A REMARK ON TORIC FOLIATIONS

OSAMU FUJINO AND HIROSHI SATO

ABSTRACT. If a toric foliation on a projective Q-factorial toric variety has an extremal
ray whose length is longer than the rank of the foliation, then the associated extremal
contraction is a projective space bundle and the foliation is the relative tangent sheaf of
the extremal contraction.
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1. INTRODUCTION
Let us start with the definition of foliations on normal algebraic varieties.

Definition 1.1 (Foliations and toric foliations). A foliation on a normal algebraic variety
X is a nonzero saturated subsheaf .# C Zx that is closed under the Lie bracket, where
TIx is the tangent sheaf of X. We note that the rank of the foliation .# means the rank
of the coherent sheaf .%.

We further assume that X is toric. Then a foliation .# on X is called toric if the sheaf
Z is torus equivariant.

The following result on toric foliations is a starting point of this paper.

Theorem 1.2 (see [P]). Let X = X(X) be a Q-factorial toric variety with its fan ¥ in
the lattice N ~ 7Z". Then there exists a one-to-one correspondence between the set of toric
foliations on X and the set of complex vector subspaces V C N¢ := N ®z C ~ C".

Let Zy be the toric foliation associated to a complex vector subspace V- C N¢ (here, we
should remark that the rank of Fy is dimc V). Then

Kz, =—c(Fv)=-Y D,
pCV

holds, that is, the first Chern class of %y is chv D,, where D, is the torus invariant
prime divisor corresponding to the one-dimensional cone p in X. In particular, we have

Kz, =Kx+)»_ D,
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For the basics of toric foliations, see also [CO] and [W]. By [F]S], we see that we can
run the minimal model program with respect to K4 for any foliation .# on a projective
Q-factorial toric variety X. For more details on the toric foliated minimal model program,
see [COJ] and [WI. In this paper, we establish:

Theorem 1.3 (Main Theorem). Let X be a projective Q-factorial toric variety and let
F be a toric foliation of rank r on X. Then

lgz(R) = [ICI}IEIII%{—KQ‘ . C} <r+1

holds for every extremal ray R of NE(X) = NE(X). Moreover, if l#(R) > r holds for
some extremal ray R of NE(X), then the contraction morphism ¢r: X — Y associated
to R is a P"-bundle over Y. In this case, F = Jx;y holds, where Txy is the relative
tangent sheaf of or: X — Y. In particular, F is locally free.

We note that we call [#(R) the length of an extremal ray R with respect to the foliation
Z. We will use Reid’s description of the toric extremal contraction morphisms in [RI]
(see also [M, Chapter 14]) for the proof of Theorem [Z3. This paper can be seen as a
continuation of [F71] (see also [Fi2]).
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2. PRELIMINARIES ON TORIC VARIETIES
Let N ~ Z" be a lattice of rank n. A toric variety X (X) is associated to a fan X, a
collection of convex cones 0 C Ny := N ®yz R satisfying:
e Each convex cone o is a rational polyhedral cone in the sense that there are finitely
many ng,...,ns € N C Ng such that
o={rn+ - +rsmg r; >0} =:(ng,...,ng,
and it is strongly convex in the sense that
o N —o = {0}.
e Each face 7 of a convex cone ¢ € ¥ is again an element in 3.
e The intersection of two cones in X is a face of each.

The dimension dimo of a cone o is the dimension of the linear space Ro = o + (—0)
spanned by o. We define the sublattice N, of N generated (as a subgroup) by ¢ N N as
follows:

Ny,:=0cN N+ (—oNN).

If o is a k-dimensional simplicial cone, and vy, ..., vy are the first lattice points along the
edges of o, then o = (vy, ..., v;) holds. The multiplicity of o is defined to be the index of
the lattice generated by the {vy,..., v} in the lattice N,;

mult(o) := [N, : Zvy + - - - + Zvy].

We note that the affine toric variety X (o) associated to the cone o is smooth if and only
if mult(c) = 1. We also note that a toric variety X (X) is Q-factorial if and only if each
cone o € ¥ is simplicial (see e.g. [M, Lemma 14-1-1]).
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The star of a cone 7 € ¥ can be defined abstractly as the set of cones ¢ in ¥ that
contain 7 as a face. Such cones ¢ are determined by their images in N(7) := N/N,, that
is, by

7:= (04 (N)r) /(N;)r C N(7)g.

These cones {7;7 < o} form a fan in N(7), and we denote this fan by Star(7). We
set V(1) = X (Star(7)), that is, the toric variety associated to the fan Star(r). It is
well known that V(7) is an (n — k)-dimensional closed toric subvariety of X (3), where
dim7 = k. If dimV(7r) = 1 (resp. n — 1), then we call V(7) a torus invariant curve
(resp. torus invariant divisor). For the details about the correspondence between 7 and
V (1), see [E1, 3.1 Orbits].

3. PROOF OF THEOREM

In this section, we will prove Theorem I=3.

Proof of Theorem I_3. We assume that the toric variety X is associated to a fan 3, which
is a collection of convex cones in N ~ Z™ as explained in Section B. In particular,
dim X = n. It is well known that every extremal ray of NE(X) = NE(X) is spanned
by a torus invariant curve (see e.g. [M, Theorem 14-1-4]). Let R be an extremal ray
of NE(X). If I#(R) < r holds, then there is nothing to prove. Therefore, we assume
that —Kz - C' > r holds for every torus invariant curve C' with [C] € R. We further
assume that C' corresponds to an (n— 1)-dimensional cone W = (vq,...,v,_1) € X, where
V1, . ..,U,_1 are primitive vectors. Let v,,v,+1 € N be the two primitive vectors such that
they together with W generate the two n-dimensional cones 0,0’ € ¥, respectively. As
usual, we can write

(3.1) a1vy + -+ Ap—1Vp—1 + AUy + Apt1Vp41 = 0

such that a; is an integer for every ¢ with ged(ay,...,a,11) = 1 and ap,a,41 > 0. We
should remark that for a 1-dimensional cone (v) € ¥, where v € N is a primitive vector,
we have the following formula for the intersection number of D, := V((v)) with C (see
e.g. [CLS, Proposition 6.4.4]):

0 Ug{vlw"a’vn—kl}
a;mult(V) for 1 < <
_ v=w for1<i<n
D, -C=4 a,mult(o)
mult (W)
— v =y,
mult(o”) A
In this setting, [M, Proposition 14-1-5 (i)] says that for 1 < i < n — 1 with a; > 0, we
have
({vr, - o} \{ui}) €5
and

V({v1, .. vak \ {oi}))] € R.

Thus, we may assume that
ai S San San—i-l

by changing the order. In particular, the above formula tells us that D - C' < 1 for any
torus invariant divisor D on X. Since we have

~Kz-C=) V() -C>r,

v, eV
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we obtain 1 <1y < iy < --+ <1, < 441 <n+ 1 such that
Viys Vigy - - -5 Vipy Vi yy € V.
Since the rank of .% is r, we obtain dim¢ V = r and
V =R, viy, -, 03, 05,,,) Or C
= R(vi,, Vig, - .., v;.) ®r C.

In particular, we have v; ¢ V for every i & {iy,i2,...,%,%41}. Then a; = 0 holds in
(B87) for every i & {i1,i9,...,0r,irr1}. Thus, {i, i, ..., 0p,0pp1} = {n—r+1n—r+
2,...,n,n+ 1} holds and (Bl) becomes

(32) p—r41Vn—r+1 T+ App1Upt1 = 0.
We define n-dimensional cones
g; ‘= <?}17 ey Uiy Uity e - - ,’Un+1> €

forn—r+1<i¢<n+1. Weput p;;, =0;No; € X for i # 5. We note that

1 i mult( )
r<—Kgz - V(pgn) < ( Z ai> mult\fk,n+1)

(3.3) Ant1 \ ;o 1 mult(oy,)
mult (g 1)
< 1) \Pkntl)
s (r+1) mult(oy)

holds for every n — r + 1 < k < n. By definition, we know that
mult(oy)
mult (1)
is a positive integer. Hence (B33) implies that
mult (g py1) = mult(og)

holds for every n —r +1 < k < n. Therefore, a; divides a,; for every n —r+1 <k < n.
By (B33), we obtain the following claim. Though the proof is completely similar to the
proof of the claim in [F7l, Proposition 2.9], we describe it for the sake of completeness.

Claim.
Ap—r41 = " = Apy1 = 1.

Proof of Claim. Suppose that a,_,11 # a,1. Since

n+1
1
Un—r41 = — E A;Un41
An—r+1 i=n—r+2

is a primitive vector, a,_,.2 # a,1 also holds. Namely,

Ap—r+1  Op—r42 < 1
) =

An+41 (41 2 ’
and this contradicts (B33). O

Thus, (B2) is nothing but

Un—ri1 + -+ Un4+1 = 0.
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Since this equality says that v; = —v,11 in N/N,
generates N/N,

Hin+1)
(3.4) Zv; — N[Ny,

Let v be any element of N. Then, by (B4), we can find b, _,,1,...,b, € Z such that
v — (bn—r—&-lvn—r—i—l + -+ bnvn) € N(m,...,vn_r)-

This implies that {v,_r11,...,v,} spans Ny, ., .., and that there exists a splitting
N = N, rir,on) © Ny v,y The natural projection map

N — N/N,
and the fan ¥ define a fan 3y in N/N;
contraction morphism of fibering type
or: X =XX) =Y =Y (3y).
For the details of the above description of toric extremal contractions, see e.g. [M, Corol-
lary 14-2-2]. Since {vp_r41,...,v,} spans N

i1 forevery n —r +1 <1 < n, v

that is, we have an isomorphism

Un—rt1yeeyUn)

on_ritrwn)-  Lhen we obtain a toric extremal

Un—r+17---avn>7
Up—pt1+ 0+ Upp1 = 07
and there exists a splitting
N = N<U7l—7"+17"'7vn> @ N(’Ul’“-y’un—'r>’

the extremal contraction pr: X — Y is a P"-bundle (see e.g. [El, Exercise. (Fiber bundles)
on page 41]). Hence, we can easily check that .# = Jx/y (see e.g. [P, Proposition 3.1.6])
and that [z (R) = r 4+ 1 holds under the assumption that {#(R) > r. Thus we obtain all
the desired properties. We finish the proof. U
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