ON QUASI-ALBANESE MAPS

OSAMU FUJINO

ABSTRACT. We discuss litaka’s theory of quasi-Albanese maps in
details. We also give a detailed proof of Kawamata’s theorem
on the quasi-Albanese maps for varieties of the logarithmic Ko-
daira dimension zero. Note that Iitaka’s theory is an application
of Deligne’s mixed Hodge theory for smooth algebraic varieties.
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1. INTRODUCTION

In this paper, we discuss litaka’s theory of quasi-Albanese maps. We
give a detailed proof of:
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Theorem 1.1 (see [I1] and Theorem BTA). Let X be a smooth algebraic
variety defined over C. Then there exists a morphism a: X — A to a
quasi-abelian variety A such that

(i) for any other morphism B: X — B to a quasi-abelian variety
B, there is a morphism f: A — B such that § = f o«

x-2.nB

7

A

and
(i) f is uniquely determined.

A quasi-abelian variety in Theorem [ is sometimes called a semi-
abelian variety in the literature, which is an extension of an abelian
variety by an algebraic torus as an algebraic group. Note that if X
is complete in Theorem [ then A is nothing but the Albanese vari-
ety of X. Theorem I depends on Deligne’s theory of mixed Hodge
structures for smooth complex algebraic varieties.

We also give a detailed proof of Kawamata’s theorem on the quasi-
Albanese maps for varieties of the logarithmic Kodaira dimension zero.

Theorem 1.2 (see [Ka2] and Theorem ). Let X be a smooth variety
such that the logarithmic Kodaira dimension ®(X) of X is zero. Then
the quasi-Albanese map o: X — A is dominant and has irreducible
general fibers.

The original proof of Theorem 2 in [Ka2| needs some deep results
on the theory of variations of (mixed) Hodge structure. They are the
hardest parts of [Ka2] to follow. In Section [@, we give many supple-
mentary comments on various semipositivity theorems, which clarify
Kawamata’s original approach to Theorem 2 in [Ka2]. In Section
B, we explain how to avoid using the theory of variations of (mixed)
Hodge structure for the proof of Theorem 2. A vanishing theorem in
[ET] related to the theory of mixed Hodge structures is sufficient for
the proof of Theorem 2.

When the logarithmic irregularity g(X) of X is dim X in Theorem
2, we have the following theorem, which is a slight refinement of
[MPT], Theorem A].

Theorem 1.3 (see [MPT, Theorem A], [EMPT], and [CDY!, Lemma
3.2]). Let X be a smooth variety with ®(X) = 0 and the logarithmic
irreqularity g(X) = dim X. Then the quasi-Albanese map a: X — A
is birational and there exists a closed subset Z of A with codimyZ > 2
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such that a: X \ a=Y(Z) — A\ Z is an isomorphism and a~'(Z) is of
pure codimension one.

As an easy consequence of Theorem 23, we have:

Corollary 1.4 (see [MPT, Corollary B]). Let X be a smooth affine
variety with dim X = n. Then X is isomorphic to G}, if and only if
R(X) =0 and g(X) =n.

Corollary 3 is also an easy consequence of Theorem [=3.

Corollary 1.5. Let X be a nonempty Zariski open set of a quasi-
abelian variety A. Then ®R(X) = 0 if and only if codimy(A\ X) > 2.

One of the main motivations of this paper is to understand Theorem
2 in detail. The original proof of Theorem [ in [KaZ] looks inac-
cessible because the theory of variations of (mixed) Hodge structure

and did use only [D1], [Gxi], and [Sd] for the Hodge theory. Although
the semipositivity theorem in [F1)] (see also [FET] and [FES]) does not
recover Kawamata’s statement on semipositivity (see [Ka2, Theorem
32]), it is natural and is sufficient for us to carry out Kawamata’s proof
of Theorem [ in [Ka2] with some suitable modifications. The author
has been unable to follow [Ka2, Theorem 32]. Moreover, the vanishing
theorem in [ET] gives a more elementary approach to Theorem 2 and
makes Theorem 2 independent of the theory of variations of (mixed)
Hodge structure. The author hopes that this paper will make litaka’s
theory of quasi-Albanese maps and Kawamata’s result on the quasi-
Albanese maps of varieties of the logarithmic Kodaira dimension zero
accessible.

We look at the organization of this paper. Section B is a preliminary
section. In Subsections 1 and 22, we collect some basic definitions
and results of the logarithmic Kodaira dimensions and the quasi-abelian
varieties in the sense of litaka, respectively. Section B is devoted to the
theory of quasi-Albanese maps and varieties due to Shigeru litaka. We
explain it in details following Titaka’s paper [[1] with many supplemen-
tary arguments. Theorem B8, which is Theorem [, is the main result
of this section. In Section B we prove some basic properties of quasi-
abelian varieties for the reader’s convenience. In Section B, we quickly
explain a birational characterization of abelian varieties and a bimero-
morphic characterization of complex tori without proof. In Section B,
we recall the subadditivity of the logarithmic Kodaira dimensions in
some special cases. We use them for the proof of Theorem 2. Section
[@is devoted to the explanation of some semipositivity theorems related
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to the theory of variations of (mixed) Hodge structure. We hope that
this section will help the reader to understand [Ka2]. In Section B, we
discuss some weak positivity theorems. Our approach in Section B does
not use the theory of variations of (mixed) Hodge structure. We use
a generalization of the Kollar vanishing theorem. This section makes
Theorem 2 independent of the theory of variations of (mixed) Hodge
structure. In Section B, we discuss finite covers of quasi-abelian vari-
eties. We need them for the proof of Theorem . In Section I, we
prove Theorem I in details. In Section [, which is the final section,
we prove Theorem I3 and Corollaries 4 and 3.

1.6 (Historical note). If T remember correctly, I wrote the following
two preprints:
e Osamu Fujino, Subadditivity of the logarithmic Kodaira dimen-
sion for morphisms of relative dimension one revisited

and
e Osamu Fujino, On quasi-Albanese maps

in 2014 and circulated them as Kyoto Math 2015-02 and 2015-03 in
the preprint series in Department of Mathematics, Kyoto University,
respectively. In 2018, I gave a series of lectures on the litaka conjecture
in Osaka. Then I published [ER], which is a completely revised and
expanded version of the above first preprint. Although I did not put
the above preprints on the arXiv, some people have cited the above
second preprint as a reference on the theory of quasi-Albanese maps.
Hence, I put it on the arXiv now and will plan to publish it somewhere.
Note that I added Section I when I revised this paper in 2024.

Acknowledgments. The author was partially supported by Grant-in-
Aid for Young Scientists (A) 24684002 and Grant-in-Aid for Scientific
Research (S) 24224001 from JSPS. He thanks Kentaro Mitsui for an-
swering his questions. He also would like to thank Professor Noboru
Nakayama for a useful comment. During the preparation of the revised
version of this paper, he was partially supported by JSPS KAKENHI
Grant Numbers JP19H01787, JP20H00111, JP21H00974, JP21H04994.
He thanks Professors Margarida Mendes Lopes, Rita Pardini, and Sofia
Tirabassi very much for helping him to understand Theorem [=3. Fi-
nally, he would like to thank Professor Katsutoshi Yamanoi for his
encouragement.

We will work over C, the complex number field, throughout this
paper. A variety means a reduced and irreducible separated scheme of
finite type over C. We will use the standard notation as in [F3] and
[E4]. The theory of algebraic groups which are not affine nor projective
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is not so easy to access. Hence we make efforts to minimize the use of
the general theory of algebraic groups for the reader’s convenience. In
this paper, we do not even use [DZ, Lemme (10.1.3.3)]. We do not use
the theory of minimal models.

2. PRELIMINARIES

In this section, we collect some basic definitions and results on the
logarithmic Kodaira dimensions and the quasi-abelian varieties (see,
for example, [I0], [I2], [I4], [I5], and so on). For the basic properties of
the Kodaira dimensions and some related topics, see, for example, [U]
and [Md] (see also [ER]).

2.1. Logarithmic Kodaira dimensions and irregularities. First,
we recall the logarithmic Kodaira dimensions and the logarithmic ir-
regularities following litaka. For the details, see [[1], [I2], [I4], and

5],

Definition 2.1 (Logarithmic Kodaira dimension). Let X be an alge-
braic variety. By Nagata (see [Nag]), we have a complete algebraic
variety X which contains X as a dense Zariski open subset. By Hiron-
aka (see [Hi]), we have a smooth projective variety W and a projec-
tive birational morphism p: W — X such that if W = p~1(X), then
D=W W = (X — X) is a simple normal crossing divisor on W.
The logarithmic Kodaira dimension ®(X) of X is defined as

R(X) = K(W, Ky + E)
where k denotes litaka’s D-dimension.

Definition 2.2 (Logarithmic irregularity). Let X be an algebraic va-
riety. We take (W, D) as in Definition 2. Then we put

q(X) = dimec H'(W, QIW(log D))
and call it the logarithmic irreqularity of X. We put
Ti(X) = HO(W, Q4(log D))
following Iitaka [IT].
It is easy to see:

Lemma 2.3. £(X), g(X), and T1(X) are well-defined, that is, they
are independent of the choice of the pair (W, D).

This lemma is well known. We give a proof for the reader’s conve-
nience.
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Proof. By Hironaka’s resolution (see [Hi]), it is sufficient to prove that
H(W, KW + E) == R(Wl, le + 51)

and
H(W, Qlw(log D)) = H' (W, QlW1 (log D1))

where f: W, = W " is a projective birational morphism from a smooth
projective variety W, and D; = Suppf*D. By the local calculation,
we see that

(2.1) J* Q- (log D) C Qlwl(logﬁl).
Therefore, we obtain

HO(W,Q5:(log D)) € HY (W1, Q5 (log Dy)).
On the other hand, it is obvious that

HO (W, QlWl (log D)) € H'(W, Qlw(log D))
since Q1 (log D) is locally free. Thus, we have

HY (W, Qlwl (log Dy)) = H*(W, Q- (log D)).
By (ET), we have

Ky, + Dy = f"(Kw+ D)+ E

where E is an effective f-exceptional divisor on W;. Therefore, it is
obvious that

H(W, KW —I— E) = H(Wl, le —I— El)
holds. O

Lemma 2.4. Let X be a variety and let U be a nonempty Zariski open
set of X. Then we have

R(X) <®(U)
and
7(X) <q(U).
Proof. Tt is obvious by the definitions of k¥ and g. 0

We may sometimes use Lemma P24 implicitly. We need Lemma P73
for the proof of Corollary 3.

Lemma 2.5. Let X be a smooth variety. Assume that F is a closed
subset of X with codimx ' > 2. Then we have

R(X)=R(X-F).
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Proof. We take a smooth complete algebraic variety X such that D =
X — X is a simple normal crossing divisor on X. Then we have

E(X) = 5(7, Ky + b)
by definition. Let F be the closure of F'in X. Note that codimyF > 2.
We take a resolution
f:Yy —-X

such that f is an isomorphism over X — F and that Suppf~*(F) and
Supp ( YF)u f*D) are simple normal crossing divisors on Y. We
put Ay = Suppf*D and A, = Supp (ffl(ﬁ) U f*ﬁ) Then we have

Ky + Ay = f*(Ky-FE) +F
where F is an effective f-exceptional divisor on Y. Therefore, we obtain

R(X) = k(X, K5+ D) = (Y, Ky + Ay).

By definition,

R(X — F)=k(Y,Ky + Ay).
Since Ay — A is an effective f-exceptional divisor on Y by codimF >
2, we have

R(X — F) =x(Y,Ky + Ay) = (X, Kx + D) = &(X).
This is the desired equality. O
We will freely use the following lemmas throughout this paper.

Lemma 2.6. Let f: X — Y be a dominant morphism of algebraic
varieties. Then ®R(X) > ®(Y') holds.

Proof. By using Hironaka’s resolution of singularities, we may assume
that X and Y are both smooth. Let f: X — Y be a compactification
of f: X = Y, that is, X and Y are smooth complete varieties and
Az = X — X and Ay := Y — Y are simple normal crossing divisors
on X and Y, respectively. Since

F 5 (log Ay) € Q% (log Ax),

we have

Kx+Ax = [ (Ky+Ay) + B,
where F is effective. This implies that
B(Y) = w(Y, Ky+Ay) = 6(X, [ (Ky+4y)) < w(X, Kx+Ax) = B(X).
We finish the proof. 0

Lemma 2.7 ([I2, Theorem 3]). Let f: X — Y be a finite étale mor-
phism of algebraic varieties. Then ®(X) = R(Y) holds.
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Proof. Let Y — Y be a resolution of singularities of Y. We replace
Y and X with Y and X Xy Y, respectively. Then we may assume
that X and Y are smooth. Let f: X — Y be a compactification
of f: X — Y, that is, X and Y are smooth complete varieties and
Av = X — X and Ay := Y — Y are simple normal crossing divisors
on X and Y, respectively. Let

XLz by
be the Stein factorization of f. We note that h is finite and g is bira-
tional. We put Z := E_l(Y) and A5 := Z — Z. Then we can easily
check that
K7+ Ay =1 (Ky + Ay)
and
Kx+Ax=7(Kz+Ay) + E,
where F is effective and g-exceptional. Thus, we have
E(X) = KJ(Y, Ky + Ay) = 5(7, Kf + Af) = K(?, K7 + Av) = E(Y)

This is what we wanted. O

2.2. Quasi-abelian varieties in the sense of Iitaka. From now
on, we quickly recall the basic properties of quasi-abelian varieties in
the sense of Iitaka (see [[1] and [IZ]). This paper shows that litaka’s
definition of quasi-abelian varieties is reasonable and natural from the
viewpoint of the birational geometry.

Definition 2.8 (Quasi-abelian varieties in the sense of litaka). Let
G be a connected algebraic group. Then we have the Chevalley de-
composition (see, for example, [0, Theorem 1.1] and [BSU, Theorem
1.1.1)):

1G>G —-A-=>1

in which G is the maximal affine algebraic subgroup of G and A is an
abelian variety. If G is an algebraic torus G¢, of dimension d, then G
is called a quasi-abelian variety (in the sense of Iitaka).

We make some important remarks.

Remark 2.9. A quasi-abelian variety in Definition ZR is sometimes
called a semi-abelian variety in the literature (see, for example, [BSU],
[NWI, Definition 5.1.20], [¥l, Appendix A. Semi-abelian varieties|, and
so on). We also note that the Chevalley decomposition in Definition
PR is called Chevalley’s structure theorem in [BSU.
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Remark 2.10. Let GG be a quasi-abelian variety, that is, G is an al-
gebraic torus G¢, in Definition Z8. Then, it is known that G is a
principal G -bundle over A in the Zariski topology (see, for example,
[BCM, Theorems 4.4.1 and 4.4.2]).

Note that the definition of quasi-abelian varieties in the sense of
litaka (see Definition 28) is different from the definition in [AKI], 3. Quasi-
Abelian Varieties]. We also note that if G is a quasi-abelian variety in
the sense of litaka then G is a quasi-abelian variety in the sense of [AK]|
(see, for example, [AKI, 3.2.21 Main Theorem]).

Remark 2.11. It is well known that every algebraic group is quasi-
projective (see, for example, [0, Corollary 1.2]).

Although we do not need the following fact, we can easily check:

Remark 2.12. Let G be a connected algebraic group. Then G is a
quasi-abelian variety if and only if G contains no G, as an algebraic
subgroup (see [[2, Lemma 3]).

We note the following important property.

Lemma 2.13 (see [I2, Lemma 4]). A quasi-abelian variety is a com-
mutative algebraic group.

Proof. We take 7 € G and consider the group homomorphism:
V. (0)=7107"":G—G.
Since @ is rational and A is an abelian variety, we see that ¥..: G — G.
Therefore, we obtain
G >71— V¥, € Hom(G,G).

Note that Hom(G, G) is discrete because G is an algebraic torus. Thus,
we obtain W, = W_. Therefore, G is contained in the center of G.
Moreover, if o, 7 € G, then we have
[r,0] =107 'c7  €G
since A is commutative. Let p be any element of G. Then it is easy to
see that
[Tp,0] = [r,0]
since G is contained in the center of G. Note that G is a principal
G-bundle over A as a complex manifold. Therefore, the morphism
Go1w[roleg
factors through a holomorphic map

A— G,
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which is obviously trivial since A is complete. Hence, we obtain

[1,0] =1
for every o, 7 € G. This implies that G is commutative. 0
Remark 2.14. Let G be a quasi-abelian variety. By Lemma ZT3, G is
a commutative group. Therefore, from now on, we write the group law
in G additively if there is no danger of confusion. The unit element of

G is denoted by 0. Note that an algebraic torus G2, is a quasi-abelian
variety in the sense of litaka.

Lemma 2.15. Let A be a quasi-abelian variety and let B be an alge-
braic subgroup of A. Then B and A/B are quasi-abelian varieties.

Proof. We can construct the following big commutative diagram of
Chevalley decompositions.

0 0 0
0 Up B Apg 0
0 Ga A Aa 0

0—>Gayp — AJB —> Auyp —= 0

0 0 0

Note that subgroups and homomorphic images of an algebraic torus are
again algebraic tori. Hence we see that B and A/B are quasi-abelian
varieties. We finish the proof. 0

We sometimes treat quasi-abelian varieties as commutative complex
Lie groups.

Lemma 2.16. Let G be a quasi-abelian variety. Then the universal
cover of G is CEMC agnd G is CY™C /[ for some lattice L as a complex
Lie group. Of course, L is nothing but the topological fundamental
group m1(G) of G. Note that the group law of G is induced by the usual
addition of CHm&,

Proof. By Lemma 2713, G is a commutative complex Lie group. There-
fore, the universal cover is C#™& and there is a discrete subgroup L of
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C4™% such that G = C*™ /L as a complex Lie group. By construc-
tion, the group law in G is induced by the usual addition of CH™¢ (see
also the proof of Lemma BR). O

In this paper, we mainly treat non-projective algebraic groups as
complex Lie groups. We note the following famous example. It says
that two different algebraic groups may be analytically isomorphic.
Of course, we can not directly use Serre’s GAGA principle for non-
projective varieties.

Example 2.17 (Vector extensions of elliptic curves). Let E be an
elliptic curve. We take 0 # ¢ € H'(E,Og) ~ C. Then we have a non-
trivial G,-bundle G over E associated to £ in the Zariski topology. It
is well known that there exists a short exact sequence of commutative
algebraic groups

(2.2) 0=+G,—-G—=E—=0,

that is, G is a commutative algebraic group which is an extension of £
by G,. Since £ # 0, we can check that G is analytically isomorphic to
(C*)2. Hence, G2, and G are analytically isomorphic but are two dif-
ferent algebraic groups. Note that (22) is the Chevalley decomposition
of G. For some related topics, see [BSU], [Hax, Chapter VI, Example
3.2], [Mu, Footnote in page 33|, and so on.

In Section B, we will discuss litaka’s quasi-Albanese maps and prove
the existence of quasi-Albanese maps and varieties in details.

Definition 2.18 (Quasi-Albanese maps). Let X be a smooth variety.
The quasi-Albanese map a: X — A is a morphism to a quasi-abelian
variety A such that

(i) for any other morphism 5: X — B to a quasi-abelian variety
B, there is a morphism f: A — B such that § = foa«

x-“.B

|

A

and
(ii) f is uniquely determined.
Note that A is usually called the quasi-Albanese variety of X.

If X is complete in Definition I8, then A is nothing but the Al-
banese variety of X.
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3. QUASI-ALBANESE MAPS DUE TO IITAKA

In this section, we discuss litaka’s quasi-Albanese maps and varieties
following [IT] and [I2]. We recommend the reader to study the basic
results on the Albanese maps and varieties before reading this section
(see, for example, [B, V.11-14], [U, §9], [GH, Chapter 2, Section 6],
and so on).

Let us start with the following easy lemma on singular homology
groups. In this section, X is a smooth complete algebraic variety and
D is a simple normal crossing divisor on X. The Zariski open set X \ D
of X is denoted by V.

Lemma 3.1. Let X be a smooth complete algebraic variety and let D
be a simple normal crossing divisor on X. We put V.= X \ D. Then
the map
te: H(V,Z2) — H(X,Z)
1s surjective, where 1.V — X 1is the natural open immersion.
Proof. We put n = dim X. We have the following long exact sequence:
coo — H™Y(X,D;Z) = H™ Y(X,Z) — H*""'(D,Z) — -

Note that H?*"~'(D,Z) = 0 since D is an (n — 1)-dimensional simple
normal crossing variety. Therefore, p is surjective. We also note that

H* Y X,D;Z) ~ H*™ YV, 7).

We have the following commutative diagram:

H2"Y(V,Z) —— H*~\(X,Z)

Dvi’\‘ N\LDX

H\(V,Z) H\(X,Z).

Ly

Note that the duality maps Dy and Dx are both isomorphisms by
Poincaré duality. Since p is surjective, we see that ¢, is also surjective.
For the details of Poincaré duality, see, for example, [Hafi, Section
3.3]. O

Lemma 3.2. The natural injection
v HY(X,C) — H'(V,C)
15 nothing but
ar Day: H'(X,Ox)® H'(X,Q%) — HY(X,0x) ® H*(X, Q% (log D))
where ay is the identity on HY(X,Ox) and ay is the natural inclusion
H(X, Q%) — H°(X,Q%(log D))
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by Deligne’s theory of mized Hodge structures. Note that we have
b1 (V) = 01(X) = q(V) — q(X)
where
(V) =dim H(X,Q%(log D)) and q(X) = dim H°(X,QY).
Of course,
b(V) =dimec H(V,C) and b (X) = dimec H'(X, C).

Proof. By Lemma BT, ¢* is injective. By Deligne’s mixed Hodge theory
(see [D1]), we have

H'(V,C) = HY(X, Ox) & H'(X, QL (log D)).
By the Hodge decomposition, we have
Hl(Xv C) = Hl(Xv OX) ©® HO(X7 Q}X)

Since *: H'(X,C) — H'(V,C) is a morphism of mixed Hodge struc-
tures (see [D1]), we obtain the desired description of ¢*. O

Let us describe the theory of quasi-Albanese maps and varieties due
to Shigeru litaka (see [I1]).

3.3 (Quasi-Albanese maps and varieties). We take a basis
{wlv T wq}

of H(X, %), where ¢ = ¢(X) = dim H°(X,Q%). Note that b;(X) =
2q by the Hodge theory. We take

1, pa € HY(X, Qx(log D))
with d = G(V') — ¢(X) such that
{wl’... ,Wgy P15 - 7§0d}
is a basis of H*(X, Q% (log D)). Let
(STRERN S
be a basis of the free part of Hy(X,Z). We take
M, g € Kere, C Hi(V,7Z)

such that

{517'“ a§2qan17"' and}
is a basis of the free part of H;(V,Z) (see Lemma B). We put § =

q(V),
Ai:(/wla"'/wqa/@lv'”7/¢d)G(Cq
& & & &
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for 1 <1 < 2¢q, and

B]: /wlﬂ/wq7/w177/¢d Eca
j nj nj j

for1 <5 <d.

Lemma 3.4. Let «y be a torsion element of Hi(V,Z). Then we have

/w:()
Y

for every w € HY(X, Q% (log D)).

Proof. 1t is obvious since

m/w:/ w=020
¥ my

if my=01in H(V,Z). O

/wk:O
n;

J

Lemma 3.5. We have

for every 7 and k.
Proof. We see that

/wk:/b*wk:/ wr =0
T35 5 L5

since ¢,1; = 0. U

Lemma 3.6 (see [[1, Lemma 2|). Let ¢ be an arbitrary element of
H(X, QY (log D)). Assume

fo-o

"

for every n € Kerr, C H\(V,Z). Then we have ¢ € H°(X,Q%).

Proof. Assume that ¢ € H°(X, Q% (log D)) \ H°(X,QY). Then ¢ has
a pole along some D,, where D, is an irreducible component of D. Let
p be a general point of D,. We take a local holomorphic coordinate
system (21, -, 2z,) around p such that D, is defined by z; = 0. In this
case, we can write

le

¢ =a(z) s B(2)
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around p, where (3(z) is a holomorphic 1-form. We may assume that
a(z) = alz, -+, z,) by Weierstrass division theorem (see, for example,
[GHI)). Since dyp = 0, we obtain

d@:dQ{/\%_’_d/B:O.
21

Thus we have da = 0. This means that « is a constant. Let us consider
a circle ~, around D, at p. Then we obtain ¢,y, = 0 in Hy(X,Z) and

d
Oz/wza/ﬁ:a%r\/—l.
Ya Ya

21

This implies that &« = 0. Thus, ¢ is holomorphic at p. This is a
contradiction. Therefore, we have p € HY(X, QL). O

Lemma 3.7 (see [I2, Proposition 2]). The above vectors Ay, --- , Ay,
By, -+, By are R-C linearly independent. This means that

2q

d
ZaiAi + ijBj =0
j=1

=1

fora; € R and b; € C then a; = 0 for every ¢ and b; =0 for every j.

a- (/wl/w>
& &

for 1 <17 < 2q. Then //1\1, e ,ﬁgq are R-linearly independent, which is
well known by the Hodge theory. By Lemma B3A, we have a; = 0 for

every 7. We put
BJ = / P11, 7/ ©Pd
i i

for 1 < j < d. It is sufficient to prove that ]§1, e ,]§d are C-linearly
independent. If By, --- , B; are C-linearly dependent, then the rank of

the d X d matrix
15 ij

)

is less than d. This means that there is (¢1, -+ ,¢g) # 0 such that

d
> cipi =0

N =1

Proof. We put
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for every j. Therefore, we see that
d

Zcigoi € HO(X7 Q%{)

i=1
by Lemma B®B. This contradicts the choice of {¢1,---,p4}. Thus,
By, .-+, By are C-linearly independent. U

By the proof of Lemma B™4, we can choose ¢1, - -+ , ¢4 such that

/ ©r = jk.
.

L= ZZAi—kZZBj,
{ J
Ly=Y 7A,

L= 7B,
J
Then we get the following short exact sequence of complex Lie groups:
(3.1) 0— C*Ly— C7/L — C?/L;, — 0.

Note that T' = C?/Ly is an algebraic torus G¢ and that Ay = C?/L,
is the Albanese variety of X. More explicitly, if (z1,---,24) is the
standard coordinate system of C?, then the isomorphism

C?/Ly — G,

We put

and

is given by
(21, ,2q) — (exp 2/ =121, - -+ ,exp 2mv/—124).
We call B B
Ay =CI/L
the quasi-Albanese variety of V. By the above description, we see that

Ay is a principal G¢-bundle over an abelian variety Ax as a complex
manifold. We have to check:

Lemma 3.8. The quasi-Albanese variety .,Zlvv 1s a quasi-abelian variety.

Proof. We put A = Ay and B = Ay for simplicity. Note that A is a
principal G% -bundle over B as a complex manifold. We consider the
following group homomorphism:

p: G — PGL(d,C)
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given by
1
A1
p<A17... 7)\d) =
Ad

By p, we obtain P%-bundle Z = A x,P? over B = A/G¢, which is a
compactification of A. It is easy to see that the divisor A = Z \ A is
a simple normal crossing divisor on Z and is ample over B. Moreover,
we can easily see that Z — B and A — B are locally trivial in the
Zariski topology. From now, we will see that the multiplication

P: AxA— A

of A as a complex Lie group is algebraic. By construction, the map v
can be extended to holomorphic maps

G1: ZxA—7Z and go: AXZ— 7

since Z is a G? -equivariant embedding of A. Therefore, we obtain a
holomorphic map
G: Z X Z\L — Z — PV,

where ¥ = (AxZ)N(ZxA). Of course, g is an extension of ¢: AxA —

A. Note that codimy, 7% > 2. We consider g*Opn(1). This line bundle

can be extended to a line bundle £ on Z x Z. Moreover, we can see
li = g*Xz S HO(Z X Z, ,C)

for 0 <i < N, where [Xj : -+ : Xy| are homogeneous coordinates of
PV . Therefore, we obtain a rational map h: Z x Z --» Z, which is
given by the linear system spanned by {ly,--- ,ly} and is an extension
of g. Thus, the multiplication

P AxXxA— A
is algebraic since ¥ = h|axa. Let
t:A— A
be the inverse. We can easily see that ¢ extends to
N

Z\ Aging = Z — P,
where A, is the singular locus of A. Hence, as in the case of g, we
obtain a birational map Z --» Z, which is an extension of t: A — A.
Thus, ¢ is algebraic. This means that A = Ay is an algebraic group.

So, Ay is a quasi-abelian variety. Note that the short exact sequence
(B) is nothing but the Chevalley decomposition. O
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Lemma 3.9. Let w be an element of H*(X, Q4 (log D)). We fix a point
0 € V. Then we have a multivalued holomorphic function

P
[
0

on'V. For a point p € V, we can define ay: 'V — .%TV by

P D D D _
aV(p) = (/ Wi, - 7/ wqa/ Y1, 7/ Spd) S AV-
0 0 0 0

This map 1is independent of the choice of the path from 0 to p in V.
Thus we get a quasi-Albanese map:

ay . V — Avv.
It is a holomorphic map.

Proof. Let v be a 2-cycle on V. Then

/w:/dw:[)
2l v

for every w € H°(X,Q%(log D)). This is because w is d-closed by
Deligne (see [IDT]). Therefore, ay is well-defined. O

Lemma 3.10 (see [[1, Proposition 3|). The map vy in Lemma FQ is
algebraic.

Proof. Note that A = ,ZV is a principal G¢ -bundle over B = Ay as a
complex manifold. We consider the group homomorphism

p': G — PGL(2,C) x PGL(2,C) x --- x PGL(2,C)

given by

, 1 0 1 0 1 0
P(Mw",)\d):(o )\1>X<0 )\Q)X“.X<O )\d).

Then we obtain a G¢-equivariant embedding Z' = A x , (P* x - - - x P!)
of A over B.

Claim. The holomorphic map
ay:V — .ZV
giwen in Lemma T2 can be extended to a rational map

Bx: X --» 7.
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Proof of Claim. We note that it is sufficient to prove that there exists a
meromorphic extension Sy of ay since X and Z’ are smooth complete
algebraic varieties. Let p be a point of D C X. Let (z1,---,2,) be a
local holomorphic coordinate system of X at p such that D is defined
by 21 -2z, = 0. In this case, we can write

where oy, € C and @; is a holomorphic 1-form for every i around p (see
the proof of Lemma B@). Let d, be a circle around D, = (z, = 0) near
p. Then 1,0, = 0. Therefore, we have

(Sa = ijanj + S/a,
J

where m;, € Z and 4, is a torsion element. Thus we have
Mg

1 1
Qjg = ——F—= i = =) _Mja i = -
2my/—1 /5 R TV z]: d /,7]. T oyl

Without loss of generality, we may assume that 0 € V' is near p. For a
point p’ € V near p, we have

exp (277\/—_1 /O ' <pi>

(3.2) = cexp <Z mg, log zb(p’)> - exp (27r\/—_1 /Op (ﬁz)

b

= CHZb(p/)mib - exp (2%\/—_1/0]) 61)

for some constant c. We consider the following commutative diagram:

VLV,Zf
X--=27
l lﬂz,
B——2B

Note that X — B is nothing but the Albanese map of X. Let U be a
small open set of B in the classical topology. Then

7 U)~UxC* x---xC*,
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where 7: Ay — B = Ax, and
7, (U)~U xP' x - x P!

over U. Over U, it is easy to see that ay can be extended to a mero-
morphic map X --» Z’ in the sense of Remmert by (B2) (see [GR,
Chapter 10, §6, 3. Graph of a Finite System of Meromorphic Func-
tions|). For the definition of meromorphic mappings in the sense of
Remmert, see, for example, [U, Definition 2.2]. Therefore, ay can be
extended to a meromorphic map Sx from X to Z’ in the sense of Rem-
mert. By Serre’s GAGA principle (see, for example, [SGAT, Exposé
XII]), a meromorphic map Sx: X --+ Z’ is a rational map between
smooth complete algebraic varieties. U

Thus we obtain that ay in Lemma B™ is algebraic. U
Lemma 3.11. We have that
(av)e: Hi(V,Z) — Hi(Ay,Z)
15 surjective. Moreover, we have
Ker(ay ), = Hi(V, Z)1or,
where Hy(V,Z)or is the torsion part of Hy(V,7Z).

Proof. Let Hy(V,Z)ge be the free part of Hy(V,Z). Note that .,Zlvv =
C?/L by construction, where

C7 = (H°(X,Qx(log D)))"

and L is an embedding of Hy(V,Z)ge into (H°(X,Q%(log D)))*. On
the other hand,

H1<./Z(V,Z) = 7T1(AVV> =L
by construction. By the construction of the lattice L and the quasi-
Albanese map ay: V — Ay, it is obvious that

(a)e: Hy(V,Z) — Hy(Ay,Z)
is surjective and that
Ker(ay ), = H1(V, Z)or-
This is the desired property. ([l
Lemma 3.12. We have that
a: Ti(Ay) = Ti(V)

1S an isomorphism.
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Proof. By Lemma BT,

(av).: Hi(V,Q) = Hi(Ay, Q)
is an isomorphism. Therefore, we obtain

()" HI(JZV, Q) — H'(V,Q)

is also an isomorphism. Moreover, it is an isomorphism of mixed Hodge
structures (see [[D1]). Therefore, we have an isomorphism

o Ti(Ay) = Ti(V)
by Deligne (see [[DT]). O
The following lemma is useful and important.

Lemma 3.13. Let W be a quasi-abelian variety. Then the quasi-
Albanese map

aw . W — AW
s an isomorphism.

Proof. By translation, we may assume that ap (0) = 0. By Lemma
BT,

(3.3) (aw)s: Hi(W,Z) — H\(Aw,Z)
is an isomorphism. By Lemma BTH,
(3.4) aty: Ty (Aw) = Ty(W)

is an isomorphism. Then ay induces an isomorphism of complex vector
spaces

(Oéw)*: TW70 — T/TW,O’

where Ty is the tangent space of W at 0 and T' A 0 is the tangent

space of ,ZW at 0. By considering the exponential maps, we can recover
aw by (B3) and (B4). By the isomorphisms in (B33) and (B4), aw
is an isomorphism of complex Lie groups. Note that ay is algebraic.

Therefore, ay, is an isomorphism between smooth algebraic varieties.
O

Lemma 3.14. Let f: V. — T be a morphism to a quasi-abelian variety
T. Then there exists a unique algebraic morphism f AV — T such
that f = f o ay

v

Av
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where ay: V — Ay is a quasi-Albanese map of V.

Proof. We take a point 0 € V. By translations, we may assume that
ay(0) = 0 and f(0) = 0. Let {uy,---,ux} be a basis of T1(T). We
may assume that
f*ula"' af*ul
are linearly independent, where
I = dime(f ug, -, ffug).
We take vy, -+, v, € T1(V) such that

{Ula"' 7'Um>f*u17"' 7f*ul}
is a basis of T1(V). Since f.: Hi(V,Z) — Hy(T,Z), by using the
basis {v1, -+, U, frug, -+, f*u} of T1(V), we can easily construct a
holomorphic map

f . AV I .AT %> T
Qr
(see Lemma BT3) satisfying f = f o ay. Therefore, there is a commu-
tative diagram:

T(V) <—Ty(T)

L

Ti(Ay)
which determines f* uniquely. This is because af, is an isomorphism
(see Lemma BT2). As in the proof of Lemma B3, by considering
the exponential maps, we see that f can be uniquely recovered by f*.

Thus, f is unique. Therefore, all we have to do is to prove that f is
algebraic. It is sufficient to prove that the graph

I ={(z,f(z)) |z € Ay} C Ay x T
is an algebraic variety. We consider the map
V=V x - xV = Ay
given by
an(z1, -+ zon) = ay(z1) + - +ay(zn) — av(zner) — - — ay(za,)-

We put -

F, = Ima,,
that is, the Zariski closure of Ima,,. Then F,, is an irreducible algebraic
subvariety of Ay for every n such that

KCckKC---CEkC---.
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Therefore, there is a positive integer ng such that
Fno = L'ng+1 —

Note that F,, is a quasi-abelian subvariety of Ay because it is closed
under the group law of .ZV. Moreover, by the universality of JZV proved
above, F,, is not contained in a quasi-abelian proper subvariety of
.ZV. This implies that F,,, = ./Z(V. Note that fis a homomorphism of
complex Lie groups. We consider the following commutative diagram:

o o
Ay
where
fno(zlv e 7ZQ7L0) = f(Zl) ++ f(zno) - f(zno-H) - f(ZQno)'

We consider the Zariski closure of
{( Oy (), fro () |2 € VZO} T C Ay x T.

Then it is an algebraic subvariety of Ay x T and coincides with the
graph I'. This implies that f is algebraic. O

Lemma 3.15. Let f: Vi — Va be a morphism between smooth algebraic
varieties. Then f induces an algebraic morphism f.: Ay, — Ay, which
satisfies the following commutative diagram.

Vi —L 1,

vy \L io“@

Ay, 5 Ay,

Moreover, f, is unique.

Proof. 1t is almost obvious by Lemma BT4. We apply Lemma BT4
to the map ay, o f: Vi — Ay,. Then we obtain the desired map
fer Ay, — Ay, uniquely. O

We summarize:

Theorem 3.16 (litaka’s quasi-Albanese varieties and maps). Let V' be
a smooth algebraic variety. Then there exists a quasi-abelian variety
AV and a morphism ay: V — Av with the following property:
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for any quasi-abelian variety T and any morphism f: V —
T, there exists a unique morphism f: Ay — T such that

foay=f.

v

Av

The quasi-abelian variety .Z(V, determined up to isomorphism by this
condition, is called the quasi-Albanese variety of V. The map avy: V —
Ay is called the quasi-Albanese map of V. By the construction of Ay,
.Zv is nothing but the Albanese variety of V when V is complete.

Anyway, Theorem B8 is a generalization of the theory of Albanese
maps and varieties for non-compact smooth complex algebraic varieties.
We close this section with an easy corollary of Theorem BIG.

Corollary 3.17 (cf. Remark Z12). Let f: A' — G be an algebraic
morphism from A to a quasi-abelian variety G. Then f(A') is a point.

Proof. Note that Ty(A') = 0. Thus the quasi-Albanese variety A

is a point. Since f factors through Ax1 by Theorem B8, f(A!) is a
point. [

4. BASIC PROPERTIES OF QUASI-ABELIAN VARIETIES

In this section, we collect some basic properties of quasi-abelian va-
rieties for the reader’s convenience. We will use them in the proof of
Theorem 2.

4.1. Let G be a quasi-abelian variety and let
(4.1) 0—G—-G—A—0

be the Chevalley decomposition such that G = G¢. We put dim A = ¢
and n = dimG = ¢ + d. Then there exists a (2¢ + d) x n matrix M

with o
P
=y %)

where P is a 2¢q X ¢ matrix and [, is the d X d unit matrix. The lattice
spanned by the row vectors of M (resp. P) is denoted by L (resp. Lq).
Then we have the short exact sequence of complex Lie groups:

(4.2) 0— G? — C"/L — C?/L, — 0.

Note that
Cc?/z7 ~ G
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by
(Zg41s -+ s 2n) > (exp 21V —1zg41, - -+ ,exp 2mV —1z,),

where (21, -+, 2z,) is the standard coordinate system of C". By the de-
scriptions in Section B, the short exact sequence of complex Lie groups
(E2) is isomorphic to the short exact sequence (E). The description
C"/L for G is useful for various computations in the following theorems.

We will repeatedly use the following theorem implicitly.

Theorem 4.2. Let G be a quasi-abelian variety. Assume that m: G' —
G is a finite étale morphism from a variety G'. Then G’ is a quasi-
abelian variety.

Proof. We use the notation in B7. By B, G = C"/L. Then we have
a sublattice L’ of L such that [L : L'] < oo and that G’ = C"/L’. By
a translation of G, we may assume that 7(0) = 0. Then we can easily
construct a commutative diagram of complex Lie groups:

0 Ge, C"/L/ —=C4/L} —=0
0 Ge, C"/L —=C4/L; —= 0

such that 7, 71, and 7y are finite. Since 7 is finite, C?/L] is an abelian
variety. Note that G’ = C"/L’ is a principal G%-bundle over C?/L]}
as a complex manifold. By the proof of Lemma B3R, the group law of
G’ = C"/L' as a complex Lie group is algebraic. This means that G’ is
a quasi-abelian variety and that 7: G’ — G is a group homomorphism
between quasi-abelian varieties. O

Theorem 4.3 ([T, 10.]). Let G be a quasi-abelian variety. Then we
have ®(G) = 0 and §(G) = dim G.

Proof. Note that G is a principal G%-bundle over an abelian variety
A as a complex manifold. As in the proof of Lemma B8, we have a
P4-bundle G over A such that G is a G%-equivariant embedding of G
over A. We put D = G — G. Then D is a simple normal crossing
divisor on G. We can easily check that

Q5 (log D) ~ ©0g.

More explicitly, Qlé(log D) is isomorphic to &} ;Ogdz; in the notation
of E0I. Therefore, we obtain that g(G) = dim G and Kz + D ~ 0. In
particular, we have ®(G) = k(G, Kg+ D) = 0. O
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Theorem 4.4 (cf. [IT, Theorem 4.1]). Let G be a quasi-abelian variety.
Let W be a closed subvariety of G. Then ®R(W) > 0. Moreover, R(W) =
0 if and only if W is a translation of a quasi-abelian subvariety of G.

Proof. We take a general point p € W, around which we take a system
of local analytic coordinates ((y,--- ,(,) such that

W= (1= = (= 0),

Let m: C* — G be the universal cover. We take ¢ € 7~!(p) and assume
that 21(¢) = -+ = 2z,(q) = 0, where (21,--- , z,) is a system of global
coordinates of C". Note that ((1,---,(,) can be regarded as a system
of local analytic coordinates around ¢. By taking a suitable linear
transformation of C", we have

G =z —pi(z1, s 2n),
where ¢;(0) = 0 and
0p;
82k
for every j and k& around g. The dz; defines a logarithmic 1-form on
G, that is, dz; € T1(G) for every j (see the proof of Theorem H3).
Let f: V — W be a resolution and let V be a smooth projective va-
riety such that A = V — V is a simple normal crossing divisor on
V. Without loss of generality, we may assume that f is an isomor-
phism over a neighborhood of p. Thus, we see that f*(dz;|w) is an
element of T7(W). Since d(i, -+ ,d(. are linearly independent holo-
morphic 1-forms on W around p, f*(dz1|w), -, f*(dz|w) are also
linearly independent. Thus we have

0 7é f*(le VAR er)|W € HO(V, 07<Kv+ A))
This means that (W) > 0. For r + 1 < j < n, we have

(0)=0

n

0y,
de|7T71(W) — Z 8_2’]:

k=1

. de|7r*1(W) =0
(W)

around ¢. Therefore, we obtain

- 0p; 4 0p;
Sip — —2 dzg | owy = !
Z ( J azk ﬂ—l(W)) Zk|7r (W) Z 82’1

k=r+1 =1

. dZZ |7r*1(W)
(W)

in a neighborhood of ¢q. Thus, for r +1 < 7 < n, we have

dzjlw = ZAji(Cla oy G) - dalw
i=1
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around p, where Aj; is a holomorphic function for every ¢ and j such
that A;;(0) = 0. Note that

fdalw), -, ff(dz|w) € Ti(W),

which are linearly independent. Assume that (W) = 0. Then we have
k(V, Ky + A) = 0. We note that f*(dz; A -+ A dz.)|w is a nonzero
element of H*(V, Oy(Ky + A)). Therefore, H*(V, Op(K + A)) = C
is spanned by f*(dz; A --- Adz,)|w. Thus, we obtain

fr(dza AN Ndzp Ndzy)|lw = aq f (dza A -+ Ndz)|w,
where a;; € C for every j. On the other hand,
f*<d22 VANRRIIVAY dZT VAN de)|W == :tf* (Ajl(dzl VANRRIVAY er>|W)

over a neighborhood of p. Hence we obtain £f*A;; = ay; for every j.
Note that f is an isomorphism over a neighborhood of p. From this,
Aj;1 = 0 because A;1(0) = 0 for every j. By the same arguments, we
get Aj; =0 for 1 <1i <r and every j. Thus, we obtain that

erJrllW == dzn‘W =0

around p. This means that

W) C{zpp1=-=2,=0}
near ¢q. Note that {z,,; = -+ = 2, = 0} is of dimension r and is
irreducible. Thus

7' W)={z41 =" =2,=0}L

Therefore, W is a quasi-abelian subvariety of G. On the other hand, if
W is a translation of a quasi-abelian subvariety of G, then ®(W) =0
by Theorem EZ3. O

The following theorem is almost obvious by the description in B

Theorem 4.5. Let G be a quasi-abelian variety. Then there are at
most countably many quasi-abelian subvarieties of G.

Proof. Let H be a quasi-abelian subvariety of G. Then we obtain
v: H=C"™"/H,(H,Z) — C"™%/H,(G,7Z),

where ¢ is the natural inclusion. Anyway, ¢ is determined by the sub-
group Ime, of H,(G,Z), where v,.: Hi(H,Z) — H,(G,Z). Therefore,
there are at most countably many quasi-abelian subvarieties of G. [
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5. CHARACTERIZATIONS OF ABELIAN VARIETIES AND COMPLEX
TORI

In this section, we quickly recall an important property of the Al-
banese map of varieties of the Kodaira dimension zero for the reader’s
convenience. It is well known that Kawamata established the following
theorem in [Ka2], which is his doctoral thesis.

Theorem 5.1 (see [Ka2, Theorem 1]). Let X be a smooth projective
variety with k(X) = 0. Then the Albanese map

a: X — A
1s surjective and has connected fibers.

As an obvious corollary of Theorem b, we obtain a birational char-
acterization of abelian varieties.

Corollary 5.2. Let X be a smooth projective variety. Then X 1is bi-
rationally equivalent to an abelian variety if and only if the Kodaira
dimension k(X ) =0 and the irreqularity ¢(X) = dim X .

In this paper, we will use Theorem BTl and Corollary B2 for the
proof of Theorem 2. For compact Kahler manifolds, we have:

Theorem 5.3 (see [Ka2, Theorem 24]). Let X be a compact Kdihler
manifold with k(X) = 0. Then the Albanese map

a: X — A
1s surjective and has connected fibers.
Therefore, we have:

Corollary 5.4. Let X be a compact Kdahler manifold. Then X is
bimeromorphic to a complex torus if and only if the Kodaira dimension
k(X) = 0 and the irreqularity ¢(X) = dim X .

ory of variations of Hodge structure (see Section @ below). In [EL,
Section 2], Ein and Lazarsfeld give a new proof of the above results.
Their arguments are based on the generic vanishing theorem due to
Green-Lazarsfeld. Anyway, the results in this section can be proved
without using [Ka2] now. Note that Theorem 2 is a generalization of
Theorem BTl. We will give a detailed proof of Theorem 2 in Section
[0 (see Theorem M) following [Ka2]. The author does not know any
proofs of Theorem T2 which are independent of Theorem 61 below and
only depend on the generic vanishing theorem due to Green-Lazarsfeld.
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6. ON SUBADDITIVITY OF THE LOGARITHMIC KODAIRA
DIMENSIONS

In this section, we explain some known results on the subadditivity
of the logarithmic Kodaira dimensions.

Theorem 6.1. Let f: X — Y be a dominant morphism between smooth
varieties with irreducible general fibers. Assume that the logarithmic
Kodaira dimension £(Y') = dimY. Then we have

R(X) =R(F)+%®Y)
=R(F)+dimY
where F' is a sufficiently general fiber of f: X =Y.

Remark 6.2. Theorem B is a generalization of [KaZ, Theorem 30].
In [Ka2], Kawamata claimed Theorem B under the extra assumption
that (X) > 0. Theorem B was first obtained by Maehara (see [M4,
Corollary 2]). Note that the arguments in [Ka2] and [Ma] heavily
depend on [Ka2, Theorem 32]. Since the author has been unable to
follow [Ka2, Theorem 32|, he gave a proof of Theorem G which is
independent of [Ka2, Theorem 32]. For the details, see [F5, Theorem
1.9] (see also Section ().

For the proof, we recommend the reader to see [E8, Chapter 5].

Theorem 6.3. Let f: X — Y be a dominant morphism between smooth
varieties whose general fibers are irreducible curves. Then we have

R(X) > R(F)+r(Y)
where F' is a general fiber of f: X — Y.

Theorems 61 and 623 will play a crucial role in Sections 8, [0, and
0. In general, we have:

Conjecture 6.4. Let f: X — Y be a dominant morphism between
smooth varieties whose general fibers are irreducible. Then we have

R(X) 2 R(F) +R(Y)
where F' is a sufficiently general fiber of f: X — Y.

By [E6] and [E7], we see that Conjecture 64 follows from the minimal
model program and the abundance conjecture. For the details, see [F6],
[E7], and [F9].
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7. REMARKS ON SEMIPOSITIVITY THEOREMS

In this section, we make some comments on the semipositivity theo-
rems in [Ka2] for the reader’s convenience. We recommend the reader
to skip this section if he is only interested in Theorem I=A. The argu-
ments in Section B are sufficient for the proof of Theorem I and are
more elementary. Let us recall Kawamata’s famous result in [Ka2]. Tt
is one of the main ingredients of Kawamata’s proof of Theorem bl

surjective morphism between smooth projective varieties with connected
fibers which satisfies the following conditions:

(i) There is a Zariski open dense subset Yo of Y such that ¥ =
Y — Yy is a simple normal crossing divisor on Y .
(ii) Put Xo = f~1(Yy) and fo = flx,- Then fy is smooth.
(iii) The local monodromies of R"fo.Cx, around ¥ are unipotent,
where n = dim X — dim Y.

Then f.Ox(Kxy) is alocally free sheaf and semipositive, where Kx/y =
Kx — f*Ky.

Remark 7.2. In [Ka2, §4. Semi-positivity (1)], Kawamata proved
that f.Ox(Kx/y) coincides with the canonical extension of the bot-
tom Hodge filtration F. This part was generalized by Nakayama and
Kollar independently (see [NaK, Theorem 1] and [Kd, Theorem 2.6]).
They proved that R'f,Ox(Kx/y) is locally free and can be character-
ized as the (upper) canonical extension of the bottom Hodge filtration

of a suitable variation of Hodge structure.

Remark 7.3. In [Ka2, §4. Semi-positivity (2)], Kawamata proved that
the canonical extension of the bottom Hodge filtration F is semiposi-
tive. This part is not so easy to follow. Kawamata’s proof seems to be
insufficient. Note that Kawamata could and did use only [D1], [Gxi],
and [Sd] for the Hodge theory when [Ka2] was written around 1980.
Fortunately, [FET, Theorem 1.3] and [FES, Theorem 3| completely gen-
eralize [Ka2, §4. Semi-positivity (2)] for admissible variations of mixed
Hodge structure and clarify Kawamata’s proof simultaneously (see also
[FE2, Theorem 1.1 and Corollary 1.2]). For Morihiko Saito’s comments
on Kawamata’s arguments in [Ka2, §4. Semi-positivity (2)], see [FES,
4.6. Remarks].

Remark 7.4. An approach to the semipositivity of R'f,Ox(Ky/y)
which dose not use [Ka2, §4. Semi-positivity (2)] can be found in [F2,
Section 4].
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Anyway, [Ka2, Theorem 5] is now clearly understood. Let us go to
a mixed generalization of Theorem [, which was used in the proof of
Theorem B in [F3]. In [ET], we obtain:

Theorem 7.5 (see [ET, Theorems 3.1, 3.4, and 3.9]). Let f: X — Y
be a surjective morphism between smooth projective varieties and let D
be a simple normal crossing divisor on X such that every stratum of
D is dominant onto Y. Let ¥ be a simple normal crossing divisor on
Y. If f is smooth and D is relatively normal crossing over Yo =Y \ X
and the local monodromies of R™"" fo,Cxy\p, around X are unipotent,
where Xy = f_l(YE)), Dy = D|X0; fo = f‘Xo, and n = dim X — dle,
then R'f,Ox(Kxy + D) is locally free and semipositive.

Theorem [3 is obviously a generalization of Theorem [

Remark 7.6. In [FT], we characterize R'f,Ox(Ky/y + D) as the
canonical extension of the bottom Hodge filtration of a suitable vari-
ation of mixed Hodge structure. The proof of the semipositivity of
R f,Ox(Kx/y + D) in [ET] used [Ka2, §4. Semi-positivity (2)]. Now
we can use [EF1, Theorem 1.3] or [FES, Theorem 3] for the semiposi-
tivity of R'f.Ox(Kx/y + D) in place of [Ka2, §4. Semi-positivity (2)]
(see also [FE2, Theorem 1.1 and Corollary 1.2]).

Remark 7.7. As we pointed out in [FH, Remark 6.5], Kawamata seems
to misuse Schmid’s nilpotent orbit theorem in [Ka3] and [Kad]. There-
fore, we do not use the papers [Ka3| and [Kad]. Moreover, the main
theorem of [Ka3] (see [Ka3, Theorem 1.1]) is weaker than [FE1, Theo-
rem 1.1].

[Kas], Kawamata treats well prepared fiber spaces. For the details, see
[Ka3]. The author did not find any proofs of [Ka2, Theorem 32] in the
literature except the original one in [KaZ].

8. WEAK POSITIVITY THEOREMS REVISITED

In this section, we explain how to avoid using the theory of variations
of mixed Hodge structure for the proof of Theorem EIl. Let us recall the
definition of weakly positive sheaves. Note that the theory of weakly
positive sheaves is due to Viehweg. Roughly speaking, Viehweg treated
only the pure case. For the details of the mized case, we recommend
the reader to see [F4]. For a slightly different approach, see [EY].
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Definition 8.1 (Weak positivity). Let W be a smooth projective vari-
ety and let F be a torsion-free coherent sheaf on W. We call F weakly
positive, if for every ample line bundle H on W and every positive in-
teger o there exists some positive integer 3 such that S (F) @ H®” is
generically generated by global sections. This means that the natural
map

HO(W, 5% (F) @ H®?) @ Oy — S°(F) @ 1=

is generically surjective.

Remark 8.2. In Definition BT, let W be the largest Zariski open
subset of W such that F|g is locally free. Then we put

SE(F) = i.S*(i* F)

where i: W — W is the natural open immersion and S* denotes the
k-th symmetric product. Note that codimy (W \ W) > 2 since F is
torsion-free.

The following theorem, which is due to Viehweg, Campana, and
others, is useful and is very important.

Theorem 8.3 (Twisted weak positivity, see [ES, Theorem 1.1]). Let
X be a normal projective variety and let A be an effective Q-divisor
on X such that (X, A) is log canonical. Let f: X — Y be a surjective
morphism onto a smooth projective variety Y with connected fibers.
Assume that k(K x +A) is Cartier. Then, for every positive integer m,

15 weakly positive.

Once we establish Theorem B2, we can prove Theorem Bl without
any difficulties. For the details, see [FH, Section 10]. Theorem is
sufficient for [F3, Sections 9 and 10]. A key ingredient of Theorem
is the following result.

Theorem 8.4 (sce [EA, Corollary 7.11]). Let f: V — W be a surjec-
tive morphism between smooth projective varieties. Let D be a simple
normal crossing divisor on V. Then

[:Ov(Kvw + D)
15 weakly positive.

By Theorem B4, the arguments in [F3, Section 8] work without any
modifications and produce Theorem BZ3. We recommend the reader to
see [EH, Section 8]. In [EH, Section 7], we give a proof of Theorem B4
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based on the theory of variations of mixed Hodge structure (cf. Theo-
rem [[H). Here, we give a more elementary proof based on the following
easy observation.

Lemma 8.5. Let f: X — Y be a surjective morphism from a smooth
projective variety X to a projective variety Y and let D be a simple
normal crossing divisor on X. Let A be an ample line bundle on Y

such that |A| is free and let B be a line bundle on'Y such that A®* @ B
is nef for some positive integer a. Then

Rif*ox(Kx +D)®B® A®™

is generated by global sections for every i and every positive integer
m>dimY +1+a.

Proof of Lemma B2. By [F1, Theorem 2.6] (see also [F3, Theorem 6.3
(ii)]), we obtain that

HY (Y, R f,Ox(Kx + D) @ B® A% @ A7) =0

for p > 0. By Castelnuovo-Mumford regularity, we see that R’ f,Ox (K x+
D) ® B® A®™ is generated by global sections for every i and m >
dimY +1+a. O

Let us start the proof of Theorem E4.

Proof of Theorem [84. In Step 0, we reduce the problem to a simpler
case. In Step B, we use Viehweg’s clever trick and obtain the desired
weak positivity.

Step 1. By replacing D with its horizontal part, we may assume that
every irreducible component of D is dominant onto W (see [EH, Lemma
7.7]). If there is a log canonical center C of (V, D) such that f(C) C W,
then we take the blow-up h: V' — V along C. We put

KV’ + D/ == h*(KV + D)
Then D’ is a simple normal crossing divisor on V’ and
f*OV(KV/W + D) ~ (f o h)*OV’(KV’/W + D/)

Therefore, we can replace (V, D) with (V’,D"). Then we replace D
with its horizontal part (see [FH, Lemma 7.7]). By repeating this pro-
cess finitely many times, we may assume that every stratum of D is
dominant onto W. Now we take a closed subset ¥ of W such that f is
smooth over W\ 3 and that D is relatively normal crossing over W\ X.
Let g: W/ — W be a birational morphism from a smooth projective
variety W’ such that ¥’ = ¢~(2) is a simple normal crossing divisor.
By taking some suitable blow-ups of V' in f~1(3) and replacing D with
its strict transform, we may further assume the following conditions:
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(i) ff=g'of:V — W is a morphism,
(ii) f' is smooth over W'\ ¥’ and D is relatively normal crossing
over W'\ ¥, and
(iii) every irreducible component of D is dominant onto W and
Supp(f™*>' + D) is a simple normal crossing divisor on V.

f’l X
W' —W
g
Here we used Szabd’s resolution lemma. We assume that f; Oy (Kyvw+
D) is weakly positive. Note that

where F is a g-exceptional effective divisor such that Ky = ¢g* Ky + E.
Thus f.Ov(Kyw + D) is weakly positive. We note that

9:f.0v(Ky)w + D) ~ f.Oy(Kyw + D).

We can take an effective g-exceptional divisor F' on W' such that —F
is g-ample. Let H be an ample Cartier divisor on W. Then there exists
a positive integer k such that kg*H — F' is ample. Let a be a positive
integer. Since f,Ov(Kv,w + D) is weakly positive,

Sk (FL0v (Kyw + D)) @ Ow:(B(kg™H — F))

is generically generated by global sections for some positive integer .
By taking g.,

S f£,Ou (Kvw + D)) © Ow (kBH)

is generically generated by global sections. This means that f.Ov (K w+
D) is weakly positive. Therefore, all we have to do is to prove that
[iOv(Kywr + D) is weakly positive.

Step 2. By replacing W with W’  we may assume that W’ = . Note
that f.wyw and fi(wyyw ® Oy (D)) are locally free on Wy = W\ X.
Let s be an arbitrary positive integer. We take the s-fold fiber product

VSZVXWVXW'--XI/VV

We put f°: V¢ — W. Let p;: V¥ — V be the i-th projection for
1 < i< s. Let WT be a Zariski open set of W such that f is flat over W1
and that codimy, (W \ WT) > 2. We may assume that W, ¢ Wi c W.
We put VI = f~4(WT). We may further assume that fewyt wt and
Je(wyt jwt @ Oy+(D)) are locally free. By the flat base change theorem
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(see, for example, [Md, Section 4] and [ER, Section 3.1]), we obtain an
isomorphism

S
S
flwyis jwt = ®f*wvf/wh
i=1

where VT is the s-fold fiber product
VT Xw’r M th VT

We put D® = 57 piD. Then, by the same argument, we have an
isomorphism

(8.1) fi(wyis jwt @ Oyis (D?)) ® felwytwt ® Oyt (D)).

=1

(f%)~*(Wpy) with the following properties:
(i) V) is a smooth projective variety,

(ii) £ = ffom: V) — W is smooth over W,

) D®) is a simple normal crossing divisor on V()

) Supp(D®) + (f))*%) is a simple normal crossing divisor on
V)
(v) every irreducible component of D®) is dominant onto W, and
(vi) D® coincides with D* over Wj.

Note that V1* is Gorenstein. We have

I

W*Ovﬂs)(va(s)) C wyts,
where V1) = 7~1(V1"). Therefore, we obtain

since D) — 7*D* < 0. Thus we have a natural inclusion

f*(s)ov(s) (KV(S)/W + D(S)) — <® f*OV(KV/W + D))
i=1
which is an isomorphism over Wy by (1) and (82). Let H be an
ample line bundle on W. Then
f£5)0V<5> (KV(S)/W + D(S)) ® HE™

is generated by global sections for every positive integer s and for ev-
ery m > b(dimW + 1) + a, where a is a positive integer such that
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Ow (—Kw) @ H® is nef and b is a positive integer such that |H®?| is
free by Lemma BA. Therefore, we obtain that

(® £.Ov(Fyw + D)) @ HO"
i=1
is generated by global sections over Wj, where s and m are as above.
This means that

S (f,0p(Kyw + D)) @ H®P

is generated by global sections over W, for every a > 1 and g >
b(dim W + 1) + a. Therefore, f.Oy(Kyw + D) is weakly positive.

We complete the proof of Theorem E4. U

Remark 8.6. Note that f,Oy(Ky,w + D) is locally free in Step B in
the proof of Theorem B4. This is because f.Oy(Kyw + D) is the
upper canonical extension of the bottom Hodge filtration of a suitable
variation of mixed Hodge structure (cf. Theorem [3).

Anyway, by this section, Theorem G is now released from the deep
results of the theory of variations of mixed Hodge structure. This
means that Theorem 2 is also independent of the theory of variations
of mixed Hodge structure.

9. FINITE COVERS OF QUASI-ABELIAN VARIETIES

In this section, we discuss finite covers of abelian and quasi-abelian
varieties. Let us start with the following well-known theorem due to
Kawamata—Viehweg.

f: X — A be a finite surjective morphism from a normal complete
variety X to an abelian variety A. Assume that the Kodaira dimension
k(X) of X is zero. Then f is an étale morphism.

Proof. Let 7: X — X be a resolution of singularities from a smooth
projective variety X. Then q()?) > dim X since fom: X — Ais
surjective. Therefore, X is birationally equivalent to an abelian variety
by Theorem B and Corollary 52 since #(X) = 0. We consider the
following commutative diagram
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where ag: X — Az is the Albanese map of X. Of course, a; is bira-
tional and g is a finite étale morphism between abelian varieties. Note
that both X and Ag are the normalization of A in C(X). Therefore,
X is isomorphic to Ag over A. This means that f: X — A is an étale
morphism. 0

Remark 9.2. Kawamata’s original proof of Theorem BT, which is

and [KV, Main Theorem|). However, Ein-Lazarsfeld’s approach in [EL,
Section 2] does not need Theorem B (see [Ka2, Theorem 4] and [KV,
Main Theorem)]) for the proof of Theorem B (see [KaZ, Theorem 1}).
Therefore, there are no problems if we use Theorem Bl for the proof

of Theorem 1.

We can generalize Theorem I as follows. Theorem B3 is nothing
but [Ka2, Theorem 26].

Theorem 9.3 (Finite covers of quasi-abelian varieties). Let f: X — A
be a finite surjective morphism from a normal variety X to a quasi-
abelian variety A. Assume that the logarithmic Kodaira dimension
R(X) of X is zero. Then f is an étale morphism.

Proof. Let
0— g A — A— .AA — 0
be the Chevalley decomposition. We will prove that f is étale by

induction on d = dimGy,. If d = 0, then it is Theorem 1. So, we
assume that d > 0. We take a subgroup

Gi=G, x {1} x---x {1} cG% =G,.

We consider
0—G — A A —0.

Note that A is a principal Gi-bundle over A; as an algebraic variety
in the Zariski topology (see, for example, [BCM, Theorems 4.4.1 and
4.4.2]). As in the proof of Lemma B0, we can construct a P'-bundle
71: A — Ay which is a partial compactification of 7 : A — A;. Let X
be the normalization of A in C(X) and f: X — A is the natural map.
Let X — X; — A; be the Stein factorization of w_lofz X — A;. Then
we have the following commutative diagram:

X "o x,

1

A—> Ay,
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where fi: X7 — A; is a finite morphism from a normal variety Xj.
Since fi is finite and A; is a quasi-abelian variety, we have ®(X;) > 0.
On the other hand, by Theorem B33, we have

0=R(X) > R(F)+RE(X1),
where F' is a general fiber of p;. Note that K(F") > 0 since (X ) = 0.
Therefore, we obtain %(X;) = R(F') = 0. By induction on d, f; is étale.

By replacing A; (resp. A) with X (resp. A x4, X;), we may assume
that f; is the identity.

XLAl

d

A—> Ay,

Let x be a general point of A;. Then
flx,: Xo =2 G,, = A, = Gy,

is étale. We put e = deg f. By construction, there are prime divisors
Hy and Hs on A such that Hy, Hy C A— A, Hy ~= Hy, Hy # H,, and
H; is a section of 7y for ¢ = 1,2. We can take a nonempty Zariski open
set U of A; such that

(i) pr: X — A; is smooth over U.

(i) every fiber of py is P! over U. -

(iii) ﬁlere are prime divisors D; and Dy on X such that Dy, Dy C
X — X, Dy ~ Dy over U, D, # Do, and D; is a section of
pi: X — Ay over U for i =1,2.

(iv) f H; = eD; over U for i = 1,2.

Therefore, we see that f: X — A is
G, xU—G,, xU

given by
(a,b) — (a®b)
over U. On the other hand, we can construct a quasi-abelian variety
A’ such that
A, — Al

|
A 7r1; A17

where h is étale with degh = e (see the description of quasi-abelian
varieties in 1) and that h: A" — A is

G, xU—G,, xU
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given by
(a,b) — (a%b)
over U, that is, h coincides with f over U. Note that X is normal and

both f and h are finite. Thus X is isomorphic to A" over A. Hence,
we obtain that f: X — A is étale. O

We will use Theorem B3 in the proof of Theorem 2 (see the proof
of Theorem I in Section MM).

10. QUASI-ALBANESE MAPS FOR VARIETIES WITH & = 0

In this section, we give a detailed proof of Kawamata’s theorem on
quasi-Albanese maps for varieties with ¥ = 0.

Theorem 10.1 (see [Ka2, Theorem 28]). Let X be a smooth variety
such that the logarithmic Kodaira dimension ®(X) of X is zero. Then
the quasi-Albanese map o: X — A is dominant and has irreducible
general fibers.

As an easy consequence of Theorem [, we have:

X be a smooth variety such that the logarithmic Kodaira dimension
R(X) of X is zero. Then we have g(X) < dim X, where g(X) is the
logarithmic irreqularity of X. Moreover, the equality holds if and only
if the quasi-Albanese map o: X — A s birational.

For the proof of Theorem M, we start with a useful lemma.

Lemma 10.3. Let A be a quasi-abelian variety and let B be a quasi-
abelian subvariety of A. Let BY be a variety and let Bt — B be a finite
étale cover. Then we can construct a finite étale cover AT — A such
that B is a quasi-abelian subvariety of AT satisfying

B At

L

B—— A.

Proof of Lemma II3. By Theorem B2, BT is a quasi-abelian variety.
We consider the Chevalley decompositions:

0 ) B Ap 0

R

0 Ga A Ay 0
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and
0 Gpi Bt Agi — 0.

By Poincaré reducibility (see, for example, [Mii]), we have an étale
morphism

a: ABT x A" — Ax
for some abelian variety A’. By taking the base change of A — A4 by
a, we obtain an étale cover A; — A and

BJr e Al
B—— A.

We note the Chevalley decompositions:
0 Gyt TT Apt
0 Ga, Ay Apgi x A" —0.

By replacing the lattice corresponding to G4, with a suitable sublattice,
we can construct a finite étale morphism

At — A4

0

over Agi x A’ such that
B At

R

B——= A

(see the description of quasi-abelian varieties in B-1). We obtain a
desired finite étale cover AT — A. O

Before we prove Theorem I, we have to prove the following im-
portant lemma.

riety, let A be a quasi-abelian variety, and let f: X — A be a finite
morphism. Then R(X) > 0 and there are a quasi-abelian subvariety
B of A, finite étale covers X and B of X and B respectively, and a
normal algebraic variety Y such that:
(i) Y s finite over A/B.
(ii) X isa principal B-bundle over Y as a complex manifold.
(i) ®R(Y) = dim Y = ®(X).
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In [Ka2|, Kawamata claims this statement without proof. Hence
we give a detailed proof for the sake of completeness. When we treat
litaka fibrations in the proof of Lemma [I4, we have to take care of
the difference between general fibers and sufficiently general fibers.

Remark 10.5 (Sufficiently general fibers and points). Let f: V — W
be a morphism between varieties. Then a sufficiently general fiber
(resp. general fiber) F of f: V — W means that F' = f~!(w), where w
is any closed point contained in a countable intersection of nonempty
Zariski open sets (resp. a nonempty Zariski open set) of W. A suf-
ficiently general fiber is sometimes called a very general fiber in the
literature. A sufficiently general point (resp. general point) w of W
is any closed point contained in a countable intersection of nonempty
Zariski open sets (resp. a nonempty Zariski open set) of W.

Let us prove Lemma [,
Proof of Lemma [[U4. We divide the proof into several steps.
Step 1. Let
7 -2-y

7
gi e
X

be the logarithmic litaka fibration of X, that is, we take a smooth
complete variety X such that D = X — X is a simple normal crossing
divisor, X --» Y is a dominant rational map to a normal projective
variety Y associated to |m(K<+D)| for a sufficiently large and divisible
positive integer m, and §: Z — X is an elimination of indeterminacy
of X --» Y such that Z := g~ }(X), Z — Z is a simple normal crossing
divisor on Z, and ¢ := g|z. Let y be a sufficiently general point of Y.
Then we have %(Z,) = 0 by construction, where Z, := ®~!(y). Since
fog: Z, — fog(Z,) is proper and generically finite and fog(Z,) C A,
B, = fog(Z,) is a translation of a quasi-abelian subvariety of A by
Theorem B4. By Theorem U3, Z, is a quasi-abelian variety where
Zy — Z; — B, is the Stein factorization. In particular, the proper
birational morphism Z, — Z is the quasi-Albanese map for sufficiently
general y € Y. Let y be a sufficiently general point of Y. Note that

Hl(Zy,Z) — Hl(A7 Z)

does not depend on y by discreteness. Therefore, the image of Z, by
fogin A does not depend on y up to translation. Hence we obtain a
quasi-abelian subvariety B of A such that B, is a translation of B for
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sufficiently general y € Y. Without loss of generality, we may assume
that

719 4 A/B

extends to

7% A AJB,
where A and A/B are smooth compactifications of A and A/B, respec-
tively. By applying the rigidity lemma (see, for example, [BS, Lemma
4.2.13. (Rigidity Lemma)]) to Z — Y and Z — A/B, we see that

B, = fog(Z,) C Ais a translation of B for general y € Y. For general
y € Y, the image of

H,(Z,,Z) — H\(B,,Z) ~ H,(B,Z)

does not depend on y by discreteness. Thus, we have an étale cover B
of B such that

fog:ZyﬂAZy:ﬂéHBy,

where agz, : Z, — Agz, is the quasi-Albanese map of Z,, for general
y € Y and that oz, : Z, — Az, is a proper birational morphism for
general y € Y. In particular, we have ®(Z,) = 0 for general y € Y.

Step 2. In this step, we will construct )N(, EN/, and B satisfying (i) and
(ii).

By Lemma =3, we take a finite étale cover A — A such that
B> A

L

B—— A.

By taking base changes, we obtain X , Z , and the following commuta-
tive diagram:

f = 3

I

B¢ A X
f g

We first assume that X is irreducible. We can construct a logarithmic
litaka fibration ®: Z — Y’ as follows. Without loss of generality,
we may assume that there are a smooth projective variety Z such
that Z — Z is a simple normal crossing divisor on Z and a morphism
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a: Z — Y such that ® = a|z: Z — Y in Step 0. Let Z' be the
normalization of Z in C(Z )and let b: Zt — Z be the natural map. Let
H be a very ample Cartier divisor on Y. We consider ®,,p+q+p|: Z =
Y’ for a sufficiently large and divisible positive integer m. We put
= DQpprar a7 7 —Y'. As we saw in Step [, there exists a quasi-
abelian subvariety B’ of A such that fo 'g(Zy/) is a translation of B’
for general y' € Y’. On the other hand, for general y € Y, we can
take V C Z such that p: V — Z is an 1somorphlsm since there ex1sts

22y = Ag, = B. This implies that B’ = B and Z/ — fog(Z )
is proper birational for general ¢y € Y’. Therefore, there is a ratlonal
map Y’ --» AV/E such that

FZVLY’

|
fc@l y
A——=A/B
(see, for example, [Ka?, Lemma 14]). Let Y be the normalization of
A/B in C(Y’). We put X' = A xz5Y. Then X’ is normal and is
birationally equivalent to X. We note that X and X' are both finite
over A. Thus X’ is isomorphic to X over A. We also note that Y is
finite over A/B since A/ B is finite over A/B. By construction, Xisa
principal B-bundle over Y. When X is reducible, we replace X with a

suitable irreducible component of X. Then the above argument works.
Anyway, we can construct X,Y,and B satisfying (i) and (ii).

Step 3. All we have to show is ®(Y) = dim¥Y = ®(X). Since Y is
finite over A/B, we have R(Y) > 0. We assume that 7(Y) < dimY..
By applying the results obtained in Steps [0 and 2 to Y — A/B, we
obtain an étale cover Y’ with the following commutative diagram:

F =XV VW
X Y
A A/B——= A/C,

where C'is a quasi-abelian subvariety of A such that B C C. Note that
W is finite over A/C' and that dim W = R(Y). We can easily see that
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every fiber of X' - Wisa quasi-abelian variety and

R(X') = R(X) = ’(X).

By the easy addition formula, we obtain

R(X') < dimW < dimY = &(X).
This is a contradiction. Therefore, we have dimY = 7(Y).

We have desired X , B , and Y. We finish the proof of Lemma 4.
O

Let us start the proof of Theorem M.

Proof of Theorem 1. By using the Stein factorization, we obtain
q p
a: X — 27— A

where ¢ is dominant, ¢ has irreducible general fibers, p is finite, and
Z is normal. It is sufficient to prove that p is an isomorphism. We
assume that %(Z) > 0. Then, by Lemma [04, we obtain an étale
cover Z — Z such that Z — W is a principal G-bundle for some
quasi-abelian variety G with ®(W) = dim W =%(Z) > 0. We consider
ri X =Xxz7Z— 72— W. Since ®(X) = R(X) =0, ®(F) > 0 for a
sufficiently general fiber F' of r. By Theorem B, we obtain

0=R(X)=r(X)>EW)+R(F)>FZ) >O0.

This is a contradiction. Therefore, we obtain %(Z) = 0. By Theorem
a4, %(p(Z)) = 0 and p(Z) is a quasi-abelian variety. By Theorem
93, we obtain that p: Z — p(Z) is étale. In particular, Z is a quasi-
abelian variety (see Theorem B=24). This means that p is an isomorphism
since a: X — A is a quasi-Albanese map of X. Thus, we obtain that
a: X — A is dominant and has irreducible general fibers. U

We close this section with the proof of Corollary T2

Proof of Corollary TIA. Let ao: X — A be a quasi-Albanese map. By
Theorem I, « is dominant. Note that dim A = G(X). Therefore,
we have g(X) < dim X. By Theorem M, the general fibers of «
are irreducible. Thus, « is birational if and only if dim X = dim A =
7(X). O
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11. PROOF OF THEOREM AND COROLLARIES 4 AND T3

In this final section, we give a proof of Theorem =3 following [FNPT).
Then we prove Corollaries 4 and 3 as easy applications.

Proof of Theorem 3. Let av: X — A be the quasi-Albanese map (see
Theorem ). By Corollary IO, we see that « is birational.

Step 1. Let

0 G4, A—"-B 0

be the Chevalley decomposition as in Definition Z8. Then A is a
principal G¢ -bundle over an abelian variety B in the Zariski topology
(see, for example, [BCM, Theorems 4.4.1 and 4.4.2]) and there is a
natural completion 7: A — B of m: A — B where A is a P%“bundle
over B (see the proof of Lemma BR). We set A7 := A — A. Then Ag
is a simple normal crossing divisor on A. In particular, (A, A) is a
log canonical pair. Let @: X — A be a compactification of a: X — A,
that is, X is a smooth complete algebraic variety containing X, A :=
X — X is a simple normal crossing divisor on X, and @ is a morphism
extending a.

Claim. Let D be an irreducible component of As such that @(D) is a
divisor. Then 7: @(D) — B is dominant.

Proof of Claim. We set Dy := @(D). If 7: D; — B is not dominant,
then we can write Dy = 7" Dy for some prime divisor Dy on B. Since
every log canonical center of (A, A%) dominates B, D; does not contain
any log canonical centers. Hence, in particular, it is not a component
of A5. Thus we have

InultD (Ky + Ay — E*(Kg + Az)) =1.

Let I be any a-exceptional divisor on X such that @(E) is not a log
canonical center of (A, Ay). Then

multg (Ky + AY — a*(KZ + Az)) >1
holds since K + Ay is Cartier and Suppa*A5 C SuppA~. Therefore,
Kx+ Ax —a"(Kg+ Ay) > ca*Dy

holds for some 0 < & < 1 since the support of D; does not contain any
log canonical centers of (A, A4). By construction, we have K5+A+4 ~ 0
(see the proof of Lemma BH). Hence we obtain

0=r(X) = r(X, Kx+Ax) > k(X,a*D,) = (A, D;) = (B, Dy) > 0,
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where the last inequality follows from the fact that Dy is a nonzero
effective divisor on the abelian variety B. This contradiction proves
the claim. 0

Step 2. We assume that there exists an irreducible component D of A+
such that @(D) is a divisor with @(D) ¢ A—A. Weset D' := a(D)NA.
By Claim in Step @, D’ dominates B. Therefore, we can find a subgroup
G, of A such that ¢|p: D' — A; is dominant, where

0 G, A2 A 0.

Note that A is a principal G,,-bundle over A; in the Zariski topol-
ogy (see, for example, [BCM, Theorems 4.4.1 and 4.4.2]). We take a
compactification

fT;XfLLAtLT)AI
of
fiX 2 A-"5 A

where XT, AT, and AI are smooth complete algebraic varieties such that
Xt—X, At — A, and AJ{ — A; are simple normal crossing divisors. The
general fiber of fT is obviously P! by construction. Let F be a general
fiber of f. Since ¢|p: D' — A; is dominant, we have # (P'\ F) > 3.
This implies ®(F') = 1. Note that A; is a quasi-abelian variety. Hence
we have K(A;) = 0. By Theorem B3, we obtain

0=%(X)>FR(F)+r(A) =1

This is a contradiction. Thus, every irreducible component of A which
is not contracted by @ is mapped to A4.

Step 3. Let A’ be the union of Ay and the exceptional locus Exc(@)
of @: X — A. Note that Exc(a) is of pure codimension one by [Sh,
Chapter 2, Section 4.4, Theorem 2.16]. Therefore, A’ is a divisor on
X with A" > Ax. We put Z := a(A’) N A. By Step B, we see
that Z is a closed subset of A with codimsZ > 2. By definition,
@: X — Ais an isomorphism over A\ Z. Over A, we can easily check
that @~ '(Z) = Exc(a) = A’ holds by [Sh, Chapter 2, Section 4.4,
Theorem 2.16]. Hence, a: X \ a~'(Z) — A\ Z is an isomorphism and
a~1(Z) is of pure codimension one. This is what we wanted.

We finish the proof of Theorem 3. 0

Remark 11.1. In the proof of Theorem I3, A never coincides with
Al when A; # B. If A= G2, then A = P2 and Al = P.

Corollary 4 easily follows from Theorem I=3.
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Proof of Corollary 4. If X ~ G, then £(X) = 0 and g(X) = n hold
by Theorem BZ3. Hence it is sufficient to prove that X ~ GJ', holds
under the assumption that #(X) = 0 and g(X) =n. Let a: X — A
be the quasi-Albanese map. By Theorem 3, we can take a closed
subset Z of A such that codimaZ > 2, a~!(Z) is of pure codimension
one, and a: X \ a™'(Z) = A\ Z is an isomorphism. We note that
X\ a7'(Z) is affine since X is a smooth affine variety and a~!(7) is
of pure codimension one. This implies that A\ Z is also affine. Thus
we obtain Z = () since codimsZ > 2 (see, for example, [[2, Lemma
6]). Hence a: X — A is an isomorphism. In particular, X ~ A ~ GJ.,.
Note that A is quasi-abelian and affine. This is what we wanted.  [J

Although Corollary I3 is almost obvious, we prove it for the sake of
completeness.

Proof of Corollary T. If codim4 (A \ X) > 2, then we have ®(X) =0
by Lemma PZ3. We assume that ®(X) = 0 holds. Then X — A
is nothing but the quasi-Albanese map and codim4(A \ X) > 2 by
Theorem 3. We finish the proof of Corollary 3. U
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