=0 :=1
= ii%(aﬁmb)’“ﬂi(“)~PD([L(u)]) (10.12)

i=1 k=0

Since b is assumed to lie in H'(L(u),A;) not just in H'(L(u),Ag), the series ap-
pearing as the scalar factor in (10.12) converges in non-Archimedean topology
of Ag and so the sum Y ;o m¢*(b,---,b) is a multiple of PD([L(u)]). Hence
b e Mweak (L(u)) by definition (3.1). We remark that the gauge equivalence re-
lation in Chapter 4 [FOOQ?2] is trivial on H'(L(u);Ag) and so H(L(u); Ay) —
Mweak(L(u))_ O

Proof of Theorem 8.4. Suppose that there is no nontrivial holomorphic sphere whose
Maslov index is nonpositive. Then Theorem 10.1 (5) implies that if u(8) < 2,
B # Bi, B # 0 then MP3(L(u), 3) is empty. Therefore again by dimension count-
ing as in Corollary 10.5, we obtain

§ :de can
%

for x € H'(L(u),A;). On the other hand, we obtain

oo

N 2 dR
Z T Bi/ m ca’n(x,... ,.’I/')
1 k=0

0
Ms

m o0

PO(z;u) = ZZ (08, na)* T

from (5.8), (10.12) and the definition of PBO. Writing x = Zi:l x;e; and recalling

Vi1, Vi,n

y; = €%, we obtain e(vi?) = Yy, -+ yn"" and hence the proof of Theorem 3.4. [

ET‘lH

e
??"H

Proof of Theorem 8.5. We consider the contribution of 8 # 3; with u(8) = 2. By
Corollary 10.5, the virtual fundamental chain of M1 (L(u), 8) is a cycle. We put

¢ = ev. (IMP™(L(u), B)]) € Ha(L(u); Q) = Q".
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In the same way as Lemma 10.6 we can prove
can C
s (b, ) = 218 NB)FPD(L(w). (10.13)
Theorem 10.1 (5) implies that

0B =>> kioBi, B= kBi+Yy aj
i J

Hence n
> o rhnermmitheat (p, ... p)
k
becomes one of the terms of the right hand side of (3.6). We remark that class 3
with p1(3) > 4 does not contribute to m{ " (b,--- ,b) by the degree reason.

When all the vertices of P lie in Q", then the symplectic volume of all «; are
rational. Moreover w N G; are rational. Therefore the exponents 3 Nw are rational.
The proof of Theorem 3.5 is complete. O

Remark 10.8. We remark that the number cg in (10.13) is independent of the
choice of the system of 7" invariant multisections in Lemma 10.2 : If there are
two such systems, we can find a T invariant homotopy between them which is
also transversal to 0. By a dimension counting argument applied to the parame-
terized version of M1 (3) and its perturbation, we will have the parameterized
version of Corollary 10.5. This in turn implies that the perturbed (parameterized)
moduli space defines a compact cobordism between the perturbed moduli spaces of
Main(3) associated to the two such systems. This implies the invariance of cg. It
follows that the potential function in Theorem 3.5 is independent of the choice of
T™ invariant transversal multisection. However we do not know how to calculate
it.
Remark 10.9. We used de Rham cohomology to go around the problem of transver-
sality among chains in the classical cup product. One drawback of this approach is
that we lose control of the rational homotopy type. Namely we do not prove here
that the filtered A, algebra (partially) calculated above is homotopy equivalent
to the one in Theorem A [FOOO2] over Q. (Note all the operations we obtain
is defined over Q, however.) We however confirm that they are indeed homotopy
equivalent over Q. There may be several possible ways to prove this statement, one
of which is to use the rational de Rham forms used by Sullivan.

The Q-structure is actually interesting in our situation. See for example Propo-
sition 6.12. However the homotopy equivalence of Q version of Lemma 10.7 is not
used in the statement of Proposition 6.12 or in its proof.

11. NON-UNITARY FLAT CONNECTION ON L(u)

In this section we explain how we can include (not necessarily unitary) flat
bundles on Lagrangian submanifolds in Lagrangian Floer theory following [Fu2],
[Cho].

Remark 11.1. We need to use flat complex line bundle for our purpose by the
following reason. In [FOOO2] we assumed that our bounding cochain b is an element
of H(L;Ay) since we want the series

m (z) = Z Mo (0%F, 2, 6%°)
kL
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to converge. There we used convergence with respect to the non-Archimedean
norm. For the case of T™ orbits in toric manifold, the above series converges for
b€ HY(L;Ag). The convergence is the usual (classical Archimedean) topology on
C on each coefficient of T*.

This is not an accident and was expected to happen in general. (See Conjecture
11.46 [FOOO02].) However for this convergence to occur, we need to choose the
perturbations on MP#"(L, 5) so that it is consistent with M3 (L, 8) (K" # k)
via the forgetful map. We can make this choice for the current toric situation by
Lemma 10.2 (3). In a more general situation, we need to regard MPan(L, 3) as a
chain in the free loop space. (See [Fu3].)

On the other hand, if we use the complex structure other than the standard
one, we do not know whether Lemma 10.2 (3) holds or not. So in the proof of
independence of Floer cohomology under the various choices made, there is a trouble
to use a bounding cochain b lying in H'(L; Ag). The idea, which is originally due
to Cho [Cho] as far as we know, is to change the leading order term of b by twisting
the construction using non-unitary flat bundles on L.

Let X be a symplectic manifold and L be its relatively spin Lagrangian subman-
ifold. Let p : Hi(L;Z) — C\ {0} be a representation and £, be the flat C bundle
induced by p.

We replace the formula (10.7) [FOOOZ2] by

mZ = Z p(0B) my 3 ® Tw®)/2m,
BEH2(M,L)
(Compare this with (3.2) in section 3.)
Proposition 11.2. (C(L),m}) is a filtered A algebra.

Proof. Suppose that [f] € }cnjiln(L,ﬁ) is a fiber product of [fi] € M}T{“(L,Bl)
and [fo] € MPN(L, B). Namely 31 + B2 = 3 and evo(f1) = evi(f2). Then it is
easy to see that

p(0B) = p(0p1)p(02). (11.1)
Combined with this fact, the proof of Theorem 10.11 [FOOO2] goes through and
proves Proposition 11.2. In fact it is proved there that

0= (ﬁ1 omy 3+ myg 0%1) (T1,7 k)

+ Z Z Z mk161 T, .-’mk2752(xlv...)7...,mk)

B1+B2=0 k1+ko=k+1 =1
(* = degxy+---+dega;_1+1.) (11.1) and (11.2) imply the filtered A, relation. O

The unitality can also be proved in the same way. The well definedness (that is,
independence of various choices up to homotopy equivalence) can also be proved in

the same way. In particular we have a canonical model (H*(L; Ag); mp“*").

Remark 11.3. We have obtained our twisted filtered A, structure on the (un-
twisted) cohomology group H*(L; Ag). This is because the flat bundle Hom(£,, £,)
is trivial. In more general situation where we consider a flat bundle £ of higher
rank, we obtain a filtered A, structure on cohomology group with local coefficients
with values in Hom/(£, £).
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The filtered Ao structure m}“*" is different from m{®” in general as we can see
from the expression of the potential function given in Lemma 3.8.

Next we explain the case of a relatively spin pair (L(O),L(l)) of Lagrangian
submanifolds of X. We assume that they are of clean intersection. Let p; :
Hy(L";7Z) — C\ {0} be homomorphisms which induce flat (non-unitary) com-
plex line bundles £,, on L"), Let Ry, be a connected component of LY N L), We
define the group ﬁBM((L(l), £1), (L, £4); A®) as the completion of

@ (C(Rh; Hom(£P1 R £P0|Rh) ® @;%h) ®q Ah) ®c AC’
h

(See [FOOO2] right before Definition 12.71.) We define an equivalence relation ~
similar to Definition 12.52 [FOOO2] to obtain a chain complex

CFpum((LW, £,), (L9, £,);A%).

We take its energy > 0 part and obtain CFppr (LW, £,,), (L, £,); AF).

We next modify Definition 12.71 [FOOO2]. Let (S,«) be a singular chain of
Ry, with Hom(£,, |r,,, £p,|R,) ® OF, coefficient. Here S = (|S], f) be a smooth
singular chain and a € (Hom(£,,|r,,, £p|R,) ® OR, ) f(z), Where xo € |S] is the
base point. By the flat structure, the element o determines an element a(x) €
(Hom(L,,|Rr,,> £polR)) ® OF, ) f(x) for any z in a canonical way. Since we can use
OF, to handle the orientation in the same way as section 12 [FOOO2], we consider
the case when ©F are all trivial to simplify the notation. Let

u:Rx[0,1] = X
be a map satisfying (12.54) [FOOO2]. We put

lim u(t,7) = f(z) € Ry, lirf u(t,7) =y € Ry

We define
u () € Hom(Ly, | R, s £pol R, )y
by
uy (@) = Hol\uh:o oa(x)o (H01|u‘7=1)71. (11.3)
Here
Holly|,_ : (£oo) £(z) = (Lpo)y
and

H01|u|1—:1 : (Spl)f(z) - (Epl)y

are the parallel transport, with respect to the given flat connection, along the path
7 +— u(r,0), 7 — u(r, 1), respectively. We use (11.3) to twist Definition 12.71
[FOOO2] and we obtain

“ziizg :Bklc(L(l)a Ag)[l] & OFBM((L(I)’ 291)? (L(O)> EPO); Ag)
® BkOC(L(O)7 Ag)[l] - CFBM((L(1)7 £P1)7 (L(O)’ ’8,00); Ag)

Lemma 11.4. (CFpp((LW, £,)), (L(O),Spo);A(g),nzi’,zg) is a filtered Aso bimod-
ule over (C(LW),mf*) - (C(LO), mpe).
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The proof is the same as the proof of Theorem 27.72 [FOOO2] and is omitted.
Various results such as unitality, well definedness etc. for Floer cohomology of pairs
of Lagrangian submanifolds are generalized to the twisted version in an obvious way.
In particular we have

rankye HF (L™, py, by), (L, po, bo); A%)) < (LM N L)
in the same way. Here b; € M(C(L)),m}"). In other words we can use the twisted

version to study Lagrangian intersection in the same way as the untwisted one.

12. FLOER COHOMOLOGY AT A CRITICAL POINT OF POTENTIAL FUNCTION

In this section we prove Theorem 3.9 etc. and complete the proof of Theorem
1.5.

We first prove Lemma 3.8. Let 3 € Ho(X, L(ug)) with u(3) = 2 and MPa8(L(ug), 3)
be nonempty. We have 8 = Y" | ¢;0; + Zj a; by Theorem 10.1 (5). Let p be as
n (3.13). We have p(98) = [[ p(98;)¢". Note 9f; = >, wije;. Thus we have

(8@) =016 D0

HHUC wig (12.1)

Therefore for b € H*(L(uo); AS) we have
Zmz oy, Z i (b, D)

1
— Zelﬂl,owi,l . e;n,owi,ng(b n 8ﬁz)k : [PD(L)]

oo n n
=D il (b D _rioe b+ Y rioes
k=0 j=1 j=1

In a similar way we have

Zmpcan e ch‘m b+ZIj,oej;"'ab+Z?j,Oej
j J

However it follows from Theorems 3.4 and 3.5 that the left and the right sides of
this identity corresponds to those in Lemma 3.8 respectively. This finishes the proof
of Lemma 3.8. O

We next prove Theorem 3.9. Let z = (x1,- -+ ,zy), 1, -+ ,z, € Ay. We put

f+($) = Z(?l o+ ‘TZ €;, szez

7

From Lemma 3.8 we derive
POL(f(2) =Y mP e (f(x), -, f(x)) N [Llug)]
= S wEn(fe (@), £ (@) 0 [Luo)] = BO™ (f4(2):
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Let b be as in (3.14) and so
b) = Zzﬁiez‘ =t

Then we have

uo _ 8 — 8‘BDUO —
O ()| = 0] = T =0

where the last equality follows from the definition of b in (3.14). On the other hand,
we have

WWﬂ%b
—ZZle ) es, (£(0)2F D) 1 [L(up)] (12.2)

o) 0 L)

p,can,b . p,can, f(b)

Note here and hereafter we write m{"™""" in place of m}

Hence we obtain
=0 if (3.11) is satisfied
e (o 12.3
! (e:) {_ 0 mod TV if (3.10) is satisfied. (12:3)
We remark that by the degree reason m?“*™(e;) is proportional to [L(uo)].

We next prove the vanishing of m?“*(f) for the classes f of higher degree.
Namely we prove

Lemma 12.1. For f€ H*(L(ug); A§) we have :

p,can,b =0 if (3.11) s satisfied
m g )9 _ N . ,
=0 mod TV if (3.10) is satisfied.

Proof. The proof is similar to the proof of Theorem 27.35 [FOOO2] which uses the
spectral sequence argument. Let d = degf and 2¢ = u(8). We say (d,¢) < (d',¢)
ife <t orl=14¢,d<d. We prove the lemma by upward induction on (d, ). The
case d = 11is (12.3). We remark that my g = 0 if u(8) <0.

We assume that the lemma is proved for (d’, ¢') smaller than (d, ¢) and will prove
the case of (d, £). Since the case d = 1 is already proved, we may assume that d > 2.
Let f = f; Ufy where degf; > 1. By the A, ,-relation we have

mrlngm pb f1 @] f2 Z +m I;glln pb mlinglzn P b(fl), fg)
B1+B2=
+ Z immaln,p b f1 , M1 8,5 (fz))
B1+B2=p

+ Y EmPE P (ma g, (B £)).
B1+B2=0,82#0

b . . .
We remark that mrlngm’p "? = () since we are working on a canonical model.

The first two terms of the right hand side vanishes by the induction hypothesis
since degf; < degf and p(3;) < u(B). The third term also vanishes since u(8;) <
1(B). The proof of Lemma 12.1 is complete. |

Lemma 12.1 immediately implies Theorem 3.9. (]
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Proof of Proposition 4.4. Let us specialize to the case of 2 dimension. In case
dim L(ug) = 2, we can prove m’fj;a"’b = 0 for p(B) > 4 also by dimension counting.

We can use that to prove Proposition 4.4 in the same way as above. (I

Now we are ready to complete the proof of Theorem 1.5.

Proof of Theorem 1.5. We first consider the case where the vertices of P are con-
tained in Q™. Proposition 3.6 and Theorem 3.9 imply that L(ug) is balanced in
the sense of Definition 3.10. Therefore the next lemma implies Theorem 1.5 in our
case.

Lemma 12.2. If L(ug) is a balanced Lagrangian fiber then the following holds for
any Hamiltonian diffeomorphism ¢ : X — X.

(L (uo)) N L(uo) # 0. (12.4)
If ¢(L(ug)) is transversal to L(ug) in addition, then
#((L(uo)) N L(ug)) = 2". (12.5)

Proof. Let w;, u;, b; ;v be as in Definition 3.10. We assume 7 : X — X does not
satisfy (12.4) or (12.5) and will deduce a contradiction. We use the same (time
dependent) Hamiltonian as 1 to obtain v; : (X,w;) — (X,w;). Take an integer N
such that ||¢;]] < 27N for large i. Then for sufficiently large 4, L(u}) and v; does
not satisfy (12.4) or (12.5). In fact if ¥/(L(uo)) N L(ug) = @ then for sufficiently
large i, we have 9;(L(ub)) N L(u}) = 0. If ¢)(L(ug)) is transversal to L(ug) and if
(12.5) is not satisfied, then

#(1(L(u0)) N L(ug)) = #(ve, (L(ug)) N L(ug)).
On the other hand, by Theorem 3.9 we have
HEF((L(u), bik), (L(wi),big); AG/(T™)) = H(T™; AG/(T)).

It follows from Universal Coefficient Theorem that

b
HF((Lus),bin), (L) bi)i AS) = AT © @ Ao/ (T°0)  (12.6)

i=1
such that ¢(i) > N and a + 2b > 2™. This contradicts to Theorem J [FOOO02]. (In
fact Theorem J [FOOO2] and (12.6) imply that (12.4) and (12.5) hold for L(u;)
and ; with ||¢;]] < 27rN.) Lemma 12.2 is proved. O

If the leading term equation is strongly nondegenerate, Theorem 1.5 also follows
from Theorem 3.9, Theorem 9.4 and Lemma 12.2.

We finally present an argument to remove rationality assumption. In view of
Lemma 12.2, it suffices to prove the following Proposition 12.3.

Proposition 12.3. In the situation of Theorem 1.5, there exists ug such that L(up)
is a balanced Lagrangian fiber.

Proof. Let m : X — P be as in Theorem 1.5. Let us consider si, Sk, Pr as in
section 8. We obtain ug € P such that {ug} = Px. We will prove that L(ug) is
balanced.

We perturb the Kahler form w of X a bit so that we obtain w’. Let P’ be the
corresponding moment polytope and 57‘;/, S,‘;", Py /, be the corresponding piecewise
affine function, number, subset of P, obtained for «’, P, as in section 8.



LAGRANGIAN FLOER THEORY ON COMPACT TORIC MANIFOLDS I 69

Proposition 12.4. We can choose wy, so that wy, is rational and limy,_,o s = si,
limp oo S5 = Sk, limp oo PP = Py, dim P = dim Py,.

Proof. We write I,f/ the set I, defined in (8.6) section 8 for w’, P’. We will prove
the following lemma. We remark that the set 8 of T™ invariant Kéhler structure
w’ is regarded as an open set of an affine space defined on Q (that is the K&hler
cone). We may regard & as a moduli space of moment polytope as follows : We
consider a polyhedron P’ each of whose edges is parallel to a corresponding edge of
P. Translation defines an R™ action on the set of such P’. The quotient space can
be identified with &.

Lemma 12.5. There exists a subset By of R which is a nonempty open subset of
an affine subspace defined over Q such that any element ' € Py has the following
properties :

(1) dim PP’ = dim PP for | < k.

(2) I =I¢¥ forl <k.

Remark 12.6. In the case of Example 7.1, the set P,:’/ etc. jumps at the point
a = 1/3 in the Kéahler cone. Hence the set 8, may have strictly smaller dimension
than 8.

Proof. Let Af/ be the affine space defined in section 8. (We put w’ to specify the
symplectic form.) We write ¢4, Ef, in place of ¢; to specify symplectic form and
moment polytope. We remark that the linear part of ¢ is equal to the linear part
of ¢¢".

The proof of Lemma 12.5 is by induction on k. Let us first consider the case
k=1. We put . / )

AV ={ue Mg | €7, (u) = =7, (u)}.

We remark that {¢5,-- ¢4, } = I and so Ay = AY.

We put

P, = {w' | dim AY" = dim A%}.

It is easy to see that P3| is a nonempty affine subset of & and is defined over Q.

Sublemma 12.7. If ' € ‘B’ and is suﬁﬁczently close to w, then Pl s an equi-
dimensional polyhedron in A“’ In particular Al = A“’

Proof The tangent space of A“ is parallel to the tangent space of A{. Therefore
E“ . is constant on A“’ We put

ST = g(f,l(u)
for some u € A“’,

On the other hand, if ¢¢ ¢ I1 then é‘”( ) > S¢ on Inf Py. Therefore if o’ is

sufficiently close to w we have é‘” (u) > Sw on a neighborhood of a compact subset
of Int Py, which we identify Wlth a subset of P’. This implies the sublemma. O

The Condition (1), (2) of Lemma 12.4 in the case k = 1 follows from Sublemma
12.7 easily.

Let us assume that Lemma 12.5 is proved up to k—1. We remark {£ |, --- 5, } =
I;7. We put

ko= {ue AP [ (w) = - = G, (W)}
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and

P = {w' € P\, | dim AY = dim AY}.
P, is a nonempty affine subset of & and is defined over Q. We can show that a
sufficiently small open neighborhood Pj, of w in P} has the required properties
in the same way as the first step of the induction. The proof of Lemma 12.5 is
complete. 0

Proposition 12.4 follows immediately from Lemma 12.5. In fact the set of rational
points are dense in Pg-. |

Proposition 12.3 follows from Proposition 12.4, Proposition 3.6 and Theorem
3.9. |

The proof of Theorem 1.5 is now complete. O

Proof of Proposition 9.7. The proof is similar to the proof of Proposition 12.4. Let
I be as in (9.2). We write it as Iy(P,ug), where P is the moment polytope of
(X,w). We define I (P’,ug) as follows.

Let P’ be a polytope which is a small perturbation of P and such that each
of the faces are parallel to the corresponding face of P. Let uj, € Int P’. Let us
consider the set &' of all such pairs (P’,u(). It is an open set of an affine space
defined over Q. Each of such P’ is a moment polytope of certain Kahler form on
X. (We remark that Kéhler form on X determine P’ only up to translation.)

For each P’, we take corresponding Kahler form on X and it determines a po-
tential function. Therefore Ij, (P, uf) is determined by (9.2). We define A;-(P’, uy)
in the same way as Definition 9.1.

Lemma 12.8. There exists a subset Qy of T which is a nonempty open set of an
affine subspace defined over Q. All the elements (P',ug) of Qi have the following
properties.

(1) dim A (P, u)) = dim A (P, ug) forl < k.

(2) Il(P',ug) = IZ(P, UO) fO’I“l S k.

The proof is the same as the proof of Lemma 12.5 and is omitted.

Now we take a sequence of rational points (Py,ull) € Q converging to (P, uq).
Lemma 12.8 (2) implies that the leading term equation at ul! is the same as the
leading term equation at ug. The proof of Proposition 9.7 is complete. (I

Remark 12.9. We say that L(ug) is strongly balanced if there exists b € H'(L; A§)
such that HF(L(ug),b), (L(ug),b); A§) = H(T™; Q) ® A§.

Clearly strongly balanced implies balanced. We conjecture that the converse is
true.

Remark 12.10. We can replace Definition 3.10 (3) by
HF((L(wi),bi,n ), (L(us), bin ); A/ (TN)) 2 A/(TT).
In fact the following three conditions are equivalent to one another :
(1) HF((L(u),b), (L(u),b); A°/(TN)) = H(T™; C) @ A°/(TY).

(2) HF((L(u),b), (L(u), b); A°/(TN)) 2 AC/(TT).

(3) 989" =0 mod TN k=1,---,n, atb.
Oyx
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(1) = (2) is obvious. (3) = (1) is Theorem 3.9. Let us prove (2) = (3). Suppose
(3) does not hold. We put 3f‘§iu =cT mod T*A,, where c € C\{0} and 0 < \ <
N. Then (12.2) implies TN "APD[L(u)] = 0 in HF((L(u),b), (L(u),b); AC/(TN)).
Since PD|[L(u)] is a unit, (2) does not hold.

Remark 12.11. The proof of Theorem 3.9 (or of Lemma 12.1) does not seem to
imply

Mg g(p1, - pk) =0 (12.7)
for u(B) > 4. We however believe that (12.7) holds in our situation. In fact the
homology group H(L(T™); Q) of the free loop space L(T™) is trivial of degree > n.
On the other hand, dim M3 (L(ug); ) = n + p(B) — 2. Hence if p(8) > 4 there
is no nonzero homology class on the corresponding degree in the free loop space.
Using the argument of [Fu3] it may imply that those classes do not contribute to the
filtered Ao structure. If (12.7) holds, then we can find the filtered Ao structure
of our Lagrangian torus (the fiber of toric manifolds) by a direct calculation.

On the other hand, pseudo-holomorphic disc with Maslov index > 4 certainly
contributes to the operator g, g introduced in section 13 [FOOO2] : Namely
qe,k,3 is the operator that involves a cohomology class of the ambient symplectic
manifold X. (See Remark 5.13) It seems that tropical geometry will play a role in
this calculation.
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