ON TORIC FOLIATED PAIRS

OSAMU FUJINO AND HIROSHI SATO

ABSTRACT. We discuss lengths of extremal rational curves, Fujita’s freeness, and the
Kodaira vanishing theorem for log canonical toric foliated pairs.

CONTENTS
1| Introduction 1
% Preliminaried 3
B.  Lemmas on projective bundled 5)
41 Proof of Theorem T 11 6
b. Proois of Corollary 1.2, Theorems 1.3, 1.4, 1.5, and 1.6 10
b. Appendix: Toric projective bundled 12
[Referenced 12

1. INTRODUCTION

The basics of toric foliations and toric foliated minimal model program were already
studied in [Pan], [S, Section 10], [W]], [CC], and so on. In [F7S2], we discussed lengths of
extremal rational curves for toric foliations on projective Q-factorial toric varieties. This
paper is a continuation of [F7S2] and is obviously a generalization of [F71]. Throughout
this paper, we will work over C, the field of complex numbers. The following theorem is a
log canonical generalization of [F7S2, Theorem 1.3] or is a generalization of [F71, Theorem
0.1] for toric foliated pairs. Note that our approach in this paper is based on the toric
Mori theory (see [RI], [M, Chapter 14], [E71], and [F7S1]).

Theorem 1.1 (Lengths of extremal rational curves for toric foliated pairs). Let X be
a projective (not necessarily Q-factorial) toric variety and let (F,A) be a log canonical
toric foliated pair on X with rank.# = r. Then

liz.a)(B) = min{—~(Kz +A)-C} <r+1

holds for every extremal ray R of the Kleiman-Mori cone NE(X) = NE(X). Moreover,
if liz,a)(R) > 1 holds for some extremal ray R of NE(X), then the contraction morphism
or: X =Y associated to R is a P"-bundle over Y. In this case, F = Jx/y holds, where
Ix )y 1s the relative tangent sheaf of pr: X — Y, and the sum of the coefficients of A is
less than one. In particular, the foliation F is locally free.
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We note that we have already treated Theorem I under the extra assumption that
X is Q-factorial and A = 0 in [F752, Theorem 1.3]. By Theorem [, we have the cone
theorem for log canonical toric foliated pairs.

Corollary 1.2 (Cone theorem for toric foliated pairs). Let (#,A) be a log canonical toric
foliated pair on a projective toric variety X with rank.# = r. Then we have

NE(X) = NE(X) = > Rso[C]]

where C; is a torus invariant curve with —(Kgz + A) - C; < r+ 1 for every i. Let R
be an extremal ray of NE(X). Then we can choose C; such that —(Kz + A) - C; < r
with R = Rxo[C;] unless the associated contraction pr: X — Y is a P"-bundle over Y,
F = Ix/v, and the sum of the coefficients of A is less than one.

Corollary T2 is almost obvious by Theorem I. It is a generalization of the cone
theorem for toric varieties established in [F7l, Theorem 0.1]. More precisely, if rank.# =
dim X, then Theorem [T and Corollary 2 recovers [E7l, Theorem 0.1]. Fujita’s freeness
for log canonical toric foliated pairs is an easy consequence of the cone theorem: Corollary
2.

Theorem 1.3 (Fujita’s freeness for toric foliated pairs). Let (%, A) be a log canonical
toric foliated pair on a projective toric variety X. Let r denote the rank of % . Let H
be a Cartier divisor on X such that (H — (Kgz 4+ A)) - C > r + 1 holds for every torus
invariant curve C' on X. Then the complete linear system |H| is basepoint-free.

For toric foliations on smooth projective toric varieties, we have the following statement
on Fujita’s freeness.

Theorem 1.4 (Fujita’s freeness for toric foliations). Let .# be a toric foliation with
rank.Z = r on a smooth projective toric variety X. Let A be an ample Cartier divisor on
X. Then |Kg + (r+ 1)A| is basepoint-free. Moreover, | K + rA| is basepoint-free unless
X has a P"-bundle structure p: X =Y, F = Ixy, and A-L =1 for a line { in a fiber
of p: X =Y.

If rank.# = dim X in Theorem 4, then it is nothing but the original version of Fujita’s
freeness for smooth projective toric varieties. Since any ample Cartier divisor on a smooth
projective toric variety is very ample, we have the following statement on Fujita’s very
ampleness.

Theorem 1.5 (Fujita’s very ampleness for toric foliations). Let .# be a toric foliation
with rank.% = r on a smooth projective toric variety X. Let A be an ample Cartier divisor
on X. Then |Kz + (r + 2)A| is very ample. Moreover, |Kz + (r 4+ 1)A| is very ample
unless X has a P"-bundle structure p: X =Y, F = TIx;y, and A-L =1 for a line { in
a fiber of p: X =Y.

Finally, although we do not treat any applications in this paper, we show that the
Kodaira vanishing theorem holds for log canonical toric foliated pairs.

Theorem 1.6 (Kodaira’s vanishing theorem for toric foliated pairs). Let (%, A) be a log
canonical toric foliated pair on a projective toric variety X. Let L be a Q-Cartier Weil
divisor on X such that L — (K + A) is ample. Then H'(X,Ox (L)) = 0 holds for every
positive integer i.

It is a special case of the vanishing theorems established in [Fj2].
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In this paper, we will use the same notation as in [F7S2]. We will freely use the basic
definitions and results in [F752]. For the details of toric varieties, see [O1], [02], [ET], and
[CLS]. For basic definitions and results of the theory of minimal models, see [EF73] and
[F74).

2. PRELIMINARIES

In this section, we collect some definitions and results for the reader’s convenience. Let
us start with the definition of foliations on normal algebraic varieties.

Definition 2.1 (Foliations and toric foliations). A foliation on a normal algebraic variety
X is a saturated subsheaf % C Zx that is closed under the Lie bracket, where Jx is
the tangent sheaf of X. We note that the rank of the foliation .# means the rank of the
coherent sheaf ..

We further assume that X is toric. Then a foliation .%# on X is called toric if the sheaf
Z is torus equivariant.

The following result on toric foliations is a starting point of [F752] and this paper.

Theorem 2.2 (see [Pan]). Let X = X (X) be a Q-factorial toric variety with its fan %

in the lattice N ~ Z". Then there exists a one-to-one correspondence between the set of

toric foliations on X and the set of complex vector subspaces V C N¢ := N ®z C ~ C".
Let %y be the toric foliation associated to a complex vector subspace V- C N¢. Then

Kz, = —c(%y) =— ZD,,

pCV

holds, that is, the first Chern class of %y is chv D,, where D, is the torus invariant
prime divisor corresponding to the one-dimensional cone p in X. In particular, we have

Kz, =Kx+)» D,
pZV
We note that rank.# = dim¢ V.

In this paper, we are mainly interested in the case where X is not QQ-factorial.

Remark 2.3. Let .% be a toric foliation on a (not necessarily Q-factorial) toric variety
X. Then we can define K as follows. We consider the smooth locus X, of X. Since
Xgm 18 a smooth toric variety, we can define Kz on X, as in Theorem 2. Since
codimy (X \ Xgn) > 2, we can extend it to the whole X and obtain a well-defined torus
invariant Weil divisor K¢ on X.

For the details of toric foliations, see [Pan], [W|] and [CCO]. We make a remark for the
reader’s convenience.

Remark 2.4 (see [CO, Corollary 3.3]). Let %y, be the toric foliation associated to a
complex vector subspace V' C N¢. Then D, is #y-invariant if and only if p ¢ V.
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Let us introduce the notion of torically log canonical toric foliated pairs. We note that
if rank.# = dim X in Definition 23 then it is nothing but the usual definition of toric log
canonical pairs.

Definition 2.5 (Torically log canonical toric foliated pairs). A toric foliated pair (F,A)
on a toric variety X consists of a toric foliation # and an effective torus invariant R-
divisor A on X such that Kz + A is R-Cartier. Let 7: X — X be a proper birational
toric morphism of toric varieties. Then we can write

Kz+m'A=m"(Kz+A)+ > a(E,F,AE
E

where .Z is the induced foliation on X and the sum is over all m-exceptional divisors F.
We call a(E,.Z#,A) the discrepancy of E with respect to (.#,A). We put «(F) = 0 if
E is Z-invariant and L(E) = 1 otherwise. We say that the pair (%, A) is torically log
canonical if a(E,.Z,A) > —u(E) for any proper birational foric morphism 7: X — X
and for any m-exceptional prime divisor £ on X.

Although the following lemma is easy to prove, it is very important.

Lemma 2.6. A toric foliated pair (%, A) is torically log canonical if and only if SuppA C
SuppK g and the coefficients of A are in [0, 1].

We prove Lemma 28 for the sake of completeness.

Proof. We assume that .% is the toric foliation associated to a complex vector subspace
V' C N¢. Then we have

Ky=Kx+)» D,
pZV
by Theorem 22 and Remark 2=3. We put

A=>"bD,
P
with b, > 0. Hence we have

(2.1) Ky +A=Kx+Y D,+Y b,D,
pZV p

By definition, we can easily see that (.#,A) is torically log canonical if and only if

(X, YD, +> pr,,)

pZV p
is log canonical in the usual sense. Thus the pair (%, A) is torically log canonical if and
only if SuppA C SuppK sz and the coefficients of A are in [0, 1]. d

Although it is nontrivial, we see that our definition of torically log canonical toric
foliated pairs coincides with the log canonicity of toric foliated pairs in the usual sense.
In this paper, Definition 223 and Lemma P78 are sufficient for our purposes.

Theorem 2.7 ([CO, Proposition 4.31)). Let (F,A) be a toric foliated pair. Then (F,A)
is torically log canonical if and only if (%, A) is log canonical in the usual sense for
foliated pairs.
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Proof. This follows from Lemma P8 and [CO, Proposition 4.31]. O

For the precise definition of log canonical foliated pairs, see, for example, [CO, Definition

4.1]. By Theorem P77, we can simply say that a toric foliated pair (%, A) is log canonical
when it is torically log canonical. We close this section with a remark on the minimal
model program.

Remark 2.8. Let (%, A) be a log canonical toric foliated pair on a projective Q-factorial
toric variety X. Then we can run the minimal model program with respect to Kz + A
(see, for example, [R], [M], [E71], and [F7S1]). By (E1) in the proof of Lemma P8, we see
that the log canonicity of (%, A) is preserved by the above minimal model program.

3. LEMMAS ON PROJECTIVE BUNDLES

In this section, we prepare some lemmas on projective bundles over curves for the proof
of Theorem . Let us start with an easy lemma on projective bundles over a smooth
rational curve.

Lemma 3.1. Let m: X — Y be a P -bundle over P'. We write
T X = Ppl(O]pl D O]pl (Cl) D---D O]}Dl (Cr)) — ]P)l

with ¢; < -+ < ¢.. Note that m: X — Y s toric. If there exists an extremal ray R of
NE(X) such that Kx;y - R =0, then ¢; = --- = ¢, =0, that is, X =P" x P! and 7 is the
second projection.

Proof. Since m: X — Y is a P"-bundle, we have

r

Ox(Kx/y) = 77-*(9[[:71 <Z Ci) & Ox(—(’f‘ + 1))

=1

Note that NE(X) is spanned by two extremal rays. One extremal ray corresponds to the
projection m: X — Y. Therefore, Kx,y is negative on it. By assumption, Kx/y - C <0
holds for every horizontal torus invariant curve C' on X. This implies ¢; = --- = ¢, = 0.
Thus X =P" x P! and 7: X — Y is the second projection. We finish the proof. U

Lemma B™ is a slight generalization of Lemma B.

Lemma 3.2. Let m: X — Y be a P -bundle over P! and let A be a torus invariant
horizontal effective R-divisor on X such that every coefficient of A is less than one. If
there exists an extremal ray R of NE(X) such that (Kx/y +A)-R =0, then X =P" x P!
and T is the second projection.

Proof. As in the proof of Lemma B, we write
m: X =Pm (Opl (Co) D Opl (Cl> D---D Opl (CT)) — ]Pﬂ

with 0 = ¢y < ¢; < --- < ¢,.. By assumption, we can write

A=Y bH,
=0
with b; € [0,1) such that
OX(HZ) ~ Ox<].) X W*Opl(—ci)
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for every i. Let P be a point of Y = P'. Then Kx,y + A is R-linearly equivalent to

=0

As in the proof of Lemma B71, (Kx/y+A)-C < 0 holds for every horizontal torus invariant
curve C' on X. This implies that

r

Z(l —b)e; <0

1=0

holds. Hence we obtain ¢g = ¢; = - = ¢, = 0. This is what we wanted. O

The final lemma in this section is similar to Lemma B above. However, we note that
7: X — Y is not toric when Y # P!

Lemma 3.3. Let Y be a smooth projective curve and let L; be a line bundle on'Y for
every i. We consider a P"-bundle m: X :=Py (LoD --- B L,) = Y overY. Let H; be the
horizontal divisor on X corresponding to

DL~ DL
j=0 i
for every i. We put A = >"'_ b;H; such that b; € [0,1) for every i. Assume that there
exists an extremal ray R of NE(X) such that (Kx/y +A) - R=0. Then deg £; = deg L

holds for every i. In particular, if deg Ly = 0, then deg L; = 0 holds for every i. Let C;
be the section of m: X — Y corresponding to

é £j — El
=0

for every i. Then the numerical equivalence class of C; is in R for every i.
Proof. Note that

Ox(H;) ~ Ox(1) @ 7 LP!
holds for every 7 and that

O)(<Kx/y) ~ 7T* <® £z> & OX(—(T -+ 1))
=0
Hence we can easily check this lemma by modifying the proof of Lemma B2 suitably. [

4. PROOF OF THEOREM [

This section is the main part of this paper. Here we give a proof of Theorem Il

Proof of Theorem I. In Step M, we will prove Theorem I under the extra assumption
that X is Q-factorial. Step [ is essentially the same as the proof of [F752, Theorem 1.3].
Hence we will only explain how to modify it. Then, in Step B, we will treat the case where
X is not Q-factorial. Step B is completely new. In our proof in Step B, we have to treat
non-toric varieties.
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Step 1. We assume that .% is the toric foliation associated to a complex vector subspace

V' C N¢. Then we can write
A=>"b,D,

pCV

with b, € [0, 1] and

Ky +A=Kx+)Y D,+Y» b,D,

pZV pCV
since (#,A) is log canonical (see Lemma P8 and Theorem Z74). We assume that
l(#.)(R) > r holds. From now, we will only explain how to modify the proof of [FSZ2,
Theorem 1.3]. Hence we will freely use the same notation as in the proof of [F752, Theo-
rem 1.3]. We put b, =1 for p ¢ V and b, := b,, with p; := R>v; for every i. By changing
the order, we may assume that
(1 - bl)al <. < (1 - bn)an S (1 - bn+1)an+1-
Then we have
—(Kz+A)-C=)Y (1-b)V({)-C>r.
v, EV

By the same argument as in the proof of [F7S2, Theorem 1.3], we obtain

p—r41Vn—r+1 T+ Qpi1Upt1 = 0.

Then we see that

1 ol mult (g p41)
Ky +A) V() < L=biai | ——7——
r<—(Kz+A) V(gns) < Gt (i:;+l< )a> mult(oy)
mult (g 1)
< 1 PR S Sl Mt
SRR mult(oy,)

holds for every n —r + 1 < k < n. Then the argument in the proof of [F7S2, Theorem
1.3] works without any changes. Thus we obtain that ¢r: X — Y is a P"-bundle and
F = Ix/yv. In this case, we can easily check that the sum of the coefficients of A is less
than one by {(z a)(R) > r.

From now, we may assume that X is not Q-factorial. It is sufficient to prove that
or: X — Y is a P"-bundle with .# = %,y under the assumption that [z )(R) > 7.

Step 2. We take a small projective Q-factorialization ¢: X’ — X (see [Fil, Corollary
5.9]). Let A’ be the strict transform of A and let .#’ be the induced foliation on X'.
By construction, we have Kz + A" = ¢*(K# + A). Let ¢r: X — Y be the contraction
morphism associated to R (see [F7S1, Theorem 4.5]). By considering prot: X' — Y, we
can find an extremal ray R’ of NE(X') such that ¢, R = R and [z an(R') > r. Since X'
is Q-factorial, the associated contraction g : X' — Y’ is a P"-bundle, .#’ is the relative
tangent sheaf Zx//y+, and the sum of the coefficients of A’ is less than one by Step .
Note that we can write

gORliX/:Py/(£0@£1@"'@£r>—>yl

with £y = Oy since pr: X' — Y’ is toric (see Lemma B below). We put E := Exc(1)),
that is, the exceptional locus of 1. Then E is a torus invariant closed subset of X’ with
COdiIIlX/E Z 2.
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Claim. E = ¢ (pr/(E)).
Proof of Claim. Let Z' be the section of pr : X’ — Y’ corresponding to

é ‘Cz — ﬁo.
=0

We consider 1z = |z Z' — Z = ¢(Z’'). Then any positive-dimensional fiber of
is rationally chain connected since vy : Z' — Z is toric. Let C be a rational curve in
a fiber of ¢z. Let C' be the normalization of pg/(C). We consider the base change of
or: X' =Y by P! ~C" — Y’ Then, by Lemma B2, we have the following commutative
diagram:

[0}

— . T

Pr <" P x O —— o (pr (C)) —= X

c’ vr(C)——Y",

where p; and p, are projections. Thus, the numerical equivalence class of a(p;*(P)) is
independent of P € P". This implies that a(p;'(P)) is numerically equivalent to C' for
every P € P". Hence ¢: X' — X contracts a(p; '(P)) to a point for every P € P. Thus,
we obtain ¢y, (pr(C)) C E. Therefore, we obtain

(4.1) o7 (or (Exc(i2)) C E.

If Yz: Z'" — Z is not birational, then Exc(¢z) = Z’. This implies X C E by ().
This is obviously a contradiction. Hence we obtain that ¢z : Z' — Z is birational. If
0 (or/(Exc(vz/))) € E, then we can take a curve C such that ¢(C) is a point with

C ¢ ¢ (or (Exc(¥z))).

Let C’ be the normalization of ¢ (C). We consider the base change of g : X' — Y’ by
C" — Y’. Then we have the following commutative diagram:

(67

/\
(4.2) Xt — o (o (C)—= X'

| ’ | o

¢’ pr(C)——Y",

where X, — C" is the base change of X’ — Y’ by ¢ — Y. By construction, we can
take a curve C” on X/, such that 3(C°) = C. Since X/, is a P"-bundle over (', the
Picard number of X(, is two. Moreover, X{, has two nontrivial contractions X/, — C’
and ¥ o a: X, — W, where W is the normalization of (¢ o )(X,,). Thus NE(X/,)
has an extremal ray @ spanned by C” since C” is contracted by v o a. Note that C” -
(Kxz, /o0 + Aw) = 0, where Ky o + Ay = o (Kxyy + A'). By Lemma B3, we
can take a curve C* on X¢» such that the numerical equivalence class of C* is in Q and
B(C*) = ! (or/(C)) N Z'. Thus the curve g (¢r/(C)) N Z' is contracted by v, that is,
©m (or/(C)) N Z' C Exc(iz). Then

o (or(C))NZ' CExc(vy) C on (or (Exc(vz))).
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Hence we have

C C op (pr(BExe(vz))).

This is a contradiction. This implies that

E = op (pr (Exc(¢z))).

Therefore, we have the desired equality E = ¢4 (¢r/(E)). We finish the proof of Claim.
0]

We put L; 7z == (¢ L;)|z for every i. Let C' be any curve on Z’ such that ¢z (C) is
a point. Let C’ be the normalization of g (C). We consider the commutative diagram
(E2) as before. Then we can check that £; z-C' = 0 for every ¢ by applying Lemma B33 to
X{» — C’. This implies that there exists a line bundle £, 7 on Z such that £; z» = 73, L; »
holds for every ¢ since ©z : Z' — Z is a projective birational toric morphism. Hence,
L; z/|c is a trivial line bundle for every ¢. Then X, — C’, which is the base change of
or: X' =Y by C" = Y’ is the second projection

P'x C'"=Pc(Oc @& Oci) = C'.

In particular, we obtain that A’- CT = 0 holds for every curve C' on X’ such that (CT)
is a point.

We consider 17 o (pr/|z)~': Y — Z. By the above observation, for any point = € X,

we see that (¢ o (¢r|z)  owr) (¥~ (x)) is a point. Therefore, there exists a morphism
X — Z and we have the following commutative diagram.

X' v X

A

Y =7 — 7
Z/

By this commutative diagram and the observation before, we see that every fiber of
X — Z is contracted to a point by pg. Thus pr: X — Y factors through Z. Since the
relative Picard number of pr: X — Y is one, Z is isomorphic to Y. Hence we have the
following commutative diagram

X Yo x

ew| e

Y —=Y
1/’}/’
and we see that £; = 13, M, holds for some line bundle M; on Y for every :.

We put X" :=Py(Moy@®---®dM,). Then pr: X’ — Y is the base change of X" — Y
by ¢y Y = Y. We put p: X’ = X". Then Kx/ )y + A" = p*(Kxny + A”) with
A" := p,A'. By construction, Kx//yr + A" = ¢*(Kx/y +A). We set B := (¢yr o op ) (E).
Then B is a closed subset of Y with codimy B > 2. By Claim and the construction of
Yy, we have E = (y+ o op)}(B). Thus we obtain the following commutative diagram:

X'\ E—= X\ 4(E)

o | =

Y'\ ¢r(F) w—;>Y \ B.
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Note that codimy.E > 2, codimy pr(E) > 2, and codimyy(F) > 2. By the above
diagram, we can easily check that X” and X are isomorphic in codimension one. By
construction again, —(Kx/y +A) is ample over Y and —(Kx»/y +A") is also ample over
Y. Hence, X is isomorphic to X” over Y. This is what we wanted.

We finish the proof of Theorem . O

Remark 4.1. The authors do not know how to prove Theorem [ using only toric
geometry when X is not Q-factorial.

We close this section with an example, which shows that the estimate in Theorem I
is sharp.

Example 4.2. We consider N = Z?. We put

o= () - @) - )

Let us consider the fan X consisting of R>ov1 + R>ova, Rsova + Rxgvs, Rsovs + Ry,
R>ov4 + R>gv1, and their faces.

UBE]
1

Va
E3

Then the toric variety X := X(X) is a P-bundle Ppi(Op1 & Opi(1)) over PL. We put
pi = Rsov; and D; := D,, for every i. Then the Kleiman-Mori cone is spanned by [Ds]
and [Dq] = [D3], that is,

NE(X) = Rxo[Do] + Rxo[Ds].
Let V be the complex vector subspace of N¢ spanned by vy. Let %y be the associated
toric foliation on X. Then rank.%#, = 1 and Kz, = —Dy — D, (see Theorem Z2).
Similarly, let W be the complex vector subspace of N¢ spanned by v; and let %y, be the

associated toric foliation on X. Then Kz, = —D; and rank.% = 1 (see Theorem I3).
We can directly check that

—Kz, Dy =—1
—Kg, - D3=2

and

Kz, Dy =1
— Kz, -Ds =0.

Note that R>o[Ds] corresponds to the P!-bundle structure of X and that Rsq[Ds] gives a
blow-down X = ]P’]pl(@]pl D O]}Dl(l)) — P2,

5. PROOFS OF COROLLARY [, THEOREMS 3, 4, TH, AND [CH

In this section, we prove the results in Section .
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Proof of Corollary 3. 1t is well known that NE(X) is spanned by torus invariant curves
on X (see, for example, [R], [M], [E71], and [E751]). In particular, it is a rational polyhedral
cone. The statement on lengths of extremal rational curves follows from Theorem .
We finish the proof. O

Theorems and 4 are easy consequences of the cone theorem: Corollary 2.

Proof of Theorem 3. By Corollary 2, H - R > 0 for every extremal ray R of NE(X),
that is, H is a nef Cartier divisor on X. This implies that |H| is basepoint-free. O

Proof of Theorem [I.4. This follows from Corollary . More precisely, we can check the
nefness of K + (r + 1)A and Kz + rA under the given assumptions as in the proof of
Theorem M33. 0

We learned the following example from Professor Fanjun Meng.

Example 5.1. For any positive integer n, we can construct a smooth projective surface
Y and an ample Cartier divisor H on Y such that [nH| is not basepoint-free (see [L,
Examples 5.1.18 and 5.2.1]). We take an elliptic curve E and a point P of E. We put
X =Y x Fand A := piH + p5P, where p;: X — Y and ps: X — FE are projections.
Then A is an ample Cartier divisor on X such that |nA| is not basepoint-free. We
consider 7 := p;: X — Y and # := Jx/y, that is, ¥ is the relative tangent sheaf of
7m: X — Y. Then the canonical bundle Ox (K z) of .% is trivial. In this case, |Kz+nA| is
not basepoint-free. Hence we cannot formulate Fujita’s freeness conjecture for foliations
naively.

Theorem 3 is obvious by Theorem I.

Proof of Theorem 4. Since A is an ample Cartier divisor on a smooth projective toric
variety X, A is very ample (see, for example, [O2, Corollary 2.15]). Hence we have the
desired statement by Theorem 4. OJ

We finally prove the Kodaira vanishing theorem for log canonial toric foliated pairs.

Proof of Theorem 4. We assume that .% is the toric foliation associated to a complex
vector subspace V' C N¢. Then we can write

A=>"b,D,
pCV
with b, € [0, 1] and
Ks+A=Kx+Y D,+» b,D,
pZV pCV

since (., A) is log canonical (see Lemma 28). By assumption,

L—(Kz+A)=L- (KX+ZD,,+Zb,,D,,>

pZV pCV

is ample. By perturbing the coefficients, we can construct an effective Q-divisor A’ on X
such that

SuppA’ = Supp (Z D, + Z prp> ,

pZV pCV
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every coefficient of A’ is less than one, and L — (Kx + A’) is still ample. In this setting,
by [E72, Corollary 1.7], we obtain

0=H(X,0x(Kx +[L— (Kx+A")]))=H(X,0x(L))

for every positive integer ¢. This is what we wanted. U

6. APPENDIX: TORIC PROJECTIVE BUNDLES

In this appendix, we give a proof of the following well-known result (see [O1, p.41

Remark]) for the sake of completeness. To the best knowledge of the authors, we do not
find it in the standard literature.

Lemma 6.1 (Toric projective bundles, [O1, p.41 Remark]). Let p: X — Y be a toric
morphism of toric varieties such that ¢: X — Y is a P"-bundle. Then X ~Py (Lo @D
L,) for some line bundles Ly, ..., L, onY and p: X — Y is isomorphic to the projection
T Py(Lo®---BL,) =Y.

Proof. Since X is a P"-bundle over Y, we can write X = Py (&) for some vector bundle £
on Y. We take a torus invariant Cartier divisor H on X such that Ox(H) ~ Op, ) (1).
Then we have p,Ox(H) ~ £. Thus, by replacing £ with p,Ox(H), we may assume that
£ is a toric vector bundle on Y, that is, the torus action on Y lifts to an action on &
and it is linear on the fibers. Let U be any affine toric open subset U of Y. Then it is
not difficult to see that €|y is isomorphic to OF" ™! as a toric vector bundle on U (see,
for example, [Pay, Proposition 2.2]). Therefore, the restriction of ¢: X — Y to U is
isomorphic to the second projection P" x U — U. Let h: (N,3) — (N’,¥') be a map
of fans corresponding to ¢: X — Y. Let N” be the kernel of h: N — N’. Without loss
of generality, we may assume that N = N” @ N’. We fix a Z-basis {nf,...,n’} of N”.
Since ¢: X — Y is isomorphic to the second projection P" x U — U for any affine toric
open subset U of Y, we can lift any cone ¢’ € ¥’ to a cone o € ¥. Hence we can find
¥'-linear support functions hy, ..., h, such that the map Ny — Nz = Ng & Nj given by
y— (Oi_ hi(y)n!,y) defines the desired lifts of cones. Let £; be the line bundle on Y
defined by the Y'-linear support function h; for every i. Then, by construction, we can
check that X ~Py(Oy & L1 & --- @ L,) and ¢: X — Y is isomorphic to the projection
T:Py(Oy®L1 & B L) — Y (see Remark B2 below). We finish the proof. d

Remark 6.2 (see [Pax, p.124, Remark.(2)]). The minus sign in [02, p.59] needs to be
deleted.
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