SUPPLEMENTS TO NON-LC IDEAL SHEAVES

OSAMU FUJINO, KARL SCHWEDE AND SHUNSUKE TAKAGI

ABSTRACT. We consider various definitions of non-lc ideal sheaves — generaliza-
tions of the multiplier ideal sheaf which define the non-lc (non-log canonical) locus.
We introduce the maximal non-lc ideal sheaf and intermediate non-lc ideal sheaves
and consider the restriction theorem for these ideal sheaves. We also begin the de-
velopment of the theory of a characteristic p > 0 analog of maximal non-lc ideals,
utilizing some recent work of Blickle.
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1. MOTIVATION

In this short section, we explain our motivation for the study of non-lc ideal
sheaves.
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1.1 (Motivation). Let X be a normal variety and A an effective Q-divisor on X
such that Ky + A is Q-Cartier. In this situation, we want to define an ideal sheaf
I(X, A) satisfying the following properties.
(A) The pair (X, A) is log canonical if and only if (X, A) = Ox.
(B) (Kodaira type vanishing theorem). Assume that X is projective. Let D be
a Cartier divisor on X such that D — (Kx + A) is ample. Then

HY(X,I(X,A)® Ox(D)) =0

for every ¢ > 0.
(C) (Bertini type theorem). Let H be a general member of a free linear system
A on X. Then
I(X,A)=1(X,A+ H).
(D) (Restriction theorem). Assume that A = S + B such that S is a normal
prime Weil divisor on X, B is an effective Q-divisor, and that S and B have
no common irreducible components. Then

I(X,5+ B)|s = I(S, Bs),
where (Kx + S+ B)|s = Ks + Bs.

We have already known that the (minimal) non-lc ideal sheaf Tnrc(X, A) intro-
duced in [F2] satisfies all the above properties. The intermediate non-lc ideal sheaves
J/ (X, A) for every negative integer [, which will be defined in Section 8 below, sat-
isfy (A), (B), and (C). However, in general, (D) does not always hold for J/(X, A)
with [ = —1,—=2,---. The mazimal non-lc ideal sheaf J'(X,A) also satisfies (A),
(B), and (C), and we do not know if (D) holds for J'(X,A) or not. However, we
have some evidence that it is true. In particular, we will give partial answers to
this question in Section 12 and in Section 13. In section 13, we also mention a link
between J'(X, A) and ideals that appear naturally in the study of the Hodge-theory
of singular varieties. We conclude this paper by developing a characteristic p > 0
analog of J'(X,A), relying heavily on some recent interesting work of Blickle, see
[B].

Finally, it should be noted that, in various presentations, Sandor Kovacs has
recently been discussing how the ideal J'(X, A) is a natural ideal to consider. His
work in this direction is independent of the authors although certainly inspired by
connections with Du Bois singularities; see Section 13.

2. INTRODUCTION

The main purpose of this paper is to consider variants of the non-lc ideal sheaf
JInre introduced in [F2]. We also consider various non-kit ideal sheaves. We will
explain our motivation, observations, and some attempts in the study of non-ic ideal
sheaves.

Let D be an effective R-divisor on a smooth complex variety X. We put

J'(X,D):=J(X,(1—¢)D)

for 0 < € < 1, where the right hand side is the multiplier ideal sheaf associated to
(1—¢)D and it is independent of € for sufficiently small 0 < ¢ < 1. By the definition
of J'(X, D), the pair (X, D) is log canonical if and only if J'(X, D) = Ox. We call
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J'(X, D) the mazimal non-lc ideal sheaf of (X, D). We will discuss the definition
and the basic properties of J' in Section 7. In general, (X, D) C J(X, (1 —¢)D)
for 0 < e < 1 and the relationship between J (X, D) and J'(X, D) is not clear.
So, we need new ideas and techniques to handle J'(X, D). We believe that the
Kawamata—Viehweg—Nadel vanishing theorem is not powerful enough for the study
of J'(X, D). However, the new cohomological package of the first author, explained
in Section 4, seems well suited for this task.

Let X be a smooth variety and S a smooth irreducible divisor on X. Let B be
an effective R-divisor on X such that S ¢ Supp B. Then we have the following
equality

J'(S,Bls) = J'(X,S + B)|s.
See, for example, Theorem 12.7. We call it the restriction theorem. We will par-
tially generalize it to the case of singular varieties in Section 13. In [F2], the first
author introduced the notion of (minimal) non-lc ideal sheaves Jnpc and proved
the restriction theorem

Inee(S, Bls) = Inne(X, S + B)|s.

Both of J'(X, D) and Jyrc(X, D) define the non-lc locus of the pair (X, D).
However, in general, J'(X, D) does not always coincide with Jyrc(X, D). We note
that

J(X,D) C Inre(X, D) € J'(X,D)
holds by the definitions of J, Jyrc, and J'. Although Jnrc(X, D) seems to be the
most natural ideal that defines the non-lc locus of (X, D) from the point of view of
the minimal model program (cf. [F4]), J'(X, D) may be more suitable to the theory
of multiplier ideal sheaves than Jyrc(X, D).

More generally, we consider a family of non-lc ideal sheaves. We define interme-
diate non-lc ideal sheaves J/(X, D) for every negative integer [. By the definition
of J/(X, D) (which is a sheaf that varies with each negative integer 1), J/(X, D)
defines the non-lc locus of (X, D) and satisfies many of the same useful properties
that the first author’s original non-lc ideal Jyrc(X, D) enjoys.

Furthermore, there are natural inclusions (where again, the [ vary of the negative
integers)

Inwe(X, D) C---C J (X, D)
cJ/(X,D)Cc J (X,D)cC---CTJ(X,D)C Ox.

Similarly, we also define a family of non-kit ideal sheaves J,(X, D) for every non-
positive integer [. These sheaves satisfy

j(XuD)CCu%fl(XvD)
CTHX,D)Cc Ja(X,D)C---CT(X,D)COx

and put possibly different scheme structures on the non-klt locus of (X, D). We
have natural inclusions

Ji(X, D) C J/(X, D)
for every negative integer [, as well as the inclusions

J(X,D) C Inie(X,D) and Jo(X,D) C J'(X,D).
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Let W be the union of all the lc centers of (X, D) (see our slightly non-standard
definition of lc centers in Section 3) and U = X \ W. Then

Ji(X, D)y = J/(X, D)ly
for every negative integer [,
J(X, D)y = Inrc(X, D)y and  Jo(X, D)y = T'(X, D)|u.

Because the multiplier ideal sheaf has emerged as such a fundamental tool in higher
dimensional algebraic geometry, it is natural to desire a non-lc ideal sheaf which
agrees with the multiplier ideal sheaf in as wide a setting as possible. If we as-
sume that this is a desired property, then Jnpc(X, D) is the right generalization of
J(X, D).

On the other hand, with regards to condition (B) from Section 1, one way to in-
terpret the term I(X, A) is as a correction term which mitigates for the singularities
of A. From this point of view, using the maximal non-lc ideal sheaf J'(X, A) gives
a heuristically stronger statement as it says one has to “adjust” to lesser extent.

The multiplier ideal (X = Spec R, A) is also very closely related to the test ideal
(R, A), a notion that appears in the theory of commutative algebra in positive
characteristic, see for example [T1]. We conclude this paper with several sections
which explore a positive characteristic analog of J'(X, A) which we call the non-F-
pure ideal and denote it by o(X, A). In order to define this ideal, we rely heavily on
some recent work of Blickle, see [B]. In section 15 we then relate the characteristic
zero notion J'(X,A) and the characteristic p > 0 notion o(R,A). In the final
section, we prove a restriction theorem for o(X,A), including a proof that the
formation of o(X,A) commutes with the restriction to an arbitrary codimension
normal F-pure center (which is a characteristic p > 0 analog of a log canonical
center).

We summarize the contents of this paper. This paper is divided into two parts.
Part I, consisting of Section 3-13, is devoted to the study of variants of non-lc ideal
sheaves Jnrc on complex algebraic varieties. Part 11, consisting of Section 14-16, is
devoted to the study of a positive characteristic analog of the maximal non-lc ideal
sheaves. These two parts are independent to each other, except for the definition of
the maximal non-lc ideal sheaves.

In Section 3, we define lc centers, non-klt centers, and non-lc centers. It is very
important to distinguish these three notions. In Section 4, we recall Ambro’s formu-
lation of Kollar’s torsion-free and vanishing theorems for the reader’s convenience.
In Section 5, we recall the notion of non-lc ideal sheaves introduced in [F2]. In
Section 6, we discuss how to define certain non-lc ideal sheaves. We also discuss
some properties which should be satisfied by these ideal sheaves. This section is
an informal discussion. In Section 7, we will define the maximal non-lc ideal sheaf
J' and investigate basic properties of J'. In Section 8, we introduce the notion
of intermediate non-lc ideal sheaves. Section 9 is a supplement to the fundamental
theorems for the log minimal model program in [F4]. In Section 10, we discuss
various non-klt ideal sheaves. In Section 11, we recall Shokurov’s differents for the
restriction theorem discussed in Section 12. Sections 12 and 13 are attempts to
prove the restriction theorem for J’. Also in section 13, we explain how J'(X,A)
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appears in the study of the Hodge theory of singular varieties. In Section 14, we
introduce a characteristic p analog of the maximal non-lc-ideal J'(X, A), called a
non-F-pure ideal, and investigate its basic properties. In Section 15, we explore the
relationship between non-F-pure ideals and maximal non-lc ideals, which is followed
by Section 16 where we prove a restriction theorem for non-F-pure ideals.

We will work over the complex number field C throughout Part I. But we note
that by using the Lefschetz principle, we can extend everything to the case where
the base field is an algebraically closed field of characteristic zero. Also, we will use
the following notation freely.

Notation. (i) For an R-Weil divisor D = 3", d; D; such that D; is a prime divisor
for every j and D; # D, for i # j, we define the round-up "D = Z§:1rdj—'Dj
(resp. the round-down D, = Z;le_deDj), where for every real number z, "z

(resp. Lx) is the integer defined by o <27 < x +1 (resp. x — 1 < Lzy < z). The
fractional part {D} of D denotes D — D .. We define

D*=>"d;D;=k>» D;, D*=>"d;D;,

dj=k dj=k dj<k
D<"=% d;D;, D**=3 d;D; and D*=7% d;D;
dj<k‘ dekJ dj>k

for every k € R. We put
*D = Supp D7*.
We note that °0 = Supp D™ = 0 and D = Supp D=! = D=L, We call D a
boundary R-divisor if 0 < d; <1 for every j. We note that ~g (resp. ~g) denotes
the Q-linear (resp. R-linear) equivalence of Q-divisors (resp. R-divisors).
(ii) For a proper birational morphism f : X — Y the ezceptional locus Exc(f) C
X is the locus where f is not an isomorphism.
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Part 1. Variants of non-lc ideals Jyrc

This part is devoted to the study of variants of non-lc ideal sheaves Jyrc on
complex algebraic varieties.

3. LC CENTERS, NON-KLT CENTERS, AND NON-LC CENTERS

In this section, we quickly recall the notion of lc and klt paris and define lc centers,
non-klt centers, and non-lc centers.
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3.1 (Discrepancies, lc and kit pairs, etc.). Let X be a normal variety and B an
effective R-divisor on X such that Ky + B is R-Cartier. Let f : Y — X be a
resolution such that Exc(f) U f.'B has a simple normal crossing support, where
[ 1B is the strict transform of B on Y. We write

and a(F;, X, B) = a;. We say that (X, B) is

log canonical (Ic, for short) if a; > —1 for every i, and,
kawamata log terminal (klt, for short) if a; > —1 for every i.

Note that the discrepancy a(F, X, B) € R can be defined for every prime divisor
E over X. By definition, there exists the largest Zariski open set U (resp. U’) of
X such that (X, B) is lc (resp. klt) on U (resp. U’). We put Nl¢(X,B) = X \ U
(resp. Nklt(X, B) = X \ U’) and call it the non-lc locus (resp. non-klt locus) of the
pair (X, B). We sometimes simply denote Nlc(X, B) by Xyro. We will discuss
various scheme structures on Nlc(X, B) (resp. Nklt(X, B)) in Section 9 (resp. in
Section 10).

Let F be a prime divisor over X. The closure of the image of E on X is denoted
by ¢x(FE) and called the center of E on X.

3.2 (Lc centers, non-klt centers, and non-lc centers). Let X be a normal variety and
B an effective R-divisor on X such that Ky + B is R-Cartier. Let E be a prime
divisor over X. In this paper, we use the following terminology. The center cx (FE)
is

an lc center if a(F,X,B)=—1and cx(F) ¢ Nlc(X, B),

a non-klt center if a(E, X, B) < —1, and

a non-lc center  if a(F, X, B) < —1.
The above terminology is slightly different from the usual one. We note that it is
very important to distinguish lc centers, non-klt centers, and non-lc centers in our
theory. In the traditional theory of multiplier ideal sheaves, we can not distinguish
among lc centers, non-klt centers, and non-lc centers. In our new framework, the
notion of lc centers plays very important roles. It is because our arguments heavily
depend on the new cohomological package reviewed in Section 4. It is much more
powerful than the Kawamata—Viehweg-Nadel vanishing theorem. We note that an
lc center is a non-klt center.

The next lemma is almost obvious by the definition of lc centers.

Lemma 3.3. The number of lc centers of (X, B) is finite even if (X, B) is not log
canonical.

We note the following elementary example.

Example 3.4. Let X = C? = Spec C[z,y] and C = (y* = z3). We consider the
pair (X, C). Then we can easily check that there is a prime divisor £ over X such
that a(E, X,C) = —1 and cx(F) is the origin (0,0) of C? and that (X, C) is not
lc at (0,0). Therefore, the center cx(F) is a non-klt center but not an lc center of
(X,0).
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4. NEW COHOMOLOGICAL PACKAGE

We quickly review Ambro’s formulation of torsion-free and vanishing theorems in
a simplified form. For more advanced topics and the proof, see [F'3, Chapter 2]. The
paper [F1] may help the reader to understand the proof of Theorem 4.2. We think
that it is not so easy to grasp the importance of Theorem 4.2. We recommend the
reader to learn how to use Theorem 4.2 in [F2], [F3], [F4], and this paper.

4.1 (Global embedded simple normal crossing pairs). Let Y be a simple normal
crossing divisor on a smooth variety M and D an R-divisor on M such that Supp(D+
Y') is simple normal crossing and that D and Y have no common irreducible com-
ponents. We put B = Dl|y and consider the pair (Y, B). Let v : Y” — Y be the
normalization. We put Ky +0 = v*(Ky + B). A stratum of (Y, B) is an irreducible
component of Y or the image of some lc center of (Y, 07!).

When Y is smooth and B is an R-divisor on Y such that Supp B is simple normal
crossing, we put M =Y x Al and D = B x A'. Then (Y, B) ~ (Y x {0}, B x {0})
satisfies the above conditions.

Theorem 4.2. Let (Y, B) be as above. Assume that B is a boundary R-divisor. Let
f:Y — X be a proper morphism and L a Cartier divisor on'Y .

(1) Assume that L—(Ky + B) is f-semi-ample. Let q be an arbitrary non-negative
integer. Then every non-zero local section of R1f.Oy (L) contains in its support the
f-image of some stratum of (Y, B).

(2) Let m: X — V be a proper morphism and assume that L — (Ky + B) ~g f*H
for some m-ample R-Cartier R-divisor H on X. Then, Rf.Oy(L) is m.-acyclic,
that is, RPm,R1f.Oy (L) =0 for every p >0 and q¢ > 0.

Remark 4.3. It is obvious that the statement of Theorem 4.2 (1) is equivalent to
the following one.

(1) Assume that L — (Ky + B) is f-semi-ample. Let ¢ be an arbitrary non-
negative integer. Then every associated prime of R?f,Oy (L) is the generic point of
the f-image of some stratum of (Y, B).

For the proof of Theorem 4.2, see [F3, Theorem 2.39].

Remark 4.4. In Theorem 4.2 (2), it is sufficient to assume that H is m-nef and
m-log big. See [F3, Theorem 2.47]. We omit the technical details on nef and log big
divisors in order to keep this paper readable.

5. NON-LC IDEAL SHEAVES

Let us recall the definition of non-lc ideal sheaves (cf. [F2, Section 2] and [F4,
Section 7]).

Definition 5.1 (Non-lc ideal sheaf). Let X be a normal variety and B an R-
divisor on X such that Kx + B is R-Cartier. Let f : Y — X be a resolution with
Ky + By = f*(Kx + B) such that Supp By is simple normal crossing. Then we put
Ince(X, B) = f.Oy("—(By')" = LBy'))
= .0y (- By + By')
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and call it the (minimal) non-lc ideal sheaf associated to (X, B). If B is effective,
then jNLC<X7 B) C Ox.

The ideal sheaf Jyrc(X, B) is independent of the choice of resolution, and thus
well-defined, by the following easy lemma.

Lemma 5.2. Let g : Z — Y be a proper birational morphism between smooth
varieties and By an R-divisor on'Y such that Supp By is simple normal crossing.
Assume that Kz + Bz = g*(Ky + By) and that Supp By is simple normal crossing.
Then we have

9:02("—(Bz")" = L.Bz'4) = Oy ("—(By")" — LBy ).
Proof. By Kz + Bz = g*(Ky + By), we obtain
Kz =¢"(Ky + By' + {By})
+ " (LB U+ LBy ) — (LB Ly 4+ LB ) — B — {By).

If a(v,Y, B7' + {By}) = —1 for a prime divisor v over Y, then we can check that
a(v,Y, By) = —1 by using [KM, Lemma 2.45]. Since g*(LBy'2+LBy'y) — (LB3 o+
LB;'.) is Cartier, we can easily see that

g*(l_BélJ + LB;lJ) = I_B;lJ + \_3514 + E,|
where FE is an effective f-exceptional Cartier divisor. Thus, we obtain
9:0z("=(Bz")" = vBz'1) =~ Oy ("—(By') " — LBy ).
This completes the proof. O]

The next lemma is obvious by definition: Definition 5.1.

Lemma 5.3. Let X be a normal variety and B an effective R-divisor on X such
that Kx + B is R-Cartier. Then (X, B) is lc if and only if Inrc(X, B) = Ox.

In the following sections, we consider variants of non-lc ideal sheaves.

6. OBSERVATIONS TOWARDS NON-LC IDEAL SHEAVES

First, we informally define 7’ as a limit of multiplier ideal sheaves. We will call
J' (X, B) the mazimal non-lc ideal sheaf of the pair (X, B). For the details, see
Section 7.

6.1. Let D be an effective R-divisor on a smooth variety X. Let f : Y — X be
a resolution such that Exc(f) U Supp f,!D is simple normal crossing. Then the
multiplier ideal sheaf J(X, D) C Ox associated to D was defined to be

J(X,D) = f.Oy(Ky/x —of D),
where Ky x = Ky — f*Kx. In this situation, we put
J(X,D)=J(X,(1—-¢)D)
for 0 < e < 1. We note that the right hand side is independent of ¢ for 0 < ¢ < 1.

Therefore, we can write

J'(X,D)=()J(X,(1-¢)D)

0<e
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since
j(Xa (1 - E)D) - j(Xa (1 - gl)D)
for 0 < e <¢&'. We write Ky + Ay = f*(Kx + D). Then
J(X, D) = £.0y(~ Ay),
and .
J(X,(1—¢)D) = £.Oy(—LAya+ Y *Ay)
k=—o00

for 0 < ¢ < 1. Since Ay is f-exceptional for k < 0, we can write

J'(X,D) = f.Oy(—LAya+ ) FAy),
k=1
This expression is very useful for generalizations.
By definition, we can easily check that

J(X,(1+¢)D)=J(X,D)

for 0 < e < 1 and that J(X,(1 —¢)D) = J(X, D) for 0 < ¢ < 1 if and only if
t = 11is not a jumping number of J(X,¢D). In this paper, we are mainly interested
in the case when D is a reduced divisor. In this case, t = 1 is a jumping number of

J(X,tD) and then J'(X,D) 2 J(X, D).

Next, we observe various properties which should be satisfied by non-lc ideal
sheaves.

6.2. Let X be a smooth projective variety and B an effective integral Cartier divisor
on X such that Supp B is simple normal crossing. We can write B = > 7 | kDBj,
where By, :=*B = Supp B~*. We would like to define an ideal sheaf (X, B) C Ox
such that Supp Ox/I(X, B) = Nle¢(X, B). Let us put

I(X,B) = Ox(- i my, By,)

for some my, > 1 for every k > 2. Then (X, B) defines the non-lc locus of the pair
(X, B). Let L be a Cartier divisor on X such that A := L — (Kx + B) is ample.
For various geometric applications, we think that it is natural to require

H'(X,0x(L)® I(X,B)) =0
for all 2 > 0. Since

Ox(L)® I(X,B) = Ox(Kx + B+ A=Y _m;By)
k=2

= Ox(Kx + B+ Y _(k—my)By + A),
k=2
In view of the Norimatsu vanishing theorem (cf. [L, Lemma 4.3.5]), if we hope for
vanishing, we should make my, equal k£ or k — 1 for every k > 2. If my = k for every
k > 2, then
I(X,B) = Inrc(X, B).
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If my =k — 1 for every k > 2, then
I(X,B)=J'(X,B).

Let f : Y — X be a blow-up along a stratum of Supp B, where a stratum of Supp B
means an lc center of (X, Supp B). We put Ky + By = f*(Kx + B). Then it is
natural to require

I(Y,By) = Oy(= Y _ni"By)
k=2

such that n, = k or kK — 1 for every k£ > 2 and
fl(Y,By) =I1(X, B).

We think that the most natural choices for non-lc ideal sheaves are
I(X,B) = Jyic(X,.B) = Ox(= Y _ kBy)
k=2

or
00

I(X,B) = J'(X,B) = Ox(— Y (k= 1)By).
k=2
The ideal sheaf Jyrc(X, B) should be called minimal non-lc ideal sheaf of (X, B)
and J'(X, B) should be called mazimal non-lc ideal sheaf of (X, B).

The smaller By +> -, (k—my) By, is, the more easily we can apply our torsion-free
theorem (cf. Theorem 4.2 (1)) to I(X, B). It is one of the main reasons why the
first author adopted Jnrc(X, B) to define Nlc(X, B).

Finally, we put

1-1 00
[(X,B)=0x(—Y _ kB,— Y (k—1)By) = J/(X,B)
k=2 k=2—1

for [ =0,—1,--- ,—00. Then
Ine(X,B) = JL (X, B) C J/(X,B) C Jy(X, B) = J'(X, B)

and J/(X, B) satisfies all the above desired properties for every I. We will discuss
J/ (X, B) for every negative integer [ in Section 8. We do not know whether J/ (X, B)
with [ # 0, —oo is useful or not for geometric applications.

7. MAXIMAL NON-LC IDEAL SHEAVES

Let us define mazimal non-lc ideal sheaves.

Definition 7.1. Let X be a normal variety and A an R-divisor on X such that
Kx + A is R-Cartier. Let f : Y — X be a resolution with Ky + Ay = f*(Kx + A)
such that Supp Ay is simple normal crossing. Then we put

J(X,A) = f.Oy("Ky — f*(Kx +A) +eF7)
for 0 < e < 1, where F' = Supp A?,l.
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It is easy to see that the right hand side does not depend on ¢ if 0 < ¢ < 1. We
note that

"Ky — f*(Kx +A)+eF1="—Ay +cF

= — Ayi+ i kAy

k=1
for 0 < € <« 1. Therefore, we can write

J(X,A) = f.Oy(T—Ay +eF7)

= [Oy(—LAys+ Y FAy).
k=1

By Lemma 7.3 below, J'(X, A) does not depend on the resolution f:Y — X.
We note that

T(X,A) = £.Oy(~ Ay)

is the multiplier ideal sheaf associated to the pair (X, A) and that

Ivee(X,A) = f.Oy(—LAy o+ ATY)
is the (minimal) non-lc ideal sheaf associated to the pair (X, A) (cf. Definition 5.1).
It is obvious that

j(Xu A) C jNLC(X7 A) C jI<X7 A)
by the above definitions, and it is also easy to check that the definition of J'(X, A)
agrees with that given in 6.1 when X is smooth and A is effective.

From now on, we assume that A is effective. Then J'(X,A) is an ideal sheaf on
X. We are mainly interested in the case when A is effective due to following fact.

Lemma 7.2. Assume that A is effective. Then (X, A) is log canonical if and only
if J'(X,A) = Ox.

Lemma 7.3. Let X be a smooth variety and A an R-divisor on X such that Supp A
1s simple normal crossing. Let f 1Y — X be a proper birational morphism such that
Exc(f) USupp f, 1A is simple normal crossing. We put Ky + Ay = f*(Kx + A).
Then

[0y (T—=Ay + ' F'M) = Ox("T—A +eF7)

for 0 < e, <1, where F = Supp A=t and F' = Supp A%l.
Proof. Since Ky + Ay = f*(Kx + A), we can write
Ky = f"(Kx +{A—cF}+cF)+ ff"LA—eF 1 — Ay.

We note that {A—eF'}+¢cF is a boundary R-divisor whose support is simple normal
crossing for 0 < ¢ <« 1 and that (X, {A—eF}) isklt. Thus, a(v, X, {A—cF}+cF) >
—1 for every v (assuming again 0 < ¢ < 1). We can easily check that a(v, X, F') =
—lifa(v, X, {A—eF}+eF) = —1and that a(v, X, F') = —1 induces a(v, X, A) < —1
(cf. [KM, Lemma 2.45]). Therefore, the round-up of f*LA —eF— Ay + 'F' is
effective. So, we can write

LA —eFo— LAy —€F'L=F,
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where E is an effective Cartier divisor on Y. We can easily check that E is f-
exceptional for 0 < e,&’ < 1. Thus, we obtain

f*Oy(r—Ay + EIF,—l) ~ Ox([_—A + €Fj)
since "—Ay + ' F'7 = f*("T-A+ecF7) + E. O
We can also define J' for ideal sheaves.

Definition 7.4. Let X be a normal variety and A an R-divisor on X such that
Kx + A is R-Cartier. Let a € Ox be a non-zero ideal sheaf on X and ¢ a real
number. Let f : Y — X be a resolution such that Ky + Ay = f*(Kx + A) and
fta = Oy(—F), where Supp Ay U Supp E has a simple normal crossing support.
We put

J(X,A);a%) = f.Oy(—Ay + cEs+ Y KAy +cE)).
k=1
We sometime write

J (X, A);c-a)=T((X,A);a.

Of course, J'((X,A);a“) dose not depend on f : Y — X by Lemma 7.3. We
recall that

j((X, A); Clc) = f*OY(—LAy + CE_I).

Lemma 7.5. Let X be a normal variety and A an effective R-divisor on X such
that Kx + A is R-Cartier. Then we have

J(X,A) =T (X, A); T(X,A)7)
for 0 < e < 1. In particular,

T (X, 8) = (| T(X, A T(X,8)7).

O<e

Although we will not use Lemma 7.5 in the proof of the restriction theorem
(cf. Theorem 12.7), this lemma may help us understand J'.

Proof. Let f : Y — X be a resolution with f~17(X,A) = Oy(—F) such that
Exc(f), Supp [, 'A, Supp E, and Exc(f)USupp f,'AUSupp E are simple normal
crossing divisors. We put Ky + Ay = f*(Kx + A). Then

T((X,A); T(X,A)¢) = f.Oy(—LAy —eEL)

by definition. Since Supp A%l C Supp E and A° is f-exceptional, we can easily
check that

[0y (—LAy —eEJ) = f.Oy(T—=Ay +cE7) = J' (X, A).
This completes the proof. O

By this lemma, J'(X, A) itself is a multiplier ideal sheaf. The vanishing theorem
holds for 7.
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Theorem 7.6 (Vanishing theorem). Let X be a normal variety and A an R-divisor
on X such that Kx + A is R-Cartier. Let m : X — S be a projective morphism onto
an algebraic variety S and L a Cartier divisor on X. Assume that L — (Kx + A) is
m-ample. Then we have
R (J(X,A)® Ox(L)) =0

for alli > 0.
Proof. Let f:Y — X be a resolution of X with Ky + Ay = f*(Kx + A) such that
Supp Ay is simple normal crossing. Then

A-N+G+ fL—(Ky + A7+ {Ayv}+G) = (L — (Kx +4)),

where A ="—(AF), N = LAy 5, and G = 77, "Ay. Therefore, R'm.(f.Oy(A—
N+ G+ f*L)) =0 for all i« > 0 by Theorem 4.2 (2). Thus, we obtain the desired
vanishing theorem since
[iOy(A—N+G+ f'L) =~ T(X,A)®@ Ox(L).

We finish the proof. O
Remark 7.7. When A is effective in Theorem 7.6, the assumption that L—(Kx+A)
is m-ample can be replaced by the following weaker assumption: 7 is only proper,
L — (Kx + A) is m-nef and 7-big, (L — (Kx + A))|nie(x,a) is m-ample, and (L —
(Kx + A))|e is m-big for every lc center C' of (X, A). For details, see [F3, Theorem
2.47] and Remark 4.4.

We close this section with the following simple example. Here, we use the notation
in [L, 9.3.C Monomial Ideals].

Theorem 7.8. Let a be a monomial ideal on X = C". Then J'(c-a) = J'((X,0);c-
a) is the monomial ideal generated by all monomials x¥ whose exponent vectors
satisfy the condition that

v+1€ Pc-a),
where P(c- a) is the Newton polyhedron of ¢ - a.

Proof. Tt is obvious by Howald’s theorem (cf. [L,, Theorem 9.3.27]) since J'(X, c-a) =
JX,(1-¢)c-a)for0<e< 1. O

8. INTERMEDIATE NON-LC IDEAL SHEAVES

This section is a continuation of Section 6.

8.1. Let X be a normal variety and A an R-divisor on X such that Kx 4+ A is
R-Cartier. Let f:Y — X be a resolution with Ky + Ay = f*(Kx + A) such that
Supp Ay is simple normal crossing. Then we set

T(X,A) = LOy(—LAy s+ AT+ ) "Ay)
k=2—1
for | =0,—1,---,—00. We have the natural inclusions
Inre(X,A) =T (X,A) C---C J/(X,A)
C I L(X,A)C---C Jy(X,A) =T (X, A).
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Of course, it is obvious that there are only finitely many distinct ideals in the set
{T/(X, D) himo, -1, o0
We note that

T Ay AT P = —L AL AT ) Ay

k=2—1

when F = Supp A2?7! and 0 < ¢ < 1. Thus, J/(X,A) is well-defined by the
following lemma.

Lemma 8.2. Let X be a smooth variety and A an R-divisor on X such that Supp A
1s simple normal crossing. Let f 1Y — X be a proper birational morphism such that
Exc(f) USupp f 1A is simple normal crossing. We put Ky + Ay = f*(Kx + A).
Then
FOV(T=Ay + AT+ F'7) ~ Ox(T—A 4+ AT+ cF7)
for 0 < e, < 1, where F = Supp A=™ and F' = Supp A%m for every positive
integer m > 2.
Proof. Since Ky + Ay = f*(Kx + A), we can write
Ky = f*{(Kx +{A = AT —cF} 4+ AT 4 eF) 4+ f*LA — AT —eFL— Ay
We note that {A — A=! — e} + A=! + ¢F is a boundary R-divisor whose support
is simple normal crossing. Thus,
a(v, X,{A = AT —cF}+ A= 4 eF) > —1
for every v. We can easily check that a(v, X, AT' + F) = -1 if a(v, X, {A — A7! —
eF} + A= +eF) = —1 and that a(v, X, A=' + F)) = —1 induces a(v, X,A) = —1

or a(v,X,A) < —m (cf. [KM, Lemma 2.45]). Therefore, the round-up of f*L A —
AT —eFi— Ay + AF + €/ F' is effective. So, we can write

fFLA—AT —eFo— LAy — A —E'FU=E,

where E is an effective Cartier divisor on Y. We can easily check that E is f-
exceptional for 0 < e,&’ < 1. Thus, we obtain

FOv(T=Ay + AT+ F'7) =~ Ox(T—A 4+ ATt + cF7)
since "—Ay + AF' + £ F7T = f(T-A+ AT 4 eFT) + B 0
The next property is obvious by the definition of ;.
Lemma 8.3. Let X be a normal variety and A an effective R-divisor on X such

that Kx + A is R-Cartier. Then, for every I, (X, A) is log canonical if and only if
J/ (X, A) = Ox.

We note the following Bertini type theorem.

Lemma 8.4. Let X be a normal variety and A an effective R-divisor on X such
that Kx + A is R-Cartier. Let A be a linear system on X and D € A a general
member of A. Then

J (X, A) =T/ (X,A+tD)
outside the base locus BsA of A for all0 <t <1 andl.
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Proof. By replacing X with X \ BsA, we can assume that BsA = (. Let f:Y — X
be a resolution as in 8.1. Since D is a general member of A, f*D = f.'D is a smooth
divisor on Y such that Supp f*D U Supp Ay is simple normal crossing. Therefore,
we can check that

J/(X,A+1tD) = J/(X,A)
forall0 <t <1 andl. O

The vanishing theorem also holds for 7.

Theorem 8.5 (Vanishing theorem). Let X be a normal variety and A an R-divisor
on X such that Kx + A is R-Cartier. Let w: X — S be a projective morphism onto
an algebraic variety S and L a Cartier divisor on X. Assume that L — (Kx + A) is
m-ample. Then we have

R (J/(X,A) ® Ox(L)) =0
for all i >0 and every .

Proof. We put G = >".°, ,*Ay. Then the proof of Theorem 7.6 works without any
changes. O

Note that Remark 7.7 works for every [. We also note that the restriction theorem
does not necessarily hold for I # 0, —o0.

Example 8.6. Let X = C? = Spec Clx,y], S = (x = 0), C = (y* = 2°) and
B =2C. We put Kg+ Bg = (Kx + S5+ B)|s, and we will compare the intermediate
non-lc ideals of (X, S + B) and of (S, By).

We consider the following sequence of blow-ups:

xJIx LEox, X
We denote by E; the exceptional curve of f; (and we use the same letter for its strict
transform). Let f; : X; — X be the blow-up at the origin, fs : Xo — Xj be the blow-
up at the intersection point of F; and C' and f3 : X3 — X5 be the blow-up at the
intersection point of F, Fs and C. Then 7 := f30 fyo f; : X3 — X is a log resolution
of (X, S+ B), and we have Kx,/x = E +2F, +4F3, 7°B = 4F, + 6E, + 12E3 + B
and 7S = E; + Es + 2E3 + S. By the projection formula, we obtain

jil(X, S + B) - W*OX3(—3E1 — 4E2 — 9E3 — B)

= 7T*<OX3 (El -+ 2E2 -+ 3E3) X T*OX<—B))

= Ox(—B).
On the other hand, since Bs = (y* = 0) in S, one can easily see that

jil(Sa BS) - m37
where m is the maximal ideal corresponding to 0 € S. Of course, we have
jil(X,S—F B)|5 = Ox(—B)lg =m.
Thus, we obtain
jil(Xa S + B)|S - jil(Sv BS)'
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9. SUPPLEMENTARY REMARKS

This section is a supplement to [F4]. We consider various scheme structures on
the non-lc locus of the pair (X, B).

Definition 9.1. Let X be a normal variety and B an effective R-divisor on X such
that Kx + B is R-Cartier. We put

ONIC(X,B)Z = OX/NYI,(Xa B)

for every | = —o0, - -+ , 0. We simply write

Oxiex,8) = Onie(x,8)-oo = Ox/Inrc(X, B)
and
Onie(x, By = Onie(x,8), = Ox/Jo(X, B) = Ox/J'(X, B).

We note that there exists natural surjection

ONIC(X,B)Z - ONIC(X,B)k
for every | < k.

The following theorem is a slight generalization of [F4, Theorem 8.1]. The proof
of [F4, Theorem 8.1] works without any modifications.

Theorem 9.2. Let | be an arbitrary non-positive integer or —oo. Let X be a normal
variety and B an effective R-divisor on X such that Kx + B is R-Cartier. Let D be
a Cartier divisor on X. Assume that D — (Kx + B) is m-ample, where m: X — S
is a projective morphism onto a variety S. Let {C;} be any set of lc centers of the
pair (X, B). We put W = |J C; with the reduced scheme structure. Assume that W
is disjoint from Nlc(X, B).

Then we have

R'7,(J ® Ox(D)) =0

for every i > 0, where J =Ty - J/(X, B) C Ox and Iy is the defining ideal sheaf
of W on X. Therefore, the restriction map

1.0x (D) — 1.0w (D) & 71.On1e(x,B), (D)
15 surjective and
R'm,Ow (D) =0
for every i > 0. In particular, the restriction maps

m.0x(D) — 1.0 (D)

and
W*OX (D) — W*ONIC(X,B)l(D)

are surjective.

We close this section with the next supplementary result. The proof is obvious.
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Proposition 9.3. In the non-vanishing theorem (cf. [F4, Theorem 12.1]) and the
base point free theorem (cf. [F4, Theorem 13.1]), we assumed that Onicx,p)(mL)
is T|Nie(x,B)-generated for every m > 0. Howewver, it is sufficient to assume that
Onie(x,B), (ML) is T|nie(x, ), -generated for every m > 0, where | is any non-positive
integer. We note that, for everyl,
m.Ox(mL) — m.Onie(x,B), (ML)

is surjective for m > a by the vanishing theorem (cf. Theorem 9.2).

Therefore, in [F4], we can adopt J/(X, B) for any [ instead of Jnrpc(X,B).
However, from the point of view of the minimal model program, we believe that

JInro(X, B) is the most natural defining ideal sheaf of the non-lc locus Nle(X, B)
of (X, B). Also see Remark 10.7 below.

10. NON-KLT IDEAL SHEAVES

In this section, we consider non-klt ideal sheaves.

10.1. Let X be a normal variety and A an R-divisor on X such that Ky + A is
R-Cartier. Let f: Y — X be a resolution with Ky + Ay = f*(Kx + A) such that
Supp Ay is simple normal crossing. Then we put

T(X,A) = f.Oy(—Aya+ Y FAy)
k=2—1
for { =0,—1,---,—00. We have the natural inclusions
J(X,A) =T (X, A) C - C T(X,A)
C \71+1(X,A) cC---C jo(X, A)
We note that J(X,A) = J_«(X,A) is the usual multiplier ideal sheaf associated

to the pair (X,A). Of course, it is obvious that there are only finite numbers of
different ideals in {J;(X, A)}i—o.—1,.. —co- 1t is also obvious that

Ji(X,A) C J/(X,4)

for every [. It is easy to check that J;(X,A) is well-defined, that is, it does not
depend on the resolution f : Y — X (cf. Lemma 8.2). We note that 7;(X,A) C Ox
when A is effective.

Lemma 10.2. Assume that A is effective. Then we have
T(X, Ay = T/ (X, A)lv
for every 1, where U = X \ W and W is the union of all the lc centers of (X, A).

Proof. By shrinking X, we can assume that U = X. In this case, f(AJ!) C
Nlc(X, A). Therefore, we see that J,(X,A) = J/(X,A) for every . O

Lemma 10.3. Let X be a normal variety and A an effective R-divisor on X such
that Kx + A is R-Cartier. Then, for every [, (X,A) is kawamata log terminal if
and only if J(X,A) = Ox.

We obtain the following vanishing theorem without any difficulties as an applica-
tion of Theorem 4.2 (2).
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Theorem 10.4 (Vanishing theorem). Let X be a normal variety and A an R-divisor
on X such that Kx + A is R-Cartier. Let m : X — S be a projective morphism onto
an algebraic variety S and L a Cartier divisor on X. Assume that L — (Kx + A) is
m-ample. Then we have

R (J(X,A)® Ox(L)) =0
for all i > 0 and every [.
Proof. See the proof of Theorem 7.6. U

Remark 10.5. When A is effective in Theorem 10.4, the assumption that L —
(Kx + A) is m-ample can be replaced by the following weaker assumption: 7 is
only proper, L — (Kx + A) is m-nef and m-big, and (L — (Kx + A))|nie(x,a) is 7-
ample (cf. [F3, Theorem 2.47] and Remark 4.4). It is well known that it is sufficient
to assume L — (Kx + A) is m-nef and w-big for [ = —oo. It is nothing but the
Kawamata—Viehweg—Nadel vanishing theorem.

10.6. We close this section with the following very important remark.

Remark 10.7. Let D be an effective Q-divisor on a smooth variety X. Definition
9.3.9 in [L] says that the pair (X, D) is log canonical if 7 (X, (1—¢)D) = Ox for all
0<e<l

Again note that J'(X, D)|y does not always coincide with J (X, D)|y, where
U= X\W and W is the union of all the lc centers of (X, D). This may be a desir-
able property in certain circumstances, and so the scheme structure on Nlc(X, D)
induced by J'(X,D) = J(X, (1 —¢)D) for 0 < ¢ < 1 may be less suitable in some
applications than the scheme structure induced by Jnrc(X, D).

11. DIFFERENTS

Let us recall the definition and the basic properties of Shokurov’s differents fol-
lowing [Sh, §3] and [A, 9.2.1]. See also [F4, Section 14].

11.1 (Differents). Let X be a normal variety and S + B an R-divisor on X such
that Kx + 5 + B is R-Cartier. Assume that S is reduced and that S and B have
no common irreducible components. Let f : Y — X be a resolution such that

Ky + Sy + By = f"(Kx + S+ B)

and that Supp(Sy + By) is simple normal crossing and Sy is smooth, where Sy
is the strict transform of S on Y. Let v : S¥ — S be the normalization. Then
f Sy — S can be decomposed as

f:8 -85 8.
We define Bg, = By|g, . Then we obtain
(Ky + Sy + By)|sy = Ks, + Bs,
by adjunction. We put Bgv = m,Bg,. Then we obtain that
Ksv + Bgv = V" (Kx + S+ B).
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The R-divisor Bg» on S” is called the different of (X, S + B) on S”. We can easily

check that Bgv is independent of the resolution f : Y — X. So, Bgv is a well-defined

R-divisor on S”. We can check the following properties.
(i) Kgv + Bgv is R-Cartier and Kgv + Bgv = v*(Kx + S + B).

(ii) If B is a Q-divisor, then so is Bgv.

(iii) Bgv is effective if B is effective in a neighborhood of S.

(iv) (S¥, Bgv) is log canonical if (X, S + B) is log canonical in a neighborhood of
S.

(v) Let D be an R-Cartier divisor on X such that S and D have no common
irreducible components. Then we have

(B + D)SV — BSV + I/*D.
We sometimes write D|s» = v*D for simplicity.

The properties except (iii) follow directly from the definition. We give a proof of
(iii) for the reader’s convenience.

Proof of (iii). By shrinking X, we can assume that X is quasi-projective and B is
effective. By taking hyperplane cuts, we can also assume that X is a surface. Run
the log minimal model program over X with respect to Ky + Sy. Let C be a
curve on Y such that (Ky + Sy) - C < 0 and f(C) is a point. Then Ky - C < 0
because Sy is the strict transform of S. Therefore, each step of the log minimal
model program over X with respect to Ky + Sy is the contraction of a (—1)-curve
E with (Ky 4+ Sy) - E < 0. So, by replacing (Y, Sy) with the output of the above
log minimal model program, we can assume that Y is smooth, (Y, Sy) is plt, and
Ky + Sy is f-nef. We note that Sy is a smooth curve since (Y, Sy) is plt. By the
negativity lemma and the assumption that B is effective, By is effective. We note
the following equality

—By = Ky + Sy — f"(Kx + S+ B).
By adjunction, we obtain
(Ky + Sy + By)|s, = Kgs, + By]|s, -
It is obvious that By |g, is effective. This implies that Bg» = By|s, is effective. [
When X is singular, Bgv is not necessarily zero even if B = 0.

11.2 (Inversion of adjunction). Let us recall Kawakita’s inversion of adjunction on
log canonicity (see [Kk]).

Theorem 11.3. Let X be a normal variety, S a reduced divisor on X, and B an
effective R-divisor on X such that Kx + S + B is R-Cartier. Assume that S has
no common irreducible component with the support of B. Let v : S¥ — S be the
normalization and Bgv the different on S¥ such that Kgv + Bsy = v*(Kx + S + B).
Then (X, S + B) is log canonical in a neighborhood of S if and only if (S¥, Bsv) is
log canonical.

By adjunction, it is obvious that (S¥, Bgv) is log canonical if (X, S + B) is log
canonical in a neighborhood of S. It is the property (iv) above. So, the above
theorem is usually called the wnversion of adjunction on log canonicity. We used
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Theorem 11.3 in the proof of the restriction theorem for Jyrc: Theorem 12.1 (see
[F2]).

12. RESTRICTION THEOREMS

In this section, we consider the restriction theorem for J’. First, let us recall the
restriction theorem for Jyrc. It is the main theorem of [F2].

Theorem 12.1 (Restriction theorem). Let X be a normal variety and S + B an
effective R-divisor on X such that S is reduced and normal and that S and B have
no common irreducible components. Assume that Kx + S + B is R-Cartier. Let Bg
be the different on S such that Kg+ Bg = (Kx + S + B)|s. Then we obtain

Inie(S, Bs) = Inre(X, S + B)|s.

In particular, (S, Bs) is log canonical if and only if (X, S + B) is log canonical in a
neighborhood of S'.

There is a natural question on J'.

Question 12.2. Let X be a normal variety and S + B an effective R-divisor on X
such that S is reduced and normal and that S and B have no common irreducible
components. Assume that Kx + 5 + B is R-Cartier. Let Bg be the different on .S
such that K¢+ Bg = (Kx + S + B)|s. Is the following equality

J'(S,Bs) =J'(X,S+ B)|s.
true?
In this section, we will give partial answers to Question 12.2.

12.3. We prove the restriction theorem for [’ under the assumption that X is
smooth and B = 0. The following theorem is contained in the main theorem from
the next section, but the proof in this special case is sufficiently simple that we
reproduce it here.

Theorem 12.4. Let X be a smooth variety and S a reduced normal divisor on X.
Then we have
0— Ox(=9) — J'(X,8)— TJ(S,0) — 0.
In particular, we obtain
j,(Xa S)|S - \7,(570)
We note that Ks = (Kx + S)|s by adjunction.

Proof. Let f : Y — X be a resolution of S such that f is an isomorphism outside
the singular locus of S. We put F = Exc(f). We can assume that f is a composition
of blow-ups. Each step can be assumed to be the blow-up described in Proposition
12.5 below. We note that the codimension of the singular locus of S in X is > 3
since S is normal. Therefore, we have R!'f,Oy(Ky + E) = 0 by Proposition 12.5
and the Leray spectral sequence. We consider the following short exact sequence

0— Oy(Ky + E) — Oy(KY + Sy + E) — OSy(KSY + E|Sy) — 0,
where Sy = f1S. By taking @Oy (—f*(Kx + S)) and applying f., we obtain
0— Ox(-5)— J(X,S)— TJ(S,0)— 0.
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In particular, we have
J'(X,9)]s =T(S,0).
We finish the proof. O

Proposition 12.5 (Vanishing lemma). Let V' be a smooth variety and D a simple
normal crossing divisor on V. Let f : W — V be the blow-up along C' such that C' s
smooth, irreducible, and has simple normal crossings with D. We put F' = 71 D+E,
where E is the exceptional divisor of f. We further assume that, if C ¢ D, then the
codimension of C' is > 3. We then obtain

[:Ow(Kw + F) ~ Oy (Ky + D)
and
R'f,Ow(Kw + F) = 0.
Note that W is smooth and F' is a simple normal crossing divisor on W.

We provide two proofs, the first relies on more standard methods while the second
relies on the theory of Du Bois singularities.

Proof #1. First, we can easily check that
Ky +F = f"(Ky+D)+GaG,
where G is an effective f-exceptional Cartier divisor. Therefore, we obtain
[:Ow (Kw + F) ~ Oy(Ky + D).
Next, we consider the following short exact sequence

0— Ow(Kw + f,'D) — Ow(Kw + F) — Og(Kg + f,'D|g) — 0.

It is sufficient to prove
R'f.Ow(Kw + fZ'D) = R' f.Op(Kg + f'D|g) = 0.

Assume that C' ¢ D. Then f7'D = f*D. In this case, R' f,.Ow(Kw + f*D) = 0

by the Grauert—Riemenschneider vanishing theorem and R!f,Op(Kg+ f*D|g) =0
since f : E — (C'is a P™-bundle with m > 2. Here, we used the assumption that
the codimension of C'in V' is > 3. So, we can assume that C' C D. In this case,
R f.Ow(Kw + f;1D) = 0 by the vanishing theorem of Reid-Fukuda type (cf. [Fk,
Lemmal). On the other hand, R'f.Op(Kg + f,'D|g) = 0 by the relative Kodaira
vanishing theorem. We note that 7 = f|g : E — C is a P""-bundle for some m > 1
and 7(f;1D) = C. Thus, f,'D|g is m-ample.

We have now proved that R'f,Ow (Kw + F) = 0. O

Proof #2. Note that the map f is a log resolution of the scheme DUC'. The scheme
D U C is in simple normal crossings so it has Du Bois singularities. It follows that
Rf.Op ~ys Opuc by [Scl]. Thus Grothendieck duality implies that

(1) Rfiwp ~qis wpue-
We can map the isomorphism from Equation (1) into the isomorphism R f.wj, s

wy,, and then, from the resulting exact triangle, obtain R f,Ow (K +F)[dim W] o
Rf.wiy (F) ~gs R omy, (Fpuc, wy).
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We assume that C' Z D (as the other case is even easier). The dualizing complex
of D U C' has zero cohomology for i between the degrees —dim D and — dim C'. To
see this, simply take cohomology and form the long exact sequence from the triangle

. . . . +1

noting that H*(w;) = 0 for all i < —dim Z. Thus
0 g-dmDHlf e > RmdmD g O (Ky + F)[dim W] = R f,Ow (Kw + F)
and we have proven the vanishing. For the isomorphism, simply notice that

[O0w (Kw + F) 2 H- MYV (R A#om; (Ipuc, wy))
= JComy (Fpuc,wy)

= Ov(Kv + D)
since the last two sheaves are reflexive and agree outside of C. U

12.6. We prove the restriction theorem for 7’ on the assumption that X has only
mild singularities. Theorem 12.7 is an easy corollary of Theorem 12.1 and is not
covered by the main result of the next section.

Theorem 12.7. Let X be a normal variety and S+ B an effective R-divisor on X
such that S 1is reduced and normal and that S and B have no common irreducible
components. Assume that B = By + By such that both By and By are effective
R-divisors around S, (X, S + By) is log canonical in a neighborhood of S. Then we
obtain

J'(X,S+ B)ls =J'(S, Bs),
where Bg is the different on S such that (Kx + S + B)|s = Ks + Bg.

Lemma 12.8. With the same notation and assumptions as in Theorem 12.7, we
have

J' (X, S+ B) = Inrc(X, S+ Bi + (1 —¢)By)
i a neighborhood of S for 0 < e < 1, and
J'(S,Bs) = J'(S, Bis + Bals) = Inwc(S, Bis + (1 — €)Bals)
for0 <e < 1.

Proof. By shrinking X around S, we can assume that (X, S + Bj) is log canonical
and By is effective. By the definitions of J’ and Jyrc, it is almost obvious that

J(X,S+ B) = Inrc(X, S+ By + (1 —)Bs)

for 0 < ¢ < 1. By the assumption, (S, Bys) is log canonical, where Bjg is the
different such that (Kx 4+ S+ By)|s = Ks+ Bys. Thus, J'(S, Bs) = Inrc(S, Bis +
(1 —e)Bs|g) holds for 0 < ¢ <« 1. O
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Proof of Theorem 12.7. We have the following equalities.
J (X, S+ B)ls = Inrc(X, S+ By + (1 —€)Bs)ls
= In1c(S, Bis + (1 — €) Bals)
= J'(8, Bis + Bals)
= J'(S, Bs)
by Lemma 12.8 and Theorem 12.1. O]

We close this section with the following nontrivial example.

Example 12.9. Let X = C? = Spec C[z,y], S = (x = 0), and C = (y? = 23). We
put Kg+Cs = (Kx +S+C)|s. We use the same notation as in Example 8.6. Then
we have
jNLC(X, S + C) = W*OXB(—QEl — 2E2 — 4E3)
= [1.0x,(—2E4)
= ‘[’12
j/(X, S + C) == W*OXg(_El — E2 — 3E3)

= W*OX?’(—El — 2E2 — 3E3)

= f1:(f2:0x,(—E2) @ Ox, (—E1))

= (2%, y),

where n is the maximal ideal corresponding to (0,0) € X. On the other hand, by
easy calculations, we obtain

jNLC(S7CS):m27 j,(Sacs):m7

where m is the maximal ideal corresponding to 0 € S. Hence we can check the both
restriction theorems (cf. Theorem 12.7)

jNLC(Sa CS) - jNLC(Xus_'_ C)|S7
J(8,Cs) =T (X, 5+ C)ls

in this case.

13. THE RESTRICTION THEOREM FOR COMPLETE INTERSECTIONS

In this section we prove a restriction theorem, Theorem 13.13, for maximal non-lc
ideals J'(X, D) in a complete intersection. It is important to note that we do not
use Kawakita’s proof of inversion of adjunction for log canonicity [Kk|. We also only
use fairly mundane vanishing theorems — Kawamata—Viehweg vanishing in the form
of local vanishing for multiplier ideals, see [Km]|, [V], and [L].

Our method is related to techniques used to study Du Bois singularities, and so
some of the auxiliary notation we use draws from this perspective, for an introduction
to Du Bois singularities, see [KS]. We briefly recall why one might expect to use
techniques from Du Bois singularities to study non-lc ideal sheaves.

Suppose that X is a reduced scheme of finite type over a field &k of characteristic
zero. Ome can then associate an object 2% in the bounded derived category with
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coherent cohomology (this object has its origin in Deligne’s mixed Hodge theory
for singular varieties). This object Q% is used to determine whether or not X has
Du Bois singularities (recalling that Du Bois singularities are very closely related to
log canonical singularities, see [KK]). Furthermore, in the case that X is normal and
K is Cartier, it follows from [KSS] that the most interesting cohomology (— dim X))
of the Grothendieck dual of Q% is equal to J'(X,0). This suggests that two things:
e 7'(X,0) is natural object from the point of view of Du Bois singularities
(or more generally, from the point of view of the Hodge theory of singular
varieties), and
e some of the ideas from Du Bois singularities might be useful in proving
restriction theorems for J'(X, A).
We will take advantage of the second idea in this section.

Now we begin our main definitions.

Suppose that Y is a smooth affine variety and X C Y is a reduced closed sub-
scheme with ideal sheaf #x. Let a be an ideal on Y and ¢ > 0 a real number.
Let 7 : Y — Y be a log resolution of (Y, X,a’) and set a0y = Oyp(—G) and
Ix 0y = Oy (—X).

Consider the following short exact sequence:

0 — Op([tG — eX]) = Op([tG]) = Mya — 0,

where € > 0 is arbitrarily small. Furthermore, one can replace X with the reduced
pre-image of X, and assuming ¢ was chosen to be sufficiently small, the sequence
does not change.

Definition 13.1. We define Qg{,at to be R, Mx qt.

Remark 13.2. The object Q% . is purely an auxiliary object from the point of

view of this paper. However, in the case that a = Oy, it agrees with Q%, the zeroth
graded piece of the Deligne-Du Bois complex, see [D], [Es] and [Scl].

Lemma 13.3. The object Q5% . is independent of the choice of © (assuming € is
chosen sufficiently small).

Proof. Suppose that p : Y/ — Y is a further log resolution. Set aOy: = Oy (—G')
and IxOy: = Oy/(—X'). It is sufficient to show that Rp,Oy (|[tG" — eX']) ~us
Oz ([tG — €X ). Therefore, by Grothendieck duality, it is sufficient to show that

Rp*Oy/(l_Ky/ —tG' + GX,-l) — O?(I_K? —tG + Ey-l)

is an isomorphism. Twisting by Oy (—Ky — X), it is sufficient to show that

Rp.Oy([Kys 5 — 4G — (1— X)) = Op([—1G — (1 — e X])
is an isomorphism. But this is just the independence of the choice of resolution for
multiplier ideals. O

Instead of computing a full log resolution, it will be convenient only to compute a
log resolution of (Y;a') which is an embedded resolution of X. In our next lemma,
we show that our auxiliary object ng . can be computed via such a resolution. But
first a definition:
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Definition 13.4. Given a closed subvariety X in a smooth variety Y, a factorizing
embedded resolution of X in Y is a proper birational morphism 7 : Y — Y such
that
(1) Y is smooth and 7 is an isomorphism at every generic point of X C Y,
(2) the exceptional locus exc(m) is a simple normal crossings divisor,
(3) the strict transform X of X in'Y is smooth and has simple normal crossings
with exc(7),
(4) IxO0y = I5;05(—E) where Fx (resp. F5) is the ideal sheaf of X (resp.
X ) and E is a m-exceptional divisor on Y.

Such resolutions always exist, see [BEV] or [W].

Lemma 13.5. Suppose that X, Y and a are as above and suppose that no component
of X is contained in V(a). Further suppose that m : Y — Y is a log resolution of
(Y, a") that is simultaneously a factorizing embedded resolution of X in'Y (and so
that the pullbacks of the various objects we were working with are in simple normal
crossings, see [BEV] or [W]). Set X to be the strict transform of X in'Y so that we
can write IxOs = I505(—FE). Then if we let M be the cokernel of

Oy ([tG — €eE|) ® I — Oy (|tG])
we have that R M ~ 4 Qg(,at- (Note the statement does not change if we replace

E by Ered-)

Proof. We note that by blowing up X (which is smooth), we can obtain an actual
log resolution 7 : Y" — Y of (Y, X, a') as pictured in the diagram below:

N

Set S50y = Oy(=X'), set Oy/(—FE') = p*Oz(—F) and set a0y = Oy/(=G") =
p*Oz(—G). Note that p induces a bijection between the components (and coeffi-
cients) of £ with those of E’ (and also of G with those of G’ since no component of
X is contained in V' (a)). It is sufficient to show that

Rp*Oy/<LtG/ - E(El -+ X/)J) Xais O?(LtG — EEJ) X fg
Now twist by Oy (—[tG — €E]), it is thus sufficient to show that
Rp Oy ([tG" — e(E' + X')| — p*|tG — €E])) ~gs I

YI

Note that, over each component of X , there is exactly one new divisor created by
p, they are all disjoint, and [tG — eE| does not contain .5 in its support, thus the

left side is just Rp,Oy/(|—eX'|) which is isomorphic to .#5 since X is smooth. [J

In what follows, we use the symbol D to denote the Grothendieck dual of a
complex in DY | for example D(Q%) = R 5 om; (Q5%,ws ). See [Hal.
We now make a transition in concept. Instead of simply looking at Qg(’ ot We

consider Q° . ,. In particular, viewing € as a very small positive number. It
—X,at—¢
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is straightforward to verify that Og([(t — €)G — €X]) is constant for sufficiently
small positive ¢ and ¢, and therefore so is Qg(,at_e/. Furthermore, because we are
subtracting (and not adding) € from ¢, we may in fact choose ¢ = ¢ (as long as they
are both sufficiently small). Therefore we conflate the two €’s and write Q° Oy gt to

denote this object for € = ¢ sufficiently small.
Proposition 13.6. With the notation above, H'D (QO X at— ) =0 fori< —dimX.

Proof. We first note that we may assume that no irreducible component of X is
contained in V' (a). To see this, suppose X = X; U X, where Xj is the union of those
irreducible components of X that are not contained in V' (a) and X, is the union of
the remaining components. Then notice that

[(t— )G —eX| = |t — )G —e(X1UXy)| = [(t— )G — X1

_QO

Xate Xlate

0. Therefore if H'D ( X, .at- ) =0 for

since we choose € arbitrarily small. It follows that Q9 In particular,

note that if X C V(a), then Q%

SEy gt—e s
i < —dim X3, then for all i < —dim X < —dim X;, we have H'D (QX ot 6) =0.

We proceed by induction on the dimension of X. If dim X = 0, then X is disjoint
from the support a and the result follows from the theory of Du Bois singularities
since H'D(Q%) = 0 for i < —dim X, see [KSS, Lemma 3.6].

For the induction step, define I' C Y to be the reduced scheme

— (Sing X) U V(a),

where Sing X is the singular locus of X. In particular I' contains V' (a). Decompose
['=T,UXy where I'y is the union of components of I" that are contained in V'(a)
and X is the union of the components of I' that are not contained in V'(a).

Let 7 :Y — Y be an embedded log resolution of X and log resolution of (Y,a"™c)
as in Lemma 13.5. Set Ej to be the reduced pre-image of I'y in Y E. to be the

reduced pre-image of X, in Y, a0y = Oy (—G) and set X to be the strict transform
of X. We may assume that 7 is an 1somorphism outside of V'(a) and ¥. Now write

Ix Oy = I503(—FE) and note that
(2) |(t—€)G—€e(Ex + Ey)| =|(t—€)G—€eE] = |(t —€)G — eEy]

since we pick € > 0 to be arbitrarily small.
Notice we have the following short exact sequence.

0=03([(t—€)G —€eE])® Ig = O ([(t —€)G —eEyx]) = Ox([(t — )G — eEx]|5) = 0.
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By pushing forward, it follows that there exists the following commutative diagram
of exact triangles:

Rr O ([(t— )G — eBy || 5)[~1] 0 Rr.O¢(|(t — €)G — eEy || 5) 5

Rm,O¢([(t — €)G — €E]) @ g — Rm.Op ([ (t —
Rm.O¢([(t — €)G — By ]) —— R, Og ([ (t —
LH ¢+1 j+
While in general, restricting divisors does not commute with round-downs, in our
case we do have |(t —€)G—€Ey || = |(t—€)G| 5 —€eEx| 5| because the divisors and

the object we are restricting them to are in simple normal crossings. We dualize the
right vertical column and obtain

OG)) ———— 0 o ————

OG)) ———= Q%

D (08, o) —D (2 .) — Brwi([—(t = OGIg + eBulg]) -

By taking cohomology, and using the inductive hypothesis on D (Q%X at_€>, we
obtain our desired result. O

The following corollary is a key application of what we have proven so far. It allows
us to relate the auxiliary objects Q(;( qt—c With the maximal non-Ic ideals J'(X; al).

Corollary 13.7. Assume that X is normal and equidimensional, a is an ideal sheaf
on X and that no component of X is contained inside V(a). Let 7' : X — X be a
log resolution, let F' be the exceptional divisor of m and set aOs = Ox(—H) then

(3) H D (Q w—e) = O ([Kg — (t — ) H + €F)

for all sufficiently small € and any embedding of X CY into a smooth variety. In
particular, H~™XD (Qggat_e) 1s independent of the choice of embedding of X into
Y.

t—
7a €

Proof. Since the right side is independent of the choice of resolution by Lemma 7.3,
we assume that 7’ := 7|5 is induced as in Lemma 13.5 and furthermore that 7 is
an isomorphism outside of V' (a) and Sing X. The result follows immediately from
the final exact triangle used in the proof of Proposition 13.6 when one notes that
dim ¥, < dim X —2 (since X is normal). Note that while there may be components
of F" and H which coincide, choosing small enough epsilon allows us to ignore such
complication as in Equation (2). O
In the case that X is a complete intersection, we will show that H'D (Qg( at,e) =0
for © > —dim X. First however, we need the following lemma which will be a key
point in an inductive argument, the proof is similar to that of Proposition 13.6.

Lemma 13.8. Suppose that Y, a and X are as above and suppose that no component
of X s contained inside V(a). Suppose further that X is a codimension 1 subset
of a reduced equidimensional scheme Z C'Y also such that no component of Z 1is
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contained inside V(a). Let m: Y — Y be a log resolution of (Y, X U (Sing Z), a')
that is simultaneously an embedded resolution of Z as in Lemma 13.5. Furthermore,
we assume that 7 is an isomorphism outside of (Sing Z) U X UV (a).

Set Z to be the strict transform of Z, set a0y = O3(—G), set Ix0y = Og(—X)
and set Bz to be the divisor on'Y such that ;05 = I;05(—Ez). Finally, let ¥

denote the union of components of Sing Z which are not contained in V(a). Then
there is an exact triangle

Rr.05(|(t — G|z — e(Bz + X)|z)) — Q- — Leim e —=-

Proof. We begin with the following short exact sequence:

0= Op(l(t — G — e(Bz + X)]) ® Iz — Op(L(t — )G — e(Ez + X))
We set E, to be the union of the components of Supp(Ez U X) whose images
in Y are contained in X UX so that 7(Ey) = X UX. Furthermore, notice that
Supp(Ez U X) \ Ex € Supp G so that

[(t = €)G = e((Ez)iea U Xrea)] = (t = €)G — e(Ez + X)] = [(t — )G — e(Ex)]

again because e is sufficiently small.
We now form a diagram with exact triangles as columns and rows as in the proof
of Proposition 13.6:

R Oz([(t — )G — e(Ez + X)]|3)[-1] 0 R Oz([(t — G — e(Bz + X)]|3)

! ! !

Rr.0x([(t— )G — e(Ez + X)) ® 55 > RO (| (t — ©G)) ——— Q)

( 2287, at—e€
l |
(

- |
Rr.0p([(t = )G — eBx ]) —— Rm.Op([(t — G]) ———= Q5 0

Our desired exact triangle is the right vertical column. O

Theorem 13.9. With the notation as in Proposition 13.6, suppose that X is a
complete intersection variety in'Y', and no component of X is contained inside V (a),

then H'D (QO ) =0 fori>—dimX.

_X7at7€

Proof. We proceed by induction on the codimension of X in Y. We begin with the
case where X is a hypersurface. We have the following exact triangle:

Rr,0x(|(t— €)G — €X |) —> ROz ([(t — €)G ) —= Q% e ——>
where X is the pullback of X (if one takes X to be the reduced pre-image of X, you
get the same result since € is arbitrarily small). Dualizing gives us:

D (0 o) — Ry ([—(t = GT) — R ([~(1 — G + X)) 2L

_X7at7€ Y
Taking cohomology gives us the claimed vanishing since the cohomology of the right-
most two terms vanish for ¢ > —dimY = —dim X — 1. To see this explicitly, note
that the middle term vanishes due to Kawamata—Viehweg vanishing in the form of
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local vanishing for multiplier ideals. The right most term also vanishes for the same
reason once one notices that

Rr.ws([—(t — €)G + X)) ® Oy (=X) ~qgs Rmws([—(t — )G — (1 — )7 X]).

Now we assume that X is a complete intersection in Y. Choose hypersurfaces
Hy, ..., H; to be general hypersurfaces containing X such that X = Hy N ---N H,.
Let Z be an intersection of the first [ —1 = (dim Y — dim X') — 1 such hypersurfaces.
In this way, X is a Cartier divisor in Z and Z \ X is smooth. Notice also that Z
is certainly Ss and it is smooth at all points where X is smooth (which includes all
the generic points of X). In particular, Z is smooth in codimension 1 and thus it
is normal. Let 7:Y — Y be a log resolution of (Y, X, a’) that is simultaneously

a factorizing embedded resolution of Z, as in Lemma 13.8. Dualizing the triangle
from Lemma 13.8, we obtain a triangle:

Z

(4) D (D) =D (20 ) — Brwj([—(t = Glz + e(Bz +X)1|z) -

Since Z \ X is smooth, observe that
HiRﬂ*wé([—(t — )G +e(Ez + X)) |7) @ Oz(—X)
=H'Rm.wi([—(t — )Gz + e(X)z]) ® Oz(—X)
which vanishes for ¢ > —dim Z using the projection formula and local vanishing
for multiplier ideals. Furthermore, H‘'D (Q% Clt7€> =0fori > —(dmX +1) =
—dim Z by the induction hypothesis. Thus taking cohomology of Equation (4) for
1 > —dim Z gives us the desired result. O

Corollary 13.10. If Z is a normal complete intersection, X is a Weil divisor in
Z and V(a) doesn’t contain any component of X or Z, then there is a short exact
sequence

0 — H—dimZD (QOZ,at—€
— mOz([Kz — (t — )Gz + e(Bz + X)|z])
D (g
— 0

where 3 and the remaining notation comes from Lemma 13.8.

Proof. Simply dualize the sequence from Lemma 13.8. Then take cohomology and

apply the vanishing results Proposition 13.6 and Theorem 13.9. O
Lemma 13.11. With the notation from Corollary 13.10, further assume that X
is normal and Cartier. Then H~4™XD <Q8(UE at*) >~ H-dimXD <Qg( af*6>‘ In

particular, we have a short exact sequence
0 — H 4mZD <Q%,at—e
— mOz([Kz — (t = )Gz + e(Ez + X)[5])
_, -dimXTy (Qg(,at_e
— 0
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Proof. We will need the following:

Claim. There is a triangle

0 0 0 0 +1
QXUZ at—e Q)(,a'f*6 ® QZ,at*6 QZOX,C@*6 ’

Proof of Claim 13. We fix 7 : Y — Y to be an embedded resolution of Z which is
also a log resolution of X, ¥, X N XY and a and write a - Oy = Oy(—G). Let E;

(respectively Es) denote the reduced pre-image of X in Y (respectively, of ¥ in 17)
and note that E; N Fy is the reduced pre-image of X N'Y (which we assumed was
also a divisor). Furthermore, let

e 1] denote the union of the components of £; which are not components of
G, and let
e £l denote the union of the components of Es which are not components of

G.

Consider E] N Ej. I claim that this is a divisor and thus is equal to the union of
the components of E; N Ey which are not contained in GG. Suppose that L is an
irreducible component of E] N E) and suppose L is not a divisor. On the other
hand, L C 7~ }(X NX) by construction, and so it must be contained in some divisor
H lying over X NX. Since L is an irreducible component of £} N EY, we must have
that H is not a component of £] N E), and so in particular, H is contained in G.
Therefore L is contained in G.

Since L is not a divisor, it must be codimension 2 (since it is a component of the
the intersection of two divisors in a smooth space). Suppose L is in the intersection
of a component F; C E] and a component Fy of El (neither F; or F, are in G by
construction). But then Fj, Fy and H would not be in simple normal crossings at
the generic point of L (because the generic point of L is a two dimensional regular
local ring). Therefore L is not contained in G, a contradiction.

It follows that we have the following short exact sequence

0—= Oy (=(E1 U E3)) ——= Op(—E1) ® Op(—E3) —— Op(=(E1 N E3)) — 0

0= Op(l—e(E1 U E3)]) = Op (|1 ]) ® Oy ([—eEy]) = Op([—e(Er N Ey)]) =0

where the third horizontal map sends (a,b) to a —b. We tensor this short exact
sequence with Oy ([ (t — €)G]) and then map the result into

0~ O3 (1t - )G)) ~ O([(t - IG) ® O ([t - G)) = O ([t — G =0
By taking the cokernel, we obtain a short exact sequence from the nine-lemma,
0)— MXUZ,at_€ — MX,at—€ D M27at—e —~ MXﬁE7at—e — ().
Pushing forward completes the proof of the claim. O

Dualizing the triangle from the claim, we obtain

+1
D (D) =D (D) @D (R) =D (Rimar) -
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We then take cohomology. Notice that ¥ N X C (SingZ) N X C Sing X since X
is Cartier. The result follows by Proposition 13.6 since dim(X N X) < dim X — 2
(since X is normal) and dim¥ < dim Z — 2 = dim X — 1 (since Z is normal). [

When we combine Lemma 13.11 with Corollary 13.7, we obtain

Corollary 13.12. Suppose that X is a normal irreducible Cartier divisor in Z
which itself is a normal irreducible complete intersection and suppose that a is a
non-zero ideal sheaf on Z such that V(a) does not contain X. Let m: Z — Z be
a log resolution of Z, X and a, and let X denote the strict transform of X. Set
E to be the exceptional set of m, F' to be the exceptional set of (m|g), and write
a-0z = 0z(—G). Then we have a short exact sequence

0 — mOz([Kz = (t—€)G+€E])
— mOH[K; — (t—€)G +e(E+71°X)])
— mO0z([Kg— (t—e)G|gz +eF])

— 0

Proof. This follows from an application of Corollary 13.7 to the short exact sequence
of Lemma 13.11. U

Theorem 13.13. If Z is a normal complete intersection, X C Z is a normal Cartier
divisor and a is an ideal sheaf on Z such that V (a) does not contain any component
of Z or X, then there is a short exact sequence:

0= J"(Z;0") ® Oz(=X) = J'((Z, X);a") = J'(X;a") = 0.

Proof. Tensor the exact sequence from Corollary 13.12 with Oz(—Kz — X)) noticing
that

T.O03([Kg — (t — )Gz + €F]) @ Oz(-Kz — X)
~ 1,05([Kg — (t—)Glg + eF]) ® Ox ® Oz(~Kz — X)
> 704 ([Kx (£~ G5 +cF1) © Ox (~Kx)
g O)(.

Part 2. A characteristic p analog of maximal non-Ic ideals

This part is devoted to the study of a positive characteristic analog of the maximal
non-lc ideal sheaves. As mentioned earlier, this is independent of the previous part,
except for the definition of the maximal non-lc ideal sheaves. We should also mention
that this is a first attempt. The authors expect that further refinements of the
definition may be necessary, in particular see Remark 14.7.

14. NON-F-PURE IDEALS

In this section, we introduce a characteristic p analog of maximal non-lc ideals,
called non-F-pure ideals, and study their basic properties.

From this point forward, all rings are Noetherian commutative rings with identity.
For a reduced ring R, we denote by R° the set of elements of R that are not in any
minimal prime.
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Let R be a reduced ring of characteristic p > 0. For an ideal I of R and a power ¢
of p, we denote by I'? the ideal generated by the ¢ powers of elements of I. Given
an R-module M and an integer e > 1, we will use FfM to denote the R-module
which agrees with M as an additive group, but where the multiplication is defined
by 7 -m = r*"m. For example, I - F*M = F¢(IPI1M). We say that R is F-finite if
F!R is a finitely generated R-module. For example, a field k is F-finite if and only
if [k : kP] < oo, and any algebra essentially of finite type over an F-finite field is
F-finite.

Definition 14.1. A triple (R, A, a') is the combined information of
(i) an F-finite reduced ring R,

(i) an ideal @ C R such that a N R° # 0,

(ili) a real number ¢ > 0.
Furthermore, if R is a normal domain, then we also consider

(iv) an effective R-divisor A on X = Spec R.
If a = R (resp., A = 0) then we call the triple (R, A,a") a pair and denote it by
(R,A) (resp., (R, a')).

First we recall the definitions of generalized test ideals, F-purity and F-regularity
for triples.

Definition 14.2. Let (R, A, a") be a triple.

(i) (cf. [BSTZ, Definition-Proposition 3.3, [HT, Lemma 2.1], [HY, Definition-
Theorem 6.5], [T1, Definition 2.6]) The big generalized test ideal 7,((R, A); a)
is defined to be

(R A a) = 303 p(Fe(al1a)),

where n is an arbitrary positive integer and ¢ ranges over all elements of
Hompg(FER([pcA]), R) € Hompg(FfR, R), and where d € R° is a big test
element for R. We do not give the definition of big test elements here (see
[Ho] for the definition of big test elements), but, for example, if the localized
ring Ry is regular, then some power d" is a big test element for R by [Ho,
p.63, Theorem].

(i) ([Sch, Definition 3.2] cf. [HW, Definition 2.1], [Sc2, Definition 3.1], [T2, Def-
inition 3.1]) Let al*! := {a,,},nen be a graded family of ideals defined by
a,, = alttm=D1 where b is the integral closure of an ideal b C R. We say
that (R, A, alt*l) is sharply F-pure if there exist an integer e > 1 and a map

¢ € Homp(FYR([(p° — 1)AT), R) - Fiape
such that ¢(1) = 1.
(iii) ([Sch, Definition 3.2] cf. [HW, Definition 2.1], [T2, Definition 3.1]) We say
that (R, A, a') is strongly F-regular if for every d € R°, there exist an integer
e > 1 and a map

¢ € Homgp(FeR([(p® — 1)A]), R) - Fe(a*®"~Vg)
such that ¢(1) = 1.
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Remark 14.3. (1) Considering the case where d = 1, one can easily see that if
(R, A, a") is strongly F-regular, then (R, A, altel) is sharply F-pure. Also, it fol-
lows from [Sc5, Corollary 5.7] that (R, A,a") is strongly F-regular if and only if
7((R,A);a") = R.

(2) In the case where A = 0 and a = 0, (R, A, al**l) is sharply F-pure (resp.
(R, A, a") is strongly F-regular) if and only if the ring R is F-pure (resp. strongly
F-regular), and 7,((R, A); a') = 7,(R) is the big test ideal. Refer to [HR], [HH] and
[Ho| for basic properties of F-pure rings, strongly F-regular rings and the big test
ideal, respectively.

Thanks to [HY] and [T1], the generalized test ideal can be viewed as a charac-
teristic p analog of the multiplier ideal. In particular, a strongly F-regular triple
(X = Spec R, A, a") corresponds to a klt triple under the condition that Ky + A
is Q-Cartier. Also, a sharply F-pure triple is expected to correspond to a lc triple
under the same condition. Employing this philosophy, we introduce a characteristic
p analog of maximal non-lc ideals.

Definition 14.4 (cf. [B, Corollary 2.14]). Let (R, A,a') be a triple. We denote
the integral closure of an ideal b of R by b. We then define the family of ideals
{o,((R,A); a) }en inductively as follows':

— Z Z o(Fealte =11,

el ¢

=> ) @(F(or((R, A);a')ale=DT)),
el ¢

= 3D PFE(0u i (R, A); a)al071)),
el ¢

where ¢ runs through all elements of Hompg(FfR([(p°—1)A]), R) C Hompg(FER, R).
Just for the convenience, we decree that og((R,A);a’) = R. It follows from [B,
Proposition 2.13| that the descending chain

R2o1((R,A);a') 2 0a((R, A);a’) 2 o3((1, A);a) 2
stabilizes at some n € N. Then the non-F-pure ideal o((R,A);a") is defined to be

o((R,A);a") = 0n((R, A);a) = 01 (R, A) ) =
When a = R (resp. A =0), we simply denote this ideal by (R, A) (resp. o(R,a)).

Remark 14.5. (1) If A =0 and a = R, then o((R, A); a’) = o(R) is just the image
of the map Homg(F*R, R) — R which sends ¢ to ¢(1), at least for e > 0. In the
case that R is local and Gorenstein with perfect residue field, this image is stable for
e > 0 by the Matlis dual of a celebrated result of Hartshorne and Speiser, see [HS,
Proposition 1.11]. Thus, Blickle’s stabilization result [B, Proposition 2.13] should
be viewed as a large generalization of Hartshorne and Speiser’s result.

(2) The real exponent ¢t on the ideal a in the definition of big generalized test ideals
(Definition 14.2 (i)) is just a formal notation, but it is compatible with “real” powers

'This definition of o, ((R, A);at) is slightly different from the one given in a previous version.
We changed the definition because the proof of Theorem 15.1 didn’t work for the previous one.
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of a. That is, setting b = a” for n € N, one has 7,((R,A); b)) = 7((R, A); a™).
However, in the case of non-F-pure ideals, it is not compatible in general. For
example, if R = k[x] is the one-dimensional polynomial ring over an F-finite field k
of characteristic p > 0, then o(R, ()) = R but o(R, (27)'/?) = x.

Remark 14.6. Classically, the test ideal is defined as the annihilator ideal of some
submodule of the injective hull. We can define the non-F-pure ideal in a similar way.

Let (R,m) be an F-finite reduced local ring of characteristic p > 0, and denote
by E = Er(R/m) the injective hull of the residue field R/m. For each integer e > 1,
we denote F2(E) = F¢R([(p® — 1)A]) ®g E and regard it as an R-module by
the action of F¢R = R from the left. Then the e iteration of the Frobenius map
induces a map F¢: E — F*2(FE). The image of z € F via this map is denoted by
2 i=1®z2=F¢z) € F*2(E).

Ni((R,A);a’) is defined to be the submodule of E consisting of all elements
z € E such that alt?*-D1zr" = 0 in F&2(E) for all e € N. No((R,A);al) is
defined to be the submodule of E consisting of all elements z € FE such that
Anng(Ny((R,A); at))alte=D12r" = 0 in F*2(E) for all e € N. Inductively we
define N, ((R,A);a') to be the submodule of E consisting of all elements z € F
such that Anngz(N, 1 ((R, A);a!))alt@*=D12P" = 0 in F&*(E) for all e € N. Then
the ascending chain

Ni((R,A);a') € No((R,A);a’) € Ns((R,A)sa’) C - CF
stabilizes at some n € N and o((R, A); a') = Anng (N, ((R, A);a?)).

Remark 14.7. There are numerous other non-F-pure ideals that one can define.
The ideal o((R, A); a’) is the largest ideal that we know of that both commutes with
localization and seems naturally determined.

We briefly enumerate some of the other potential non-F-pure ideals and describe
some of their advantages and disadvantages. All of these ideals define the non-F-
pure locus of (R, A, a') (if they stabilize in the right way).

(1) o1((R, A); a'). This ideal still defines the non-F-pure locus and its formation
commutes with localization. However, we do not believe that Theorem 15.2
holds for this ideal. The same comments also hold for the other o;.

(2) For any fixed n, consider the ideal o}, ((R, A);a') = 3 5, > @(Fralt =DT).
This ideal is non-canonically determined, because of the choice of n (for
various reasons, it is desirable to choose n sufficiently large). It may be that
o' ((R,A),a") :=nNol,((R,A); a") is a good alternative, but we do not know if
this intersection stabilizes for sufficiently large n (if it does, then o’ ((R, A, a*)
also commutes with localization). If it does, then the ideal ¢/((R,A);a’)
defines the non-F-pure locus and is a priori larger than o((R, A);a'), see
Lemma 14.8 below. If R is local with injective hull E of the residue field,
A =0 and a = R, then 0'((R,A); a") = ¢’(R) also coincides with

Anng 0% = Anng{z € E| 2" = 0 for e > 0},

the annihilator ideal of the Frobenius closure 0% of the zero submodule in
the injective hull F.
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(3) Suppose now that R is local and that (p® —1)(Kgr + A) is Cartier (for some
e). Then consider theideal 37 _, . o> @(Ffal'®*=DT). This ideal suffers
from the same issue that (2) does, but it is even smaller. If it can be shown
to stabilize for sufficiently large and divisible ey, then it would be useful.
In particular, one could prove versions of the restriction theorem (Theorem
16.7) for triples (R, A, a').

(4) Associated to a triple (R, A, a’), one can define a Cartier-algebra on R,
see [B] for the definition and details. The ideal o((R,A);a’) is a natural
object associated to this algebra. If one replaces this Cartier-algebra by a
Veronese sub-algebra, one obtains a different non-F-pure ideal. If there is
some stabilization of these non-F-pure ideals for sufficiently fine Veronese
sub-algebras, then this could be very useful.

Suppose that R is Q-Gorenstein with index not divisible by p > 0. Further
suppose that A = 0 and a = R. Then o(R) coincides with o/, (R) from (2) for n > 0.
This ideal also coincides with the ideal from (3) for sufficiently large and divisible
ep and coincides with ideal from (4) for a sufficiently fine Veronese subalgebra.

To see that o], (R) = o(R) for n > 0, first assume without loss of generality that
R is local. Then, notice that the evaluation-at-1 map Homp(F¢™ R, R) — R factors
through Hompg(FSR, R). Thus o),(R) is simply the image of Homg(F'R, R) — R.
If R is Q-Gorenstein and (p®® — 1) Ky is Cartier, then it follows from [Sc4, Corollary
3.10] that the image of Hompg(F"* R, R) — R is contained in o,,(R). This implies
that o/ (R) C o(R) for n > 0. The reverse containment is done (in much greater
generality) in Lemma 14.8 below.

The equality with the ideals from (3) and (4) follow similarly.

Before discussing the basic properties of non-F-pure ideals, we start with the
following technical lemma.

Lemma 14.8. Let (R, A, at) be a triple. Then for each n € N and @ € Z>q, one has
Un—i—l( Z ZQO Fe Un 1 R A) ) alt® =11 ))
e>i+1 ¢

where ¢ ranges over all elements of Homg(FER([(p® — 1)A]), R). In particular, for
alln € N, the ideal 0,((R, A); a') is contained in

33" p(FLalieIT) = of (R, A); ).
ezn ¢

Proof. From the point of view of Blickle’s theory of Cartier algebras, this statement
is essentially obvious. We write down a proof in detail however.
For all integers ¢+ > 0, set

oin((R, Z th Fon1(R,A);a )qft(pe DTY).
e>1+1 ¢

We will prove the assertion by induction on 7. Obviously we may assume that ¢ > 1.
Let e > 1 be an integer, and fix any ¢ € Homg(FCR([(p°—1)A]), R), a € Féaltv*—1]
and b € Ffo,i-1((R,A);a"). It then suffices to show that p(ab) € 0;,,((R,A); a).



36 OSAMU FUJINO, KARL SCHWEDE AND SHUNSUKE TAKAGI
It follows from the induction hypothesis that b € Ffo;_1,((R,A);a’), that is,

be ZDb Fe (0,1 (R, A); al)al=DT)),
1>
where 1) ranges over all elements of Hompeg(FER([(p'—1)AT), FER). Since p'[(p°—
DAT+[(p' =1)A] > [(pe*! —1)A], the map p o) can be regarded as an element of
Hompz(FER([(pet —1)AT), R). Also, since p!'[t(p®—1)]+[t(p'—1)] > [t(pct—1)],

we have (Fe [t(pe—1)] )(Fe'H ’—t(pl—lﬂ) Fe'H [t(peti-1)] Thus

o(ab) GZZ (¢ 0 %) (Fealt—D1 F=H (g, 1 (R, A); a')alt@—D1))
CZZ @ 0 V) (F2H (o1 (R, A); a')ale7T=10))

gai,n((Ra A)v )
]

Question 14.9. Let the notation be the same as in Lemma 14.8. If n is sufficiently
large, then does o((R, A); a') coincide with o/ ((R, A); a*)?

We list basic properties of non-F-pure ideals.

Proposition 14.10. Let (R, A, a") be a triple.

(1) For any effective R-divisor A" < A on Spec R, for any ideal a Cb C R and
for any real number s < t, one has

o((R,A);a") C o((R, A'); 6%).
IfaC b Ca, then
0<<R7 A)v at> = 0<<R7 A)v bt)

(2) o((R,A);a')a € o((R,A);a™).
(3) Let W be a multiplicatively closed subset of R, and let Ay and ay be the
images of A and a in Ry, respectively. Then

U((Rw, Aw), Cl%/[/) = O'((R, A), Clt)Rw.

(4) If R is locally an integral domain and if the non-strongly-F-regular locus of
Spec R is contained in V(a), then for any e > 0,

o((R,A);a") C (R, (1 —€)A);a" ).
(5) (R, A, alt*l) is sharply F-pure if and only if o((R,A);a') = R.

Proof. (1) It is obvious, also see [B, Proposition 3.2].
(2) By the definition of oy ((R, A);a'), we have

0'1<(R, A), at)a _ Z Z SO(F:(a[t(pefl)] a[pé]))

el ¢

CY Y p(Fealtrnee—nT)

e>l ¢

=01 ((R,A); ath).
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Applying this inclusion to the definition of oo((R, A);a'), we have

oa((R,A);at)a = 3N (Fe(or (R, A); o'yl —DTalT))

e>l ¢

C YD e(F(or((R, A);a*)alEFIEIT))

= 0o((R, A);a'th).

Inductively we have o, ((R, A); a')a C 0, ((R, A); a™!) for all integers n > 1, so that
o((R,A);a")a C o((R,A);alth).

(3) It is immediate from [B, Lemma 2.18].

(4) We may assume that R is a local domain and set X = Spec R. It follows from
[Ho, p.63, Theorem] that there exists an integer m > 1 such that every nonzero
element of a™ is a big test element for R. Then 7,((R, (1 — €)A); a’~¢) is equal to
Desn 2 ¥ Y(Fealt=P"1+m) \where n is an arbitrary positive integer and 1) ranges
over all the elements of Hompg(FR([p(1—€)A]), R). By [Hul, there exists a positive
integer k such that antk C a” for all n > 0. We take a sufficiently large n such that
for all e > n, [t(pc—1)] > [(t —€)p°| + m + Kk, [(p® — 1)A] > [p¢(1 — €)A] and
that o((R,A);a) is contained in > . >° @(Fral'@ =) where ¢ ranges over all
the elements of Homgz(F¢R([(p® — 1)A]), R). Then

a') €Y N p(Fralte-T)

e>n

C Z Z Y(Fealt=opT+m+k)

ezn

C Z Z ¢<Ffaf(t*6)p61+M)

e>n

=7((R, (1 —€)A); a").

(5) By the definition of sharp F-purity, (R, A, al**l) is sharply F-pure if and only
if o1((R,A); a’) = R. However, o1((R,A);a") = R if and only if 0,,((R,A);a') = R
for all integers n > 1. O

Remark 14.11 (Compare with 6.1). Even if R is regular, the equality
o((R,A);a") = 1((R, (1 — €)A); a")
does not hold for any ¢ > 0 in general. We give two easy examples.
(1) Let R = k[z] be the one-dimensional polynomial ring over an F-finite field
k of characteristic p > 0 and let a = (27). Then o(R, a%) = x, while
(R, a%_e) = R for any € > 0.
(2) Let R = k[z,y] be the two-dimensional polynomial ring over an F-finite field
k of characteristic p > 0 and let A = div(2® — 9?). If p = 2 mod 3, then
o(R, 5’(’3—;1A) = (x,y), while 7,(R, (5%—;1 —¢)A) = R for any € > 0.
The first example is also a counterexample to Theorem 15.1 below when the denom-
inator of ¢ is divisible by p.
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15. NON-F-PURE IDEALS VS. NON-LC IDEAL SHEAVES

In this section, we explore the relationship between non-F-pure ideals and non-lc
ideal sheaves.

In Theorem 7.8, we gave a combinatorial description of the non-lc ideal sheaf
J'(X,a") associated to a monomial ideal @ on X = C". We show that the non-
F-pure ideal o(R,a’) has a similar description when a is a monomial ideal of the
polynomial ring R = k[zy,...,x,] over an F-finite field k.

Theorem 15.1 (Compare with Theorem 7.8). Let a be a monomial ideal of the
polynomial ring R := k[x1,...,x,] over an F-finite field k of characteristic p > 0.
Let t > 0 be a rational number whose denominator is not divisible by p. Then the
non-F-pure ideal (R, a') is the monomial ideal generated by all monomials x° whose
exponent vectors satisfy the condition that

v+1€P(t-a),
where P(t - a) is the Newton polyhedron of t - a.

Proof. We denote by I(R,a') the monomial ideal generated by all monomials z"
whose exponent vectors satisfy the condition that v +1 € P(t - a). It follows from
[HY, Theorem 4.8] that for sufficiently small 1 > ¢ > 0, the generalized test ideal
(R, a'~¢) coincides with I(R,a"). By Proposition 14.10 (4), o(R, a') is contained
in I(R,a").

Hence, we will prove the converse inclusion. For each integer e > 1, let ¢¢ :
FfR — R be the R-linear map such that

e( I b L ifl =l=... =1, =p°'—1
¢(ll ln):{ 1 9 D

i -t 0 whenever [; < p® — 1 for all 7 and [; < p® — 1 for some 1.

Then the ideal ¢¢(Ffalt*~D1) is generated by monomials, because everything in-
volved is Z"-graded. The monomial z* is in the ideal ¢¢(F¢alt®*—DI1) if and only
if

(5) pv e P([tlp"—1)]-a) = (p°— 1.

Since the denominator of t is not divisible by p, there are infinitely many e € N such
that t(p® — 1) is an integer. For such e, dividing out by p® — 1, we can rephrase (5)
into the condition that pfjlv +1 € P(t-a). By taking a sufficiently large e, this is
equivalent to saying that v+ 1 € P(t - a). Thus, by the definition of o1(R, a*), the
ideal (R, a") is contained in oy (R, a').

Similarly, for each e > 1, the monomial z* is in ¢°(F¢(o1(R, a’)alt®*=D1)) if it is

in ¢¢(F¢(I(R, a')al*®*=DT)) which happens if and only if
(6) pv e (P(t-a) =1)NZE, + P([t(p" = 1)] -a) = (p° — D1.

We will show that for all sufficiently large e such that also ¢(p® — 1) is an integer,
Equation (6) is equivalent to the condition that v+1 € P(t-a), that is, 2” € I(R, a*).
First suppose that (6) holds for such e. In particular,

pve(Pt-a)—1)+P(t(p°—1)-a)— (p°—1)1 =p°P(t-a) — p°l.
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Dividing out by p°, we see that v +1 € P(t - a). Conversely, suppose that v 4+ 1 €
P(t-a). Since v is in ZZ,, this can be rephrased to say that v € (P(t-a) —1)NZ%,.
Multiplying both sides by p® — 1, we have that
(p° =D e (p = )(P(t-a) = 1) = P([t(p° = 1)] - a) = (p" = 1)1
for all e such that ¢(p® — 1) is an integer. Finally, we see that for such e,
pv=v+(p°—1v
= (P(t-a) = 1)NZL + P([t(p° = 1] -a) = (p° = 1.
So, what it comes down to is that
I(R,a") C ¢°(F¢(o1(R, a')al®*=DT)) C op(R, o).
Inductively we conclude that I(R,a’) is contained in (R, a'), which completes the

proof of Theorem 15.1. U

Theorem 15.2. Let R be an F-finite normal ring of characteristic p > 0 and A be
an effective R-divisor on X := Spec R such that Kx + A is R-Cartier. Let a C R
be a nonzero ideal and t > 0 be a real number. If f : X > Xisa proper birational
morphism from a normal scheme X such that a0y = Ox(—=2) is invertible and
K¢+ Az = f*(Kx+A)+tZ, then one has an inclusion

o((R,A);a") C HYX,04([Kg — [*(Kx +A) —tZ +£F]))
for sufficiently small 0 < e < 1, where F' = Supp A?.

Proof. The proof is very similar to those of [HW, Theorem 3.3] and [T1, Theorem
2.13].
We may assume that R is local. Let ¢ € o((R,A);a’). By Lemma 14.8, we may

assume that there exist a sufficiently large ¢ = p°, a nonzero element a € alt(a—1]
and an R-linear map ¢ : FER([(¢ — 1)A]) — R sending a to ¢. The map ¢ induces
an R-linear map ¢’ : FfR([(¢—1)A]+divx(a)) — R(divx(c)) sending 1 to 1. Since
Homp(FER((q — DA] + divx (a)), R(divx(c))
~FOx((1 — q)Kx + qdivx(c) — [(¢ — 1)A] — divx(a))

by Grothendieck duality, we can regard ¢’ as a rational section of O%((1 —¢)K5 +
qf. tdivx(c)). Let D be the divisor on X corresponding to ¢’. Then D is linearly
equivalent to (1 — ¢) K5 + ¢f, ' divy(c) and f.D > [(¢ — 1)A] + divy(a).

Set Y := X \ Supp D<°. Since Supp D= is supported on the exceptional locus,
¢ lies in the global section of

FiOy((1 = q)Ky + qf, " divx(c)ly) = Ff #omo, (FLOy, Oy (f, " divx(c)]y)).

We will prove that the coefficient of D — ¢f; 'divy(c) in each irreducible com-
ponent is less than or equal to ¢ — 1. Assume to the contrary that there exists
an irreducible component Dy of D whose coefficient is greater than or equal to
q(ordp, (f: ' divx(c)) + 1), where ordp, denotes the order along Dy. Note that Dy
intersects Y. Set B := f 'divx(c) — ordp,(f; ' divx(c))Dy. Then ¢’ lies in the
global section of

F;Oyv((1 = q)Ky + qBly — qDoly) = F¢ some,, (F;Oy(qDo|y), Oy (Bly)).
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Combining ¢’ with the natural inclusion map Oy (Do|y) — FOy(qDyly ), we obtain
the Oy-linear map ¢ : Oy (Dyly) — Oy (Bly). Since ¢’ sends 1 to 1, ¢ also sends 1
to 1. However, since Dy is not contained in Supp B, this is a contradiction. Thus,
every coefficient of D — qf; ' divx(c) is less than or equal to ¢ — 1.

Now we put G := q%lD — f7'A. Then G is Q-linearly equivalent to —(Kg +
fIA) + q%lf,:l divx(c), so that f.G is Q-linearly equivalent to —(Kx + A) +

q_il divy(c). There are finitely many prime divisors E; on X such that

Kg ~ ['(Ex+A)+tZ+ a;E,
J

where a; are real numbers chosen as [, 'A+tZ+ Y ja; by is f-exceptional. Hence,
one has

G — f*f*G + f*_lA + tz + q%ql (dlv)}(c) — f*_l diVX(C)) + ZajEj = 0,
J

because it is an f-exceptional divisor R-linearly equivalent to zero. On the other
hand,

1
G>——[(¢g— 1A di —A>
1.6 2 —[(g = AT + —divy(e) = A > —
Putting it all together, we obtain

—a; =ordg, (G — LG+ A+ 2+ qiil (divg(c) = £ diVX<C)))

1 divy(a).

<

= 1ordE]. (D —divg(a) +t(g— 1)Z — qf " divy(c)) + 7—1

1
gq — lordEj (D —qf divx(c)) + . g 1

<1+

VE]. (C)

I/E'j (C)

q _ 1VEj<C)7

where ordg; denotes the order along F; and vg, is the valuation corresponding to
Ej. Since ¢ is sufficiently large, we conclude that a; + vg,(c) > —1 for all j, which
implies that ¢ lies in HO(X,O3([K5 — f*(Kx + A) — tZ + ¢F'])) for sufficiently
small 0 < e <« 1. O

Conjecture 15.3. Let R be a normal ring essentially of finite type over a field
of characteristic zero, and let A be an effective QQ-divisor on X := Spec R such
that Kx + A is Q-Cartier. Let a € R be a nonzero ideal and ¢ > 0 be a real
number. Denoting by (R,, A,, a,) the reduction modulo p of the triple (R, A, a) and
by J'((X,A); a’), that of the maximal non-lc ideal J'((X, A);a’), one has

J' (X, A); at)p = o((Rp, Ap); a;;)
for infinitely many primes p.
Remark 15.4. It follows from Theorem 15.2 that o((R,,A,);al) is contained in
J'((X,A);a"), for all sufficiently large primes p. However, the converse inclusion

does not hold for all sufficiently large primes p in general. For example, let E C IP(%Q
be an elliptic curve over the rational numbers and X = Spec R be the affine cone
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over . Since X has only log canonical singularities, J'(X,0) = R. On the other
hand, o(R,,0) = R, if and only if p is not supersingular prime for E. It is known
by Elkies [El] that there are infinitely many supersingular primes for E. Hence, it
cannot happen that J'(X,0), = o(R,,0) for all sufficiently large primes p. The
reader is referred to [MTW, Example 4.6] for a more detailed explanation.

16. THE RESTRICTION THEOREM FOR NON-F-PURE IDEALS

In this section, we formulate the restriction theorem for non-F-pure ideals when
a is the unit ideal.

For simplicity, we may assume that R is an F-finite normal local ring of charac-
teristic p > 0, and set X = Spec R. Then there exists a bijection of sets:

{Eﬁective Q-divisors A on X such

that (p¢ — 1)(Kx + A) is Cartier } > {Nonzero elements of Hompg(F¢R, R)}/ ~

where the equivalence relation on the right hand side identifies two maps ¢, ¢o €
Homp(F?SR, R) if there exists some unit u € R such that ¢1(z) = ¢o(uz). The
reader is referred to [Sc4] for the details of this correspondence.

Given a map ¢ € Homg(F¢R, R) and an integer [ > 1, the ' iteration ¢' of ¢ is
defined as follows:

¢' = 6o (Fig) oo (FI"6) € Homp(F R, R).

We remark that if ¢ corresponds to some effective Q-divisor A on X such that
(p° — 1)(Kx + A) is Cartier, then ¢' corresponds to the same divisor A for every
[ € N. This is equivalent to saying that if Homg(FfR((p® — 1)A), R) is a free F¢R-
module generated by ¢, then Homp(F“R((p" — 1)A), R) is a free F'*R-module
generated by ¢! for every [ € N.

Lemma 16.1. Let (R, m) be an F-finite normal local ring of characteristic p > 0
and A be an effective Q-divisor on X := Spec R such that (p® — 1)(Kx + A) s
Cartier for some ey € N. Let ¢, : F°R — R be the R-linear map corresponding to
A. Then for all sufficiently large | € N, one has

o(R,A) = ¢, (F/°R).

Proof. Since ¢¢,(F°R) C 01(R, A), we have ¢2 (F2*R) C 05(R,A) by the defini-
tion of o2(R, A). Inductively we have ¢7 (FI'°R) C 0,(R,A) for all n € N. It then
follows from Lemma 14.8 that for all sufficiently large | € N,

L(FIOR) Co(R,A) S Y Y o(FER),
e>leg ¢

where @ ranges over all elements of Homg(F¢R([(p®—1)A]), R). Hence, it suffices to

show that 3., 3, (F°R) C d, (F¥0R). Let ¢ € Homp(FER([(p° — 1)A]), F)

with e > leg. Then by [Sc4, Corollary 3.10], there exists an R-linear map ; :

FIR([(p' —1)A]) — R such that ¢ = ¢. o (F/®;) with i = e —leg. Thus, one has
P(FLR) = ¢, ((FUi)(FLR)) C ¢, (FIR).

U
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Remark 16.2. In the case of a regular ring R, we have the following description of
non-F-pure ideals: let A = ¢ - div(f) be an effective Q-divisor on Spec R such that
the denominator of ¢ is not divisible by p. If J C R is an ideal, one defines J!/7’]
to be the smallest ideal I such that /) O J. Then by Lemma 16.1 and [BSTZ,
Proposition 3.10], one has

o(R,A) = (i =D)/r]

for sufficiently large and divisible e such that ¢(p—1) is an integer. For example, let
R = F,[z,y] be the two-dimensional polynomial ring over F, and let A = div(z® —
y?). Note that {a'y?},c_1>i >0 is a basis of R over RP* for all e € N. Then by [BMS,

Proposition 2.5], taking a sufficiently large e, one has
e—1y[1/p°]
o(R,A) = (8 —y?) 1) = (a,y).

Proposition-Definition 16.3 ([Sc4, Theorem 5.2]). Let R be an F-finite normal
local ring of characteristic p > 0 and D+ B be an effective Q-divisor on X := Spec R
such that D is a normal prime divisor with defining ideal @) C R and that D is not
contained in Supp B. Assume that there exists e € N such that (p°—1)(Kx+ D+ B)
is Cartier.

Let ¢ : FCR — R be the R-linear map corresponding to D+ B. Since the localized
ring Rg is a DVR, ¢(FfQ) C @ (that is, @ is an F-pure center of (R, D + B). See
Definition 16.8 for the definition of F-pure centers). Then we have the following
commutative diagram:

FFR—2 . R

L

Fe(R/Q) "~ R/Q,
where the vertical maps are the natural surjections. We denote by Bp/q the effective
Q-divisor on D corresponding to ¢¢. It is easy to check the following properties:
(i) (»* —1)(Kp + Bgrjg) is a Cartier divisor.
(i) Homp)o(FE(R/Q)((p°—1)Brjg), R/Q) is a free F(R/Q)-module generated

by ¢q.
(ii) (R, D + B) is sharply F-pure if and only if (R/Q, Bg/q) is sharply F-pure.

Remark 16.4. The divisor Bg/q defined above is canonically determined and exists
even outside the local setting. Explicitly, if X is an F-finite normal irreducible
scheme and D and B are as above, then there exists a divisor Bp on D (replacing
Bprq) satisfying the properties (i), (i’) and (ii) above locally and also satisfying the
condition that (Kx + D + B)|p ~g Bp. See [Sc4, Remark 9.5] for details.

Conjecture 16.5 (cf. [Sc4, Remark 7.6]). Let the notation be the same as in Def-
inition 16.3. Then Bp/q coincides with the different Bp of (X, D + B) on D (see
Section 11 for the definition of differents).

Remark 16.6. Conjecture 16.5 holds true if D is Cartier in codimension two. The
reader is referred to [Sc4, Section 7| for details.

Now we state our restriction theorem for non-F-pure ideals.
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Theorem 16.7. Let R be an F-finite normal domain of characteristic p > 0 and
D + B be an effective Q-divisor on X := Spec R such that D is a normal prime
divisor with defining ideal () C R and that D is not contained in Supp B. Assume
that Kx + D + B is Q-Cartier with index not divisible by p. Then

o(R,D + B)|p = 0(R/Q, Brjq).

Proof. The statement is local, so we may assume without loss of generality that R
is also local. Since Kx + D + B is Q-Cartier with index not divisible by p, there
exist infinitely many e € N such that (p° — 1)(Kx + D + B) is a Cartier divisor.
We fix one of such e. Let ¢ € Homg(F¢R, R) be the R-linear map corresponding
to D + B. By the definition of Bp/q, there exists ¢ € Hompgo(F(R/Q), R/Q)
corresponding to Bg/q such that we have the following commutative diagram for

each [ € N :

FlerR—% R
| |
FI{(R/Q) — R/Q,

where the vertical maps are natural quotient maps. Thus, it follows from Lemma
16.1 that for a sufficiently large [,

o(R,D+ B)|p = ¢'(FI'R)R/Q = ¢,(FI(R/Q)) = 0(R/Q, Brq).
L]

In fact, the previous restriction even holds when restricting to an F-pure center
of arbitrary codimension.

Definition 16.8 ([Sc3]). Suppose that (X, A) is a pair such that K x+A is Q-Cartier
with index not divisible by p. We say that a subvariety W C X is a center of sharp
F-purity for (X, A) if, after localizing at each point € X, any (equivalently, some)
map ¢ : FfOx, — Ox,, corresponding to A (as at the start of this section) satisfies
the property that

O(Fy Iwa) C Iw.

Here #y is the ideal sheaf defining W and %y, is its stalk at x € X. We simply
call it an F-pure center of (R, A) if the context is clear.

Given a pair (X := Spec R, A) and a normal F-pure center W C X with defining
ideal ) C R such that (X, A) is sharply F-pure at ), then there exists a canonically
determined Q-divisor Ag/o on W satisfying the properties (i), (i’) and (ii) from
Proposition-Definition 16.3. The proof (and reference) are the same.

Theorem 16.9. Let R be an F-finite normal ring of characteristic p > 0 and A be
an effective Q-divisor on X := Spec R such that Kx + A is Q-Cartier with index
not divisible by p. Suppose that W C X is an F-pure center of (X, A) and also that
(X, A) is sharply F-pure at the generic point of W. Let us use @) to denote the ideal
of W. Then

o(R,A)lw = o(R/Q, Arjq).
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Proof. The proof is the same as in Theorem 16.7. The assumption that (X, A) is
sharply F-pure at the generic point of W is needed to define the Q-divisor Ag/qp. [

Compare the following example with Example 12.9.

Example 16.10. Let R = k[z,y| be the two-dimensional polynomial ring over an
F-finite field k. Set D = div(z) and B = div(x® — y?). It then follows from Remark
16.2 that

o(R, D+ B) = (1),
o(R/(z), Blp) = (y).

Hence the restriction theorem holds in this case.
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