ON THE KODAIRA DIMENSION

OSAMU FUJINO AND TARO FUJISAWA

ABSTRACT. We discuss the behavior of the Kodaira dimension under smooth morphisms.
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1. INTRODUCTION

We will discuss the behavior of the Kodaira dimension under smooth morphisms.
Throughout this paper, we will work over C, the field of complex numbers. One of
the motivations of this paper is to understand [Pa]. In [Pa], Sung Gi Park established the
following striking and unexpected theorem.

Theorem 1.1 (Park’s logarithmic base change theorem, see [Pa, Theorem 1.2]). Let X,
Y, and Y' be smooth quasi-projective varieties and let E, D, and D’ be simple normal
crossing divisors on X, Y, and Y’, respectively. Let f: X — Y and g: Y' — Y be
projective surjective morphisms such that f and g are smooth over Y\ D, f~Y(D) C E and
g (D) C D', and that E and D’ are relatively normal crossing over Y \ D. Let X’ be the
union of the irreducible components of X xyY' dominatingY and E' .= ¢~ Y(E)Uf'~1(D").
We consider the following commutative diagram:

(X, E) (L (X/,E/) H (X”,Ew)
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where i X" — X' is a projective resolution of singularities such that p is an isomorphism
over Y \ D, E" is a simple normal crossing divisor on X" such that E" coincides with
E' over Y \ D and that (go f")"'(D) C E". We put wx,p) = wx ® Ox(E), wy,p) =
wy ® Oy (D), w W(X,E)/(Y,D) ‘= W(x,E) D [* w(YDl) and so on. Then, for every positive integer
N, there exists a generically isomorphic inclusion

VvV VvV
N N N
(1.1) <f Wim)/(v.0) @ g*wgﬂ,Df)/(Y,D)) = (h*w%",zz")/mm)
where h := g o f".

Precisely speaking, Park treated only the case where f~!(D) = E and g (D) = D’
hold. However, we can easily see that [[Pal, Proposition 2.5] implies the inclusion (). As
a direct and easy consequence of Theorem [, he obtained the following very important
result.

Corollary 1.2 (Park’s logarithmic fiber product trick, see [Pa, Corollary 1.4]). Let
f: X =Y be a projective surjective morphism of smooth quasi-projective varieties. Let
E and D be simple normal crossing divisors on X and Y , respectively. Assume that f is
smooth over Y \ D, E is relatively normal crossing over Y \ D, and f~(D) C E. Let s
be a positive integer and let f*: X° := X Xy --- Xy X =Y be the s-fold fiber product of
[: X =Y. Weput E° =% piE, where p;: X* — X is the i-th projection for every i.
Let o2 X©) — X be a projective resolution of singularities of the union of the irreducible
components of X*® dominating Y such that @ is an isomorphism over Y \ D. Let E®
be a simple normal crossmg divisor on X such that E©®) coincides with E° over Y \ D
and that (f&)~Y(D) C E®, where f©) := f*o. Then we have the following generically
1somorphic injection

(1.2) <®f ( E)/(Y,D) )) — (f,SS) <wg(]\([s),E(S))/(Y,D)>)VV

for every positive integer N. Note that X®) is smooth, f) is smooth over Y \ D, E®)
is a simple normal crossing divisor on X®) and is relatively normal crossing over Y \ D,

and (f*))~1(D) c EW.
We make a small remark on Corollary 2.

Remark 1.3. If f: X — Y has connected fibers in Corollary 2, then X is a smooth
variety, that is, X is connected, by construction. In general, X® may have some
connected components.

In this paper, we will establish the following theorem, which is a slight generalization
of [Pa, Section 3|, as an application of Corollary T2 and the theory of variations of mixed
Hodge structure. In [Pa], Theorem 4 was treated under the assumption that f~1(D) = F
holds.

Theorem 1.4 (see [Pd, Section 3|). Let f: X — Y be a surjective morphism of smooth
projective varieties and let E and D be simple normal crossing divisors on X and Y,
respectively. Assume that f is smooth over Y \ D, E is relatively normal crossing over
Y\ D, and f~(D) C E. Let £ be a line bundle on'Y such that there exists a nonzero
homomorphism

VV
N N
L = (f *w%f,E)/(Y,D)>
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for some positive integer N. Then there exists a pseudo-effective line bundle &7 on'Y and
a nonzero homomorphism

L@ P — (0 (log D))
for some r >0 and k > 0.
By using Theorem 4, we will prove the following results.

Theorem 1.5 (see [Pa, Theorem 1.5]). Let f: X — Y be a surjective morphism of smooth
projective varieties with connected fibers. Let E and D be simple normal crossing divisors
on X and Y, respectively. Assume that f~(D) C E, f is smooth over Y \ D, and E
is relatively normal crossing over Y \ D. We further assume that k(F,(Kx + E)|r) > 0
holds, where F' is a sufficiently general fiber of f: X — Y. Then (Y, Ky + D) = dimY
holds if and only if K(X, Kx + E) = k(F, (Kx + E)|r) + dimY".

Remark 1.6. In Theorem I3, it is well known that

holds under the assumption that (Y, Ky + D) = dimY. This is due to Machara (see
[Mz] and [EnT]). Hence the opposite implication is new and nontrivial.

Corollary 74 is an obvious consequence of Theorem 3.

Corollary 1.7. Let f: X =Y, D, and E be as in Theorem 4, that is, f~'(D) C E, f
is smooth over Y \ D, and E is relatively normal crossing over Y \ D. If k(X,Kx+ FE) =
dim X, then k(Y, Ky + D) = dimY and x(F,(Kx + E)|r) = dim F' hold, where F is a
general fiber of f: X — Y.

Theorem 1.8 (see [Pa, Theorem 1.7 (1)]). Let f: X — Y be a surjective morphism of
smooth projective varieties and let E and D be simple normal crossing divisors on X and
Y, respectively. Assume that f is smooth over Y \ D, E is relatively normal crossing over
Y\ D, and f~Y(D) C E. In this situation, if k(X, Kx + E —ef*D) > 0 holds for some
positive rational number e, then there exists some positive rational number & such that
Ky + (1 —6)D is pseudo-effective.

If f~Y(D) = E in Theorems 3 and R, then they are nothing but [Pa, Theorem 1.5]
and [Pa, Theorem 1.7], respectively. In Theorem 8, if (X, Kx + F) > 0, then we can
prove that Ky + D is pseudo-effective without using Theorem I4. It will be treated in
Theorem E5.

Let us consider a conjecture on the behavior of the (logarithmic) Kodaira dimension
under smooth morphisms.

Conjecture 1.9 (see [Pd, Conjecture 3.6] and [Pa, Conjecture 5.1]). Let f: X — Y be a
surjective morphism of smooth projective varieties with connected fibers. Let E and D be

simple normal crossing divisors on X and Y, respectively. Assume that f is smooth over
Y \ D, E is relatively normal crossing over Y \ D, and f~*(D) C E. Then

K(X, Kx + E) = &(Y, Ky + D) + &(F, (Kx + E)|r)
holds, where F is a sufficiently general fiber of f: X — Y.

We explain some related conjectures. Conjecture Il is a special case of the generalized
abundance conjecture, which is one of the most important conjectures in the theory of
minimal models. For the details of Conjecture [0, see [En?, Section 4.1].
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Conjecture 1.10 (Generalized abundance conjecture for projective smooth pairs). Let
X be a smooth projective variety and let E& be a simple normal crossing diwvisor on X.
Then

R(X,Kx + F)=kro(X,Kx + E)
holds, where k, denotes Nakayama’s numerical dimension.

Conjecture M is still widely open. Conjecture IO contains Conjecture I as a
special case. For the details of the nonvanishing conjecture, see, for example, [En2, Section
4.8] and [HT].

Conjecture 1.11 (Nonvanishing conjecture for projective smooth pairs). Let X be a
smooth projective variety and let E be a simple normal crossing divisor on X, Assume
that Kx + E is pseudo-effective. Then

K/(Xa KX + E) > 0
holds.

On Conjecture 9, we have a partial result, which is obviously a generalization of [[Pa,
Theorem 1.12].

Theorem 1.12 (Superadditivity, see [Pa, Theorem 1.12]). Let f: X — Y be a surjective
morphism of smooth projective varieties with connected fibers. Let E and D be simple
normal crossing divisors on X and 'Y, respectively. Assume that f is smooth over Y \ D,
E is relatively normal crossing over Y \ D, and f~'(D) C E. We further assume that
k(Y,Ky + D) > 0 and that the generalized abundance conjecture holds for sufficiently
general fibers of the litaka fibration of Y with respect to Ky + D. Then

'%(XaKX +E) S K’(Y7KY +D) +'%(Fa (KX +E)|F>
holds, where F is a sufficiently general fiber of f: X — Y.

We have already known that Conjecture IO holds true when X \ F is affine. More
generally, Conjecture IO holds true under the assumption that there exists a projective
birational morphism X \ £ — V onto an affine variety V. Hence we have:

Corollary 1.13. Let f: X — Y, E, and D be as in Conjecture I9. We assume that
Y \ D is affine. Then the following superadditivity

(1.3) KX, Kx+FE)<k(Y,Ky + D)+ «&(F,(Kx + E)|r)
holds.
In Conjecture 9, we have already known that the subadditivity
KX, Kx+ FE)>r(Y,Ky + D)+ r(F,(Kx + E)|r)

follows from the generalized abundance conjecture (see Conjecture [I0). For the details,
see [Em3], [End], and [H2]. Hence, if the generalized abundance conjecture holds true,
then Conjecture I is also true. Roughly speaking, we have:

Theorem 1.14. Let f: X — Y, E, and D be as in Conjecture 9. We assume that
Congecture I holds true. Then we have

K(X, Kx + E) = s(Y, Ky + D) + &(F, (Kx + E)|r),
where F' is a sufficiently general fiber of f: X — Y, that is, Conjecture I9 holds true.
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We look at the organization of this paper. In Section B, we collect some basic definitions
and results necessary for this paper for the reader’s convenience. Subsection 2 collects
some basic definitions. In Subsection 22, we recall various notions of positivities. In
Subsection P23, we explain systems of Hodge bundles. In Section B, we discuss Hodge
theoretic weak positivity results. They seem to be more general than the usual ones
slightly. In Section B, we construct graded logarithmic Higgs sheaves and prove Theorem
[ following [Pa, Section 3.1] closely. Here we use variations of mixed Hodge structure.
In Section B, we prove results explained in Section 0. In Section B, we discuss variations
of mixed Hodge structure necessary for Section @ for the sake of completeness.

Acknowledgments. The first author was partially supported by JSPS KAKENHI Grant
Numbers JP19H01787, JP20H00111, JP21H00974, JP21H04994, JP23K20787. The sec-
ond author was partially supported by JSPS KAKENHI Grant Number JP20K03542.

For the classical litaka subadditivity conjecture and some related topics, see [Eni]. For
the details of relatively new conjectures on the behavior of the Kodaira dimension under
morphisms of smooth complex varieties, see [Pd] and the references therein.

2. PRELIMINARIES
In this section, we will collect some basic definitions and properties necessary for this
paper.

2.1. Basic definitions. We will work over C, the field of complex numbers. A wvariety
means an irreducible and reduced separated scheme of finite type over C.

2.1 (k and k,). Let X be a smooth projective variety. Then (X, e) and k, (X, e) denote
the Ilitaka dimension and Nakayama’s numerical dimension of e respectively, where e is
a Q-Cartier divisor or a line bundle on X. For the details of x and &,, see [IU], [Md], [N],
and so on.

2.2 (Canonical bundles and log canonical bundles). Let X be a smooth variety and let
E be a simple normal crossing divisor on X. Then we put

wy = det Q%
and
wix,p) = wx ® Ox(F) = wx(E).
We note that
wx,p) = det Qy (log E).

Let f: X — Y be a surjective morphism of smooth varieties and let D be a simple normal
crossing divisor on Y. Then we put

Wix.B)/(v,D) = Wixm) © Fwy by = wx(B) @ (frwy (D)7

Let Kx be a Cartier divisor with Ox(Kx) ~ wx. Then it is obvious that wx g ~
ﬁX(KX -+ E) holds.

2.3 (Duals and double duals). Let . be a coherent sheaf on a smooth variety X. Then
we put

F = Home, (F,0x)



6 OSAMU FUJINO AND TARO FUJISAWA

and
FW = Home (F', Ox).

We further assume that .% is torsion-free. Then det.Z and 5%(F) denote (det.#)" and
S(F)VY, respectively, where S%(F) is the a-symmetric product of .Z.

2.4 (Sufficiently general fibers and general fibers). Let f: X — Y be a surjective mor-
phism between varieties. Then a sufficiently general fiber (resp. general fiber) F of
f: X =Y means that F' = f~1(y), where y is any closed point contained in a countable
intersection of nonempty Zariski open sets (resp. a nonempty Zariski open set) of Y. A
sufficiently general fiber is sometimes called a very general fiber in the literature.

2.2. Weakly positive sheaves. Let us recall the necessary definitions around various
positivity. The following definition is well known and standard in the study of higher-
dimensional algebraic varieties.

Definition 2.5. Let X be a projective variety and let .Z be a line bundle on X.

(i) &£ is big if £®* ~ # ® Ox(B) for some positive integer k, an ample line bundle
A, and an effective Cartier divisor B on X.
(i) £ is nefif £ - C > 0 holds for every curve C' on X.
(ili) & is pseudo-effective if L¥™ @ H is big for every positive integer m and every
ample line bundle 2 on X.

We note that a nef line bundle is always pseudo-effective. Let & be a locally free sheaf of
finite rank on a projective variety X.

(iv) & is nefif Op, (#)(1) is a nef line bundle on Px (&).
We note that a nef locally free sheaf is sometimes called a semipositive locally free sheaf.

We recall the definition of weakly positive sheaves, which was first introduced by
Viehweg. For the basic properties of weakly positive sheaves, see [EnH].

Definition 2.6 (Weakly positive sheaves). Let X be a normal quasi-projective variety
and let &/ be a torsion-free coherent sheaf on X. We say that o7 is weakly positive if,
for every positive integer a and every ample line bundle .57 on X, there exists a positive
integer  such that Gab (o) ® AP is generically generated by global sections, where
S “3(a/) denotes the double dual of the aS-symmetric product of .27.

A line bundle on a normal projective variety is pseudo-effective if and only if it is weakly
positive. In general, the weak positivity does not behave well under extensions.

Remark 2.7. In [EjFI], we constructed a short exact sequence
0—=-& —-8&6—-86"—=0

of locally free sheaves on a smooth projective surface such that &’ and &” are pseudo-
effective line bundles but & is not weakly positive.

We make a small remark on [EjF1] for the reader’s convenience. Professor Robert
Lazarsfeld pointed out that the following example answers [EjF1, Question 3.2] negatively.

Example 2.8 (Gieseker). There exists a rank two ample vector bundle E on P? sitting
in an exact sequence

0 — Opa(—d)™? = Op2(—1)** — E — 0,
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where d is a sufficiently large positive integer d (see, for example, [, Example 6.3.67]). Let
7: X — P? be any generically finite surjective morphism from a smooth variety X. Then
we see that HY(X, 7*E) = 0 since H' (X, 7*Opz(—d)®?) = 0 by the Kawamata—Viehweg
vanishing theorem. In particular, 7*F is not generically globally generated.

2.3. Systems of Hodge bundles. Let Vj = (V,, Wy, Fy) be a graded polarizable ad-
missible variation of R-mixed Hodge structure on a complex manifold X, where Vj is a
local system of finite-dimensional R-vector spaces on Xy, W is an increasing filtration of
Vo by local subsystems, and Fy = {F}'} is the Hodge filtration. Then we obtain a Higgs
bundle (Ep, y) on X by setting

Ey =Gy, % = P FY/FH
p

where 75 = Vo ® Ox,. Note that fy is induced by the Griffiths transversality
V:FD = Q) ®ay, FU
More precisely, V induces
Op: By /Fy™ = O, @oy, (F)/FY)
for every p. Then
by = D 05: Eo — Ok, ®oy, Eo.
p

The pair (Fy,0y) is usually called the system of Hodge bundles associated to Vy =
(Vo, Wo, Fp) and 6 is called the Higgs field of (Ey, 0y).

We further assume that X is a Zariski open subset of a complex manifold X such that
D = X \ Xj is a normal crossing divisor on X. We note that the local monodromy of
V, around D is quasi-unipotent because V; is admissible. Let ¢# be the lower canonical
extension of %) on X, that is, the Deligne extension of 75 on X such that the eigenvalues
of the residue of the connection are contained in [0,1). Let *FP be the lower canonical
extension of Fj, that is,

PP =4, FP Ny,
where j: Xy < X is the natural open immersion, for every p. Since V; is admissible, ‘F?
is a subbundle of ¥ for every p, and we can extend (Ey, 0y) to (E, ) on X, where
E =GV =@ Fr/ Pt
p

and
0: B — Q\(log D) ®4, E.

When all the local monodromies of V) around D are unipotent, we simply write ¥ and FP

to denote ‘¥ and ‘FP, respectively. We say that ¥ (resp. FP) is the canonical extension
of ¥ (resp. FY).

Remark 2.9. Although we formulated systems of Hodge bundles for graded polarizable
admissible variations of R-mixed Hodge structure, we do not need the relative monodromy
weight filtration in this paper. We will only use Hodge bundles and their extensions.
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3. HODGE THEORETIC WEAK POSITIVITY THEOREM

In this section, we will prove the following results. For related topics, see [Z], [BI],
[PaW], [PaST], [FnFs?], [B2], and so on. In this section, we will freely use the notation in
Subsection P23.

Theorem 3.1 (Hodge theoretic weak positivity theorem). Let X be a smooth projective
variety and let Xo C X be a Zariski open subset such that D = X \ Xy is a simple normal
crossing divisor on X. Let Vi be a polarizable variation of R-Hodge structure over X
with quasi-unipotent monodromies around D. If o is a coherent sheaf on X such that <of
18 contained in the kernel of the logarithmic Higgs field

0: G5 ‘7 — Q4 (log D) ® Gr$,“ ¥,
then the dual coherent sheaf <7V is weakly positive.

Corollary 3.2 (Pseudo-effectivity). Let X be a smooth projective variety and let Xo C X
be a Zariski open subset such that D = X \ Xy is a simple normal crossing divisor on X.
Let Viy be a graded polarizable admissible variation of R-mixzed Hodge structure over Xj.
If of is a coherent sheaf on X such that <7 is contained in the kernel of the logarithmic
Higgs field

0: G5’ — Q% (log D) ® Gr%.* ¥,
then dete?" is a pseudo-effective line bundle on X.

From now, we will prove Theorem B and Corollary B4. We do not use Saito’s theory
of mixed Hodge modules (see [PoST] and [PoW]) nor any deep results due to Simpson and
Mochizuki (see [B2]). Our approach here is traditional and classical and is based on the
theory of variations of mixed Hodge structure (see [EnEsT], [FnFs?], and [Fs2]).

Proof of Theorem 3. Let U be the largest Zariski open subset of X such that </|y is
locally free. Since & is torsion-free, we have codimx (X \ U) > 2. By Kawamata’s
unipotent reduction theorem, we have a finite surjective flat morphism f:Y — X from
a smooth projective variety such that f=!'D is a simple normal crossing divisor on Y
and that f~'1; is a polarizable variation of R-Hodge structure on Yy := Y \ f~!D with
unipotent monodromies around f~'D. By considering the canonical extension of the
system of Hodge bundles associated to f~'V;, we have

Oy Gl % — Q3 (log f'D) @ G’ %,

where 7y is the canonical extension of f~1Vy ® Oy,. Then f*</ is contained in the
kernel of Oy. If (f*<7)" is weakly positive, then it is obvious that f*(2/V|y) is weakly
positive. Hence we see that 7"V is also weakly positive. Therefore, by replacing .7 and V;
with f*o/ and f~1Vj, respectively, we may assume that V, has unipotent monodromies
around D. We apply the flattening theorem to ¢ /.o, where 4 := Gr%. #. Then we get a
projective birational morphism f: Y — X from a smooth projective variety Y such that
[*(¢4 /) [torsion is locally free and that f~'D is a simple normal crossing divisor on Y.
By construction, we obtain a subbundle & of f*¢ such that there exists a generically
isomorphic injection f*« — & on f~}(U). Thus & is contained in the kernel of f*0,
where

f10: Grs [ — Qy(log f7'D) ®¢, G1% V.

Hence &Y is a nef locally free sheaf on Y by [EnFEs?, Corollary 1.6] (see also [Fs2]).
In particular, & is weakly positive. Since we have a generically isomorphic injection
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EV — (f*o)Y on f7HU), (f*</)" is weakly positive on f~'(U). This implies that
o7V is weakly positive on U. Hence, o7V is a weakly positive reflexive sheaf on X since
codimy (X \ U) > 2. This is what we wanted. O

Proof of Corollary @3. Let {*#;} be the lower canonical extension of the weight filtration.
Then we put 7 := o N*#; for every i. We consider

Gry 0: Gr$. Gr) “7 — Q% (log D) ®4, Gr$. Gr)Y v
for every k. By construction, o7 /.<%_; is contained in the kernel of Gr}" # for every i.
Hence, (/<7 1)" is weakly positive for every i by Theorem BT Let U be the largest
Zariski open subset of X where <%, <7 1, and /< 1 are locally free on U for all i.

Then we have codimx (X \ U) > 2. Moreover, on U, we have the following short exact
sequence

0— (/) — A — o —0
for every i. Note that (/<7 1)" is weakly positive on U for every i. Therefore, we

can inductively check that det.«Z” is weakly positive on U for every i. Thus, dete?V is

weakly positive on U. This implies that dete?" is a pseudo-effective line bundle since X
is projective. We finish the proof. O

By the proof of Corollary B2, the following remark is obvious.

Remark 3.3. The proof of Corollary B2 says that there exists a finite sequence of coherent
sheaves

0C---CH 1 CH C A1 C---C )=
such that o7 /<7 4 is torsion-free and (<7 /<7 1)V is weakly positive for every i.

Note that, by Remark P74, the general theory of weakly positive sheaves does not imply
the weak positivity of .&7¥ in the proof of Corollary B2. We do not know whether &7V is
weakly positive or not in Corollary B=2.

4. GRADED LOGARITHMIC HIGGS SHEAVES

This section is a direct generalization of [Pa, Section 3.1]. The original idea goes back to
Viehweg and Zuo (see [VZ1] and [VZ2]). Let us recall the definition of graded logarithmic
Higgs sheaves following [Pa] (see also [VZ1)], [VZ2], [PoST], and so on).

Definition 4.1 (Graded logarithmic Higgs sheaves). Let Y be a smooth variety and let D
be a simple normal crossing divisor on Y. A graded Oy-module .#, = @, % is a graded
logarithmic Higgs sheaf with poles along D if there exists a logarithmic Higgs structure

¢: Fo = Fo Qo Qy(log D)

such that ¢ = @, ¢x,

Or: T = Frp1 Qo Oy (log D)
for every k, and

PN G Fo — Fo R0, QU5 (log D)
is zero. We put

H(¢) = ker (gbk Fr = Frt1 oy 03 (log D)) ,

that is, % (¢) is the kernel of the generalized Kodaira—Spencer map ¢y, for every k.
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Theorem B4 is a slight generalization of [Pa, Theorem 3.2]. One of the motivations of
this paper is to understand [Pa, Theorem 3.2].

Theorem 4.2. Let f: X — Y be a projective surjective morphism of smooth quasi-
projective varieties. Let D (resp. E) be a simple normal crossing divisor on'Y (resp. X).
Assume that f is smooth over Y \ D, E is relatively normal crossing over Y \ D, and
YD) C E. Let £ be a line bundle on'Y such that

w(X, wix, )/ v,p) ® FL9) = (X, wx(B) @ ff(wy(D)* '@ ff2%71) > 0.

Then there ezists a graded logarithmic Higgs sheaf Fo with poles along D satisfying the
following properties:
(i) £ C %y and F, =0 for every k < 0.
(ii) There exists a positive integer d such that %, =0 for every k > d.
(iii) Zk is a reflexive coherent sheaf on'Y for every k.
(iv) Let &7 be a coherent subsheaf of F, contained in the kernel of ¢p. Then deta?" is a

pseudo-effective line bundle on Y. In particular, @:%(qﬁ)v s a pseudo-effective
line bundle on Y .

We further assume that E =0 over Y \ D. Then we have:

(v) Let o/ be a coherent subsheaf of F, contained in the kernel of ¢. Then <V is
weakly positive. In particular, . (¢)" is weakly positive.

Although the proof of Theorem B2 is essentially the same as that of [Pa, Theorem 3.2],
we explain it in detail for the sake of completeness.

Proof of Theorem [-3. We will closely follow the argument in [Pa]. Since it is sufficient to
construct %, on the complement of a codimension two closed subset in Y, we will freely
remove suitable codimension two closed subsets from Y throughout this proof. We put

N = wx(E)® f* (wy(D)® ' @ fr 2% L

Since k(X,.4") > 0 by assumption, we can take a section s of A ®™ for some positive
integer m. Let X’ — X be the cyclic cover of X associated to s and let Z — X' be a
suitable resolution of singularities. We put ¢»: Z — X and h := fo¢: Z — Y. Hence we
have the following commutative diagram:

A

N

X —X—7Y.
f

Then there exists a natural inclusion * A4 ®~! — &,. Let E, be a simple normal crossing
divisor on Z such that ¢ "!(E) C Ez and that ¢ !(E) = Ez holds over the generic point
of Y. After removing a suitable codimension two closed subset from Y and taking a
birational modification of Z suitably, we may further assume that there exists a smooth
divisor D" on Y such that h: Z — Y is smooth over Y \ D', Ey is a relatively normal
crossing over Y \ D', and h™!(D’) C Ez. As usual, we put

Qk/y(log E) := Coker (f*Qy (log D) — Q% (log E))
and

Qv (log Ez) := Coker (h*Qy (log D') — Qz(log Ez)) .
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Without loss of generality, we may assume that D is smooth and that Q7 /Y(log E) and

Q) /Y(log Ey) are both locally free sheaves. By construction, we see that D < D’ holds.
We consider the Koszul filtration

(4.1) Koz/Q (log E) = Image (f*Q (log D) ® Q% /(log E) — Q% (log E)) .
Then we have

Koz’ /Koz*'Q (log E) ~ f*Q%.(log D) ® Q’X/qy(log E)
and get the following short exact sequence:

0 — f*0(log D) ® QX/Y(log E) — Koz’ /Koz*Q4 (log E) — Qfx/y(log E)—0,
which is denoted by €% sy(log E). Similarly, we can define Koz?QY(log E7) and obtain
‘Ké/y(log Ez). By construction, we have a natural map w*%§/y(log E) — ‘KZi/Y(log Ey)
for every i. By tensoring with the natural injection * A4 ®~! < &, we have

(G ( )i(/Y(IOg E)® </V®71) - (@/Y(bg Ez).

Then, by using the edge homomorphism of the Leray spectral sequence, we obtain the
natural homomorphism

RO, Qg (log ) & 457 = R, (07 (g (log B) @ 4°7))

where d = dim X — dimY. Thus we get the following commutative diagram of the
connecting homomorphisms.

BRI, (g (log B) @ A4 ©71) —— RI41 L, Qi) (log B) @ 471) & O (log D)

pd—ii lpd—i-ﬂ@L

Rh, (QZ v (log EZ)> . R+, (QZ L (log EZ)> ® QL (log D')

d—1

We get a graded polarizable admissible variation of R-mixed Hodge structure over Y\ D’
from h: (Z, Ez) — (Y, D'). By Theorem B below,

@ R, (905 (10g E7))

is the lower canonical extension of the system of Hodge bundles associated to the above
variation of R-mixed Hodge structure. Then we put

Fi = (1mage (pi: RS, (94 (o B) 0 47 )  Rhh, (946 (0a E2)) ))

for 0 <k<d Weput ., =0ifk<0ork>d=dimX —dimY. Then we see that .%,
is a graded logarithmic Higgs sheaf with poles along D. Since py is the pushforward f, of
the inclusion

L =wx(E)Q f*(wy (D) @ /9 54, (wz<Ez> ® h* (wy(D’)>®‘1) :

This implies that %, = (L ® f.0x)"". Hence £ C %, holds. Therefore, (i), (ii), and
(iii) hold. By taking a suitable compactification and applying Corollary B, we obtain

that dets/" is a pseudo-effective line bundle on Y, which is (iv). When E' = 0 over Y'\ D,
we can apply Theorem BT. Hence we obtain (v). We finish the proof. O



12 OSAMU FUJINO AND TARO FUJISAWA

Remark 4.3 (see [Pa, Remark 3.6]). In Theorem B2, we can replace the assumption
(X, wx () @ ffwy(D)* ' ® fr2971) > 0

with the existence of a nonzero homomorphism

VvV
(4.2) peN ( ol /(Y,D))

for some positive integer N. Note that (E=2) implies the existence of a nonzero section of

(wx(B) @ [*(wy(D)* @ frzo )"

over the complement of some codimension two closed subset ¥ in Y. Hence we can
construct a desired graded logarithmic Higgs sheaf .%, on Y \ ¥. By taking the reflexive
hull of .#,, we can extend %, over Y.

For geometric applications, the following lemma is crucial.

Lemma 4.4 ([Pa, Lemma 3.7]). Let Y be a smooth projective variety and let D be a simple
normal crossing divisor on'Y . Let %, be a graded logarithmic Higgs sheaf with poles along
D satisfying (i), (ii), (iii), and (iv) in Theorem [{-3. Then we have a pseudo-effective line
bundle & and a nonzero homomorphism

L@ P — (O (log D))
for some r >0 and k > 0.

Proof of Lemma 4. We have a sequence of homomorphisms
o @id: F @ (2 (log D)™ = Fiy @ (Qh(log D))"

Note that .%; is zero for k > 0 and that £ C .%,. Hence, the line bundle £ is contained
in the kernel of ¢, ® id for some k& > 0, that is,

k
&L C Hi(9) @ (25 (log D)™
This implies the existence of a nonzero homomorphism
Hi(8)Y — (- (log D)) @ 2571,

Let 2 be the image of the above homomorphism and let 7 be the rank of 2. By considering
the split surjection

9% — det 2

outside some suitable codimension two closed subset of Y, we have a nonzero homomor-
phism

— Qr

det2 — ((Q;(log D))®k ® ‘,2”@’1) .
Since 2 = det2 is a pseudo-effective line bundle by Theorem B (iv), we obtain a
desired nonzero homomorphism. We finish the proof. U

Let us prove Theorem 4, which is one of the main results of this paper.

Proof of Theorem [[4. By Remark B=3, we can construct a graded logarithmic Higgs sheaf
with poles along D satisfying (i), (ii), (iii), and (iv) in Theorem E2. Then, by Lemma
A2, we obtain a desired pseudo-effective line bundle and a nonzero homomorphism. We
finish the proof. 0

As a direct consequence of Lemma B, we have:
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Theorem 4.5 (see [Pa, Theorem 1.7 (2)]). Let f: X — Y be a surjective morphism of
smooth projective varieties and let E and D be simple normal crossing divisors on X and
Y, respectively. Assume that f is smooth over Y \ D, E is relatively normal crossing over
Y\ D, and f~Y(D) C E. In this situation, if K(X, Kx + E) > 0 holds, then Ky + D is
pseudo-effective.

Proof of Theorem [-J. The proof of [Pa, Theorem 1.7 (2)] works. We put & := w%,_Dl).
By assumption, we have

K(X, wixm)/vip) @ 971 = K(X, Kx + E) > 0.

By Lemma B4, this implies that there exists a pseudo-effective line bundle & and a
nonzero homomorphism

w%{f)) ® 2 — (Qy(log D))®kr

for some r > 0 and k£ > 0. Thus Ky + D is pseudo-effective by [Pa, Theorem 3.9], which
is due to [CH, Theorem 7.6]. We finish the proof. O

In Section B, we will use Theorem =3 in the proofs of Corollary I3 and Theorem 14

5. PROOFS

In this section, we will prove results in Section 0. Let us start with the proof of Theorem
.

Proof of Theorem I1. In [Pa, Section 2], this theorem is proved under the extra assump-
tion that f~}(D) = E and ¢g~!'(D) = D’ hold. However, we can easily see that [P,
Proposition 2.5] implies the desired inclusion (). Moreover, by the proof in [Pa, Sec-
tion 2|, it is easy to see that the inclusion () is an isomorphism over some nonempty
Zariski open subset of Y. O

Proof of Corollary 3. This corollary is an easy consequence of Theorem 1. All we have
to do is to apply Theorem [T repeatedly. Note that the inclusion () is an isomorphism
over some nonempty Zariski open subset of Y. [l

We have already proved Theorem 4 in Section B. Thus, let us prove Theorem 3.
Proof of Theorem 4. If k(Y, Ky + D) = dimY, that is, Ky + D is big, then
K(X,Kx+ FE)=k(F,(Kx + E)|r) +dimY
holds by Maehara’s theorem (see [Ma] and [Enl]). On the other hand, if the equality
K(X,Kx +FE)=k(F,(Kx + E)|r) + dimY

holds, then there exists a positive integer N and an ample Cartier divisor A on Y such
that

f Oy (A) € Wiy

by [Md, Proposition 1.14]. We put .Z := Oy (A) ® w%{é\;. Hence we have

N VvV
VvV
N N N N
L% C <®f*wg<,E)/(Y,D)> C <f*( )‘*’%WLEW»/(Y,D)) '
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Here we used Corollary 2 with s = N. By Theorem 4, there exist a pseudo-effective
line bundle & on Y and a nonzero homomorphism

L@ P — (0 (log D))
for some r > 0 and k£ > 0. Hence we have a nonzero homomorphism

Oy (A @ P — (O} (log D)™™ @ Wil ).

Then, by [Pa, Theorem 3.9], which is due to [CP, Theorem 7.6], Ky + D is pseudo-
effective. Since we have wy,py C (5 (log D))®dlmy by definition, we have a nonzero
homomorphism

Oy (A" @ 2 — (Q(log D))"

for some positive integer N’. Therefore, by [Pa, Theorem 3.8, which is due to [CP,
Theorem 1.3], Ky + D is the sum of an ample divisor and a pseudo-effective divisor, so
it is big as desired. We finish the proof. U

Proof of Corollary I-1. By the easy addition formula, we have
dim X = k(X,Kx + E) = k(F,(Kx + E)|p) +dimY
and
K(F,(Kx + E)|r) = dim F,
where F' is a general fiber of f: X — Y. By Theorem [, we obtain (Y, Ky + D) =
dim Y. We finish the proof. O

Proof of Theorem 8. We take a sufficiently large and divisible positive integer N such
that

f* ﬁy(D) C w%(JYE)

As in the proof of Theorem [H above, by Theorem [, the proof of [Pa, Theorem 1.7
(1)] works. Then we obtain a positive rational number ¢ such that Kx + (1 — 9)D is
pseudo-effective. We finish the proof. O

For the proof of Theorem T2, we prepare the following lemma. Note that we need
Corollary I3 in the proof of Lemma BTI.

Lemma 5.1. In Conjecture T, we assume rk,(Y, Ky + D) = 0. Then we have
/{(X,KX —|—E) S K(F, (KX +E)|F),
where F' is a sufficiently general fiber of f: X — Y.

Proof of Lemma . We note that Ky + D is pseudo-effective by the assumption (Y, Ky +
D) = 0. Asin the proofs of Theorems I3 and [, the proof of [Pa, Proposition 5.2] works.
We finish the proof. dJ

Let us prove Theorem [T2.

Proof of Theorem TI3. Let u: Y’ — Y be a projective birational morphism from a
smooth variety Y’ such that D’ := p~!(D) is a simple normal crossing divisor on Y”.
We replace (Y, D) with (Y’, D’) and take suitable birational modifications. Then we may
assume that the Iitaka fibration ® := ®,,,(k, +p): ¥ — Z is a morphism onto a normal
projective variety Z with connected fibers, where m is a sufficiently large positive integer.
Let (G, D|g) (resp. (H, E|g)) be a sufficiently general fiber of ® (resp. ® o f), that is,
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G =®z)and H = (®o f)~!(z), where z is a sufficiently general point of Z. Note that
G and H are smooth projective varieties and D|g and FE|g are simple normal crossing
divisors. By construction, we see that f|g: H — G satisfies that f|g is smooth over
G\ (D|g), E|y is relatively normal crossing over G\ (D|g), and (f|x) ' (Dl|g) C E|u. By
assumption,

ko(G,Kg + Dl|g) = k(G,Kg + D|g) = 0.
By Lemma b,
k(H, Ky + Elp) < k(F, (Kx + E)|r)
holds. Therefore, by applying the easy addition formula to ® o f: X — Z,
KX, Kx+ F)<k(H,Ky+ E|g)+dimZ
<k(F,(Kx + E)|r) +r(Y,Ky + D).
We finish the proof. O

We need Gongyo’s theorem for the proof of Corollary 3.

Theorem 5.2 (see [En3, Proposition 4.1]). Let X be a smooth projective variety and let E
be a simple normal crossing divisor on X. Assume that there exists a projective birational
morphism p: X\ E — V onto an affine variety V.. Then ko (X, Kx+E) = (X, Kx+E)
holds, that is, the generalized abundance conjecture holds for (X, E). In particular, if
Kx + E is pseudo-effective, then k(X, Kx + E) > 0.

Proof of Theorem [E22. This theorem is an easy application of the minimal model program.
For the details, see the proof of [Fn3, Proposition 4.1]. O

Proof of Corollary TI3. If k(X,Kx + F) = —oo, then (I=3) is obvious. Hence we may
assume that x(X, Kx + F) > 0. By Theorems B3 and b2, we have x(Y, Ky + D) > 0.
We can apply Theorem B2 to a sufficiently general fiber of the litaka fibration of Y
with respect to Ky + D. Therefore, by Theorem T2, we obtain the desired inequality
(I=3). O

Finally, we prove Theorem 14,

Proof of Theorem [I.14. The subadditivity
K(X, Kx + E) > (Y, Ky + D) + s(F, (Kx + E)|r)

follows from k., (X, Kx+FE) = k(X, Kx+FE) (see [En3] and [Fnd]) or k,(F, (Kx+E)|r) =
K(F, (Kx + E)|r) (see [HZ]). Therefore, from now on, we will prove the superadditivity

(5.1) K(X,Kx + E) < k(Y, Ky + D) + (F, (Kx + E)| ).

If K(X, Kx+FE) = —o0, then (B1) is obviously true. Hence we may assume that (X, Kx+
E) > 0 holds. By Theorem B3, Ky + D is pseudo-effective. By Conjecture I, which is
a special case of Conjecture 10, we have (Y, Ky + D) > 0. Thus, by Theorem T2 and
Conjecture [0, we obtain the desired superadditivity (5). We finish the proof. O
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6. ON VARIATIONS OF MIXED HODGE STRUCTURE

In this final section, for the sake of completeness, we will explain the following theorem,
which is more or less well known to the experts (see [StZ)], [El], and so on). Theorem B
has already been used in the proof of Theorem E=2 and is one of the main ingredients of
Theorem 2.

Theorem 6.1. Let f: X — Y be a proper surjective morphism from a Kdahler manifold
X to a complex manifold Y with d = dim X — dimY and let Xx and Xy be reduced
simple normal crossing divisors on X and Y, respectively. We set Yo = Y \ Xy, Xy =
I Y0), fo = flxo: Xo = Yo and U = X \ Xy and assume that fy is a smooth morphism,
Yx N Xg is relatively normal crossing over Yy, and Supp f*Xy C Supp Xx holds. Then
the local system R'(foly)«Ry underlies a graded polarizable admissible variation of R-
mized Hodge structure on Yy for every i such that the Hodge filtration F' on ¥V = Oy, ®
Ri(folv)«Ry extends to a filtration F on the lower canonical extension ¥ satisfying the
following conditions:

(6.1.1) Gr% GrYV (“¥) is locally free of finite rank for every m,p, and

(6.1.2) Grh.(*¥) coincides with Ri_pf*Qg(/Y(log Yx) for every p, after removing some
suitable codimension two closed subset from Y .
In the above statement, if x N Xy = 0, then R'(foly):Ry = R'(fo)Rx, underlies a
polarizable variation of R-Hodge structure on Yy for every i.

In this section, we adopt the same approach as in Sections 3, 4, and 7 in [EnFs3]. Before
starting the proof of the theorem above, we recall several facts concerning on the Koszul
complex.

6.2. In the situation above, we set E' = (f*3y )ieq and D = Xx — E. Then D and E are
reduced simple normal crossing divisors on X with no common irreducible components.
The open immersions X \ D < X and U < X are denoted by j and jy respectively.
The situation is summarized in the commutative diagram

U——>X\D
o
Xy X E

=
-

[
-

Yo Y Sy

where the left two squares are Cartesian.
We denote by D = Zizl D; the irreducible decomposition of D and set

pm — H D, N---ND;,,
1<iy < <ipn <1
for m € Zso. (For the case of m = 0, we set D! = X by definition.) The natural

morphism from D™ to X is denoted by a,,.
In order to define the desired weight filtration on

R'(folv):Ru ~ R & R'(folv).Qu ~ R ® R'(fo)«(R(jo):Qu)

we replace R(j0)«Qu by a Koszul complex as follows. For the detail, see [EsT, Sections 1
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The divisor D on X defines a log structure M by M = Ox N j*ﬁ;\D on X. A
morphism of abelian sheaves 0x — M?®P is defined as the composite of the exponential
map Ox 3 a +— e*™V~1% ¢ 0% and the inclusion €% < M®. From the morphism
e®id: Ox ~OxQ - M Q, 1 € I'(X,Q) which is a global section of the kernel of
e ®1id, and a subsheaf 0% ® Q C M*® ® Q, we obtain a complex of Q-sheaves on X

Kos(M) := Kos(e ® id; 0o; 1)

equipped with a finite increasing filtration W := W (0% ® Q) as in [FsI, Definition 1.8]
(see also [FnFs3, Section 7]). By replacing MSP by ﬁ’;}\D, we obtain a complex of Q-
sheaves on X \ D, denoted by Kos(0%, ;,), by the same way as above. Moreover, we have
a morphism of complexes of QQ-sheaves

: Kos(M) — Qx(log D)
as in [EsT, (2.4)], which preserves the filtration W on the both sides.
The following two lemmas are more or less the same as Lemmas 7.6 and 7.7 in [EnFS3].
Lemma 6.3. There exists a quasi-isomorphism of complexes
(6.1) ()« Qpim [=m] — Grl¥ Kos(M)
for allm € Zxq.

Lemma 6.4. The quasi-isomorphism (B) makes the diagram
(@)« Qpom) [—m] — Gr!¥ Kos(M)
(QWﬁ)mb[—m]l lGrK Y
() Qs [—11] —— Gl O (log D)

commutative, where the bottom arrow is the inverse of the usual residue isomorphism
and ¢ 1s the composite of the natural morphisms Qpmy — Cpmy and Cpm)y — Qpm).
Consequently, the morphism 1 induces a filtered quasi-isomorphism

C ®¢g Kos(M) — Qx(log D)
with respect to the filtration W on the both sides.

6.5. Since Kos(M)|x\p = Kos(O%, ), we obtain a morphism of the complexes of Q-
sheaves Kos(M) — Rj. Kos(O%, ) such that the diagram in the derived category

(6.2) Kos(M) —— Rj. Kos(0%, p)
! l
QX<lOg D) RJ*QX\D

is commutative, where the right vertical arrow is induced from the morphism Kos(&%, ) —
Qx\p defined by the same way as ).

Lemma 6.6. We have the natural isomorphism
KOS(M) i) R]*Qx\p
in the derived category. By restricting it to X, we obtain the isomorphism
Kos(M)|x, = R(jo)-Qu

in the deriwed category.
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Proof. 1t is sufficient to prove that the morphism

C ®q Kos(M) — C ®@q Rj. Kos(O%\p)
is an isomorphism. Since we have the canonical quasi-isomorphism Qx\p — Kos(ﬁ;‘(\ )
the right vertical arrow in (62) induces an isomorphism C ® Ry, Kos(ﬁ;‘(\ p) ~ Rj.Ox\p
in the derived category. Hence Lemma B4 implies the conclusion because the bottom
arrow in (62) is known to be isomorphisms in the derived category. U

Now, we prove Theorem G

Proof of Theorem E1. We set £ N D™ = (a,,)*E, which is a simple normal crossing
divisor on D™ for every m € Zs.
First, we assume that the following conditions are satisfied:

(6.6.1) Xy is a smooth hypersurface in Y, and
(6.6.2) Qg(m)/y(logE N D) is locally free of finite rank for all m € Zx.

On the log de Rham complex Qx(log¥x), we have the filtration W (D), which induces
a finite increasing filtration W (D) on the relative log de Rham complex Qy/y (logXx).
A morphism of complexes 1: Kos(M) — Qy/y(log¥x) is obtained by composing the
three morphisms, ¢: Kos(M) — Qx(log D), the inclusion Qx(log D) — Qx(log X x) and
Qx<10g Ex) — QX/y(IOg EX> We set

K = (K, W), (Kg, W, F), )

= (R @ (Rf. Kos(M), W)ly,, (RfQx/v (log Bx ), W(D), F),id @(Rf.¥)|v),
which is a triple as in [FnFs3, 3.7] on Y. Since

(GrTV,[L/(D) Qx/y(logXx), F) ~ (am)« (QD(m)/Y(log EN D(m))[—m], F[—m])
as filtered complexes by Lemmas and 64, we have
6.4) (R ® Grl¥ Kos(M), (CGrl¥ P Qx/y (log Xx), F),id @ GrlY )
~ (am)s (Rpem, (Qpom v (log £ D™, F—m]), (2mv/=1)""1) [-m]
for every m, where 7 denote the composite of the canonical morphisms

Ry < Cpom — Qpn = Qpom (log E N D) — Qpom v (log E N D).

Thus we can easily check that K|y, satisfies the conditions (3.7.1)—(3.7.3) in [FnFs3, 3.7]
because fa,,: D™ — Y is smooth over Y for every m. By Lemma 3.3 together with
(3.7.6) of [FnFs3|, we obtain a polarizable variation of R-Hodge structure

(R ® Gt R f, Kos(M), (Gt P ROy (log Dy ), F),id ® G/ R f@)

Yo

of weight m + i for every ¢,m. Using the Koszul filtration (E) in the proof of Theorem
B2, we can check the Griffiths transversality for (Grly ™) R’ f,Qx,y (log ¥x), F)|y, by the
same way as in [KfO] (cf. [FnFsl, Lemma 4.5]). Thus the triple

(R® R'f. Kos(M), W[i)), (R f.Qx)v (log Xx), W(D)[d], F),id @ R’ f.) |y,

is a graded polarizable variation of R-Hodge structure on Yy by [FnFs3, (3.7.5)], and all the
local monodromies of R'f, Kos(M)ly, along ¥y are quasi-unipotent by [FnFs3, (3.7.4)].
Since R'f, Kos(M)ly, =~ R(fo|r)«Qu by Lemma EA, the local system R'(fy|y).Ry is of
quasi-unipotent local monodromy along >y and underlies a graded polarizable variation
of R-Hodge structure on Yj.
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Moreover, K satisfies all the assumptions in Theorem 3.9 of [FnFs3] by (64) and by
[EnFs3, Lemma 4.3]. Therefore, there exist isomorphisms

R f.Qxy (log Xx) =~ ‘R’ f.Qxy (log Xx)ly,
W (D) R f.Qx/y (logXx) = ‘W (D), R f.Qx/v (log x) |y,
whose restriction to Y| coincide with the identities and the natural isomorphisms
FpRif*QX/y(log Yix) o~ Rif*FpQX/y(log Yx)
Grh R f.Qx/y (log x) ~ Ri_pf*Qg(/Y(log Yx)

by (3.9.1) and by (3.9.3) of [FnFs3, Theorem 3.9], and Gr% Gr)Y P Ri f.Qx/y(log Xx) is
locally free of finite rank for every i,m,p € Z by (3.9.4) of [FnFs3, Theorem 3.9]. Thus
the filtration F on R'f,Qx,y (log Xx) satisfies [6.1.1] and [6.1.2].

For the general case, by Lemma 4.6 of [FnFs3], there exists a closed subspace ¥, C Xy
with codimy ¥{ > 2 such that f: X — Y restricted over Y \ 3} satisfies the conditions
(6.6.1) and [6.6.2). Therefore the filtration F' on Z”//|y\gfy is obtained by the argument

above. Moreover, the filtration F' on Gr’V® ¥ extends to Gr’/®)(“¥) by Schmid’s
nilpotent orbit theorem. Applying Lemma 1.11.2 of [K<], we obtain an extension of F' on
Yy satisfying [6.1.1) and [6.1.2].

In order to prove the admissibility, we may assume (Y, Xy ) = (A, {0}) by the definition

of admissibility (cf. [K<, 1,9]). Pulling back the variation by the morphism
(6.5) AsSt—treA

changes the logarithm of the unipotent part of the monodromy automorphism to its
multiple by m. Therefore the existence of the relative monodromy weight filtration can
be checked after the pull-back by the morphism (63). Moreover, Lemma 1.9.1 of [Ks]
enables us to check the extendability of the Hodge filtration after the pull-back by the
morphism (63). Thus we may assume that f: X — A satisfies the following three
conditions:

e X is a Kahler manifold,

® /71(0),eq is a simple normal crossing divisor on X, and

e the local system R'(fy|y)«Ry, which underlies the variation of mixed Hodge struc-

ture in question, is of unipotent monodromy automorphism around the origin.

Then we obtain the conclusion by [EI, Théoreme 1.1.10 and Proposition 1.3.10] (cf. [StZ,

§5], [PS, Theorem 14.51], [BE, Theorem 8.2.13], and so on). O

Remark 6.7. As in [EnFs3, Section 7], we can use Koszul complexes when we construct
a cohomological Q-mixed Hodge complex for the proof of the above admissibility.
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