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ABSTRACT. We construct non-projective complete log canonical algebraic surfaces whose
canonical divisors are semi-ample over an algebraically closed field of any characteristic
other than the algebraic closure of a finite field. We provide a unified framework to
construct such surfaces for any given non-negative Kodaira dimension, namely, zero, one,
or two. Furthermore, we show that any complete log canonical algebraic surface with
Kodaira dimension minus infinity is automatically projective. This projectivity result
confirms that our construction covers all possible values for the Kodaira dimension of
non-projective complete log canonical surfaces.

1. INTRODUCTION

In [Nagh8|, Nagata constructed the first example of a non-projective complete normal
algebraic surface, which is a landmark result in the development of algebraic geometry.
The surface he constructed has very bad singularities from the viewpoint of the minimal
model theory. In this paper, we revisit the existence problem of non-projective complete
normal algebraic surfaces from the perspective of the minimal model theory.

Let k be an algebraically closed field and let X be a complete normal algebraic surface
defined over k. It is easy to see that X is always projective if X is QQ-factorial. Since
X is known to be Q-factorial when it has only rational singularities, X is automatically
projective in this case as well. Consequently, if X has only log terminal singularities,
it is always projective. Furthermore, it is a classical result of Artin that X is always
Q-factorial when k& = F,, which implies that X is always projective in this setting. On
the other hand, it is well known that X is not necessarily Q-factorial if we allow X to
have log canonical singularities. Therefore, it is natural to ask whether there exists a non-
projective complete log canonical algebraic surface. Although this problem has already
been discussed in [Fuj2la, Section 12], here we would like to take a step further and
establish the following theorem.

Theorem 1.1. Let k be an algebraically closed field such that k # Fp. Then there exists
a non-projective complete log canonical algebraic surface X defined over k such that Kx
is semi-ample. Furthermore, the Kodaira dimension k(X, Kx) can be chosen to be any
value in {0, 1,2}.

The assertion of Theorem 1.1 is sharp when combined with the following theorem.

Theorem 1.2. Let X be a complete log canonical algebraic surface over an algebraically
closed field. If k(X, Kx) = —oo, then X is projective.

To clarify the position of this work within the framework of the minimal model theory,
let us briefly review the context. The first author and Tanaka [Fuj12, Tanl4] established
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the minimal model theory for log surfaces, proving that the MMP and the abundance
theorem hold for both projective Q-factorial log surfaces and projective log canonical
surfaces. Since a complete Q-factorial log surface is always projective, attention naturally
turns to the existence of non-projective complete log canonical surfaces. While such an
example with (X, Kx) = 0 was previously constructed in [Fuj2la, Section 12], it is
natural to ask whether such examples exist for other Kodaira dimensions, particularly for
general type where (X, Kx) = 2. Our theorems provide a clear picture of this situation.
Together with [Mor26], this work provides insight into the scope and limitations of the
minimal model theory for log surfaces. Finally, we remark that our construction is based
on the examples presented in [Sch99].
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2. PRELIMINARIES

In the remainder of this paper, all surfaces are assumed to be algebraic varieties; we do
not need to consider algebraic spaces. In this section, we collect some basic results. For
the details on the definitions of singularities of pairs, see [Fuj12, Section 2.4].

The following fact is used to construct an example verifying Theorem 1.1 for k # F,,.

Fact 2.1 (cf. [Tanl4, Fact 2.3]). Let k be an algebraically closed field of arbitrary char-
acteristic and let C' be an elliptic curve over k. If k # F,, then Pic’(C) has a non-torsion
element.

In this paper, to construct contraction morphisms, we rely on two tools available for
log canonical surfaces: the relative abundance theorem and the basepoint-free theorem.

Theorem 2.2 (Relative abundance for log canonical log surfaces). Let k be an alge-
braically closed field of arbitrary characteristic. Let T be a normal surface over k and
A be a boundary Q-diwisor on T such that Kt + A is Q-Cartier. Let m : T — Y be a
projective surjective morphism onto a variety Y. Assume that (T, A) is log canonical.
Further, assume that Kr + A is w-nef. Then Kr + A is w-semi-ample.

Proof. The case where k = C is given by [Fuj12, Theorem 7.2|, while the positive charac-
teristic case is covered by [Tanl4, Theorem 6.9]. For the remaining cases in characteristic
zero, one can refer to [Fuj21b, Theorem 4.1]. O

Theorem 2.3 (Basepoint-freeness for non-klt log surfaces, see [Mor26, Theorem 3.1}).
Let T be a projective normal surface over an algebraically closed field k of arbitrary char-
acteristic and let A be an effective Q-divisor such that Kr + A is Q-Cartier. Let D be a
nef Cartier divisor. If char(k) > 0, we further assume that D is not numerically trivial.
Suppose that aD — (Kr + A) is nef and big for some a € Zo, and that the restriction
Dlnw(r,a) is semi-ample, where NKIt(T, A) denotes the non-klt locus of the pair (T, A).
Then D 1s semi-ample.
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3. PROOF OF THEOREM 1.1

We will work over an algebraically closed field k. Suppose that k # Fp. The goal of
this section is to construct non-projective complete log canonical algebraic surfaces over
k with Kodaira dimension 0, 1 and 2. We start with the case x = 2, which is the main
highlight of this section.

3.1. kK = 2. The following construction is based on the example given in [Sch99, Section
4.1]. Start with P! x C', where C is an elliptic curve. Let p;: P!xC — P! and py: P! xC —
C be the first and second projections, respectively. We take two distinct points ¢q,co € C.
Let f: T — P! x C be the blowup at (0,¢;), (00,¢z), and (00, ¢;). Let Eyey, Fooey, and
FEw.c, be the corresponding exceptional divisors. Let By, By, Cy, C1,Cx C T be the strict
transforms of Hy = P! x {¢1}, Hy == P! x {3}, Fy = {0} x C, F; = {1} x C, and
F = {00} x C, respectively.
Step 1. We show that B; + 3C is a big and semi-ample divisor on 7T, which induces
a birational contraction morphism ¢g: T' — S onto a projective surface S that contracts
only Cy, Cx, and Eu,.
To this end, we first rewrite the divisor as follows:
Bl + 301 ~ Bl + f*Fo + f*FOO + Cl
~ By + C’O + EO,cl + Coo + Eoo,cl + EOO,CQ + Cl
~ f*(Hl + Fl) +CO + Coo +Eoo,02~
The divisor H; + F; on P! x C'is ample. It follows that any irreducible curve on T having
non-positive intersection number with B; +3C] must be either f-exceptional or contained

in the support of Cy+Cys + Eoo ¢,. To verify the nefness and identify the contracted curves,
we compute the intersection numbers for all such candidates. Since

(B1+3C1)-Co= (B +3C) - Coo = (B1 +3C1) - Egoe, =0,
and
(Bl + 301) . EO,c1 = (Bl + 301) : Eoo,cl = 17

we conclude that By + 3C] is nef, and the irreducible curves whose intersection number
with By + 3C) equals 0 are precisely Cp, Cw, and E ,. Here, we recall that

Kpixe ~ piKp + p3 Ko ~ —2F;.
Then, the canonical divisor Kr satisfies
KT ~ _Qf*Fl + EO,cl + Eoo,q + EOO,C2
~=2f"F+ fTF + [TFe — Co — Cx
~ —Cy — Cx.
This implies that
(Bl + 301) - (KT + Co + Coo) ~ Bl + 301,
which is nef and big. In addition, the restriction
(B1 + 3C1) INa(7.Co+C) = (Br 4 3C1)[supp(co+0n) = 0

is trivially semi-ample. Therefore, by Theorem 2.3, By +3C] is semi-ample. Consequently,
the divisor By + 3C; on T is big and semi-ample, and the corresponding birational mor-
phism g: T' — S contracts only Cy, Cy, and Ew .,. The resulting surface S is projective.
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Step 2. Our goal in this step is to construct a global birational contraction h: T — Z
via gluing, which naturally factors the morphism ¢g: " — S.
Let Uy be the open subset of T defined by

Uy = (pl © f)_l(]P)l \ {OO}) = T\ (Coo UFEe U EOO,Cz)v

and let pg: Uy — P\ {oo} be the restriction of p; o f to Up. A direct calculation shows
that the restriction

(K7 + Co + B1)|y, ~ (=2C1 + Eoe, + Co + Bi)ly, ~ (f*(=2F1 + Hy) + Co)lu,

is @o-nef and ¢p-big. Thus, Theorem 2.2 applied to the pair (U, (Cy + Bi)|y,) implies
that (K7 + Cy + B1)|u, is po-semi-ample. This induces a relative birational contraction
morphism hg: Uy — Zy over P!\ {oc}. Since

(Kr+ Co+ B1)|vy - Eoeylvy, =1 and (K1 + Co+ B1)l|u, - Colv, =0,

the morphism hq contracts precisely Cy. Similarly, let Uy, be the open subset of T" defined
by

Us = (pro f)T (P'\{0}) =T\ (Co U Eye,),
and let o : Uy — PP\ {0} be the restriction of p; o f to U,. The restriction

(KT + Ooo + Bl + B2)|Uoo ~ (_201 + Eoo,c1 + Eoo,cz + Coo + Bl + B2)|Uoo
~ (f*(=2Fy + Hi + H2) + Cy) v,

is poo-nef and p.-big. By the relative abundance theorem for the pair (Uy, (Cs +
By + Bs)|v..), the divisor (K7 4+ Cy + By + Bs)|u., 18 ¢eo-semi-ample, yielding a relative
birational contraction morphism h.,: Uy, — Zo over P\ {0}. Since

(KT + C(oo + Bl + BZ)|UDo : E1oo,cl|Uoo = (KT + C(oo + Bl + BZ)|UDo : Eloo,cg|Uoo =1

and (K7 + Co + By + Ba)|u., - Colv., = 0, the morphism h,, contracts precisely C.,. By
gluing hy and he, together, we obtain a contraction morphism h: T — Z over P! which
contracts only Cy and C.,, and a normal complete surface Z (cf. [Har77, II, Corollary
4.8]). Finally, since every curve contracted by h: T'— Z is also contracted by g: T — S,

the morphism ¢ factors through h. This induces a birational morphism ¢: Z — S such
that g = ¢ o h.

Step 3. We show that Z is a complete log canonical surface with Kz ~ 0, and that it is
non-projective if we further arrange the choice of ¢y, c; € C so that O¢(c; —¢3) € Pic?(O)
is a non-torsion element. The existence of such a choice is guaranteed by our assumption
on k and Fact 2.1.

The linear equivalence K7+ Cy+Cy ~ 0 implies Kz ~ 0, and Kr = h*(Kz) —Cy—Cy
implies that Z is log canonical. To show that Z is non-projective, we fix a choice of ¢; and
¢ such that O¢(c; —c3) € Pic’(C) is a non-torsion element, and suppose for contradiction
that there exists an ample divisor on Z. Then, there exists a very ample effective divisor
D on Z whose support avoids the points h(Cy) and h(C,) on Z. Since h does not contract
Eocy, Esoe OF Exe,, we have A*D - Ey., > 0, h*D - B, > 0, and W'D - E ., > 0.
Let D := f«h*D. Here, we can write f*f) =h*D +n1Eye, +neFos e, +n3Es ., for some
integers nq, no, n3. Since the f-exceptional divisors are disjoint from each other, we have
the equation 0 = f*D - Ey., = h*D - Ey., — nq, which implies ny > 0. Similarly, we
obtain ng,nz > 0. By our choice of D, the effective divisor 2*D does not contain Cy or
Cw in its support, which implies that D does not contain the fibers Fy or Fi,,. Hence the
intersections satisfy DN Fy = {(0,¢1)} and DN Fy = {(00, 1), (00, c2)} set-theoretically.
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Since F) and F, are isomorphic via f to the curve Cy and C, respectively, identifying Fj
and F,, with the curve C', the scheme-theoretic restrictions yield the relations D\ Fy, = N1C1
and D|Foo = nycy +nscy as divisors on C'. We note that OHDlXC(D) = pi L1 ®pi Ly for some
invertible sheaves £; on P' and £, on C. This implies the linear equivalence D|gp, ~ D|p.
as divisors on C. On the other hand, by identifying both Fj and F,, with the curve C,
the scheme-theoretic restrictions yield the relations D| F, = nic1 and D| F, = NaCl + N3Cy
on C. Therefore, we obtain (n; — ny)c; — ngea ~ 0. By comparing the degrees of these
two restrictions, we have n; = ng + ng, which yields ns(c; — ¢3) ~ 0. Since Oc(c; — ¢3)
is a non-torsion element, we must have ng = 0. This contradicts the fact that ns > 0.
Consequently, Z is non-projective.

From now on, we assume that the points ¢; and ¢y are chosen so that Z is non-projective.

Step 4. We construct a finite cyclic cover Z — Z branched along a smooth divisor pulled
back from S, and show that Z is the desired surface by exploiting the non-projectivity of
Z.

Let J C S be the finite set consisting of the singular points of S. We choose a very
ample Cartier divisor A on the projective surface S. For a positive integer m, there exists
a member A" € |mA| that also avoids J and has a smooth support. We define A” := ¢*A’.
By construction, A” is an effective Cartier divisor on Z that is naturally identified with A’
via ¢. In particular, A” is smooth and avoids the singular locus of Z. Next, we consider
the cyclic cover of degree m defined by

m—1

p: Z = Spec, <@ (’)Z(—lqﬁ*A)) — Z,
1=0

which is ramified along A” (cf. [KM98, Definition 2.50]). Here, we set m = 2 if the base

field k& has characteristic zero; in positive characteristic, we choose m to be coprime to

char(k). By the ramification formula for finite covers, we obtain the equality of Q-divisors:

—1
Ky = (KZ + m—A”) .
m

Since Z is log canonical and A” is a smooth divisor avoiding the singular points of Z,
the pair (Z, mT’lA” ) is log canonical. Consequently, the finiteness of p together with
[KMO8, Proposition 5.20] implies that Zisa log canonical surface. If there were an ample
invertible sheaf £ on Z, its image Norm,,(£) via the norm map associated with the cyclic
cover : Z — Z would yield an ample invertible sheaf on Z (cf. [Sta26, Tag 0BD4]). This
contradicts the fact that Z is non-projective. Hence, Zisa non-projective surface. Since
Kz ~ 0, the ramification formula yields O4(K ;) = p*¢*Og((m — 1)A). Since the divisor
A is very ample on the projective surface S, the canonical divisor K is semi-ample.
Furthermore, the Kodaira dimension satisfies

K(Z,K3) = k(S,0gs((m —1)A)) = 2.

Therefore, Z is a normal non-projective complete log canonical surface with a semi-ample
canonical divisor K; and Kodaira dimension x(Z, K;) = 2.

3.2. k = 0,1. Examples with k = 0 can be essentially found in [Fuj2la, Section 12],
[Kol07, Aside 3.46], and [Sch99, Section 2.5]. Here, for convenience, we construct examples
with k = 0 and 1 by slightly modifying the case k = 2 above. First, Step 3 directly implies
that the surface Z itself is the desired example with x(Z, Kz) = 0. Next, we construct an
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example with k = 1. In the construction of Step 4, we use a general fiber of the morphism
Z — P! instead of the smooth divisor pulled back from the ample divisor A on S. Then,
we consider a cyclic cover ramified along m general fibers. For the resulting surface Z,
the invertible sheaf O;(K ;) is isomorphic to the pull-back of Opi(m — 1). This implies
that K is semi-ample and satisfies x(Z, K;) = 1.

4. PROOF OF THEOREM 1.2

The first author proved a theorem similar to Theorem 1.2 in [Fuj2la, Theorem 1.3].
Since we could not find an explicit proof of Theorem 1.2 in the literature, we include a
proof here for the reader’s convenience. We use a classical argument due to Goodman
(see [Goo69]) to prove the projectivity of X. Note that the argument used in the proof of
[Fuj21a, Theorem 1.3] does not directly apply to our setting, since a sufficiently developed
minimal model theory for two-dimensional algebraic spaces is not currently available.

Proof of Theorem 1.2. Let f: Y — X be the minimal resolution of singularities. Then Y
is a smooth projective surface with (Y, Ky) = —oco. Since X is a normal surface, it is
Cohen—Macaulay. Moreover, the assumption (X, Kx) = —oo implies that

H(X,Ox(Kx)) = 0.
Hence Serre duality (see, for example, [Sta26, Tag 0FWO0]) yields

H*(X,0x) = 0.
Therefore, the Leray spectral sequence gives the following short exact sequence:
(4.1) 0— HY(X,0x) = H'(Y,Oy) = H°(X,R'f,0y) — 0.

Step 1. We show that X has at most one non-rational singular point.

Assume that X has a non-rational singular point P € X. If Y is rational, namely
birational to P2, then

HY(Y,0y) = 0.
By (4.1), this implies that
R [0y =0,

and hence all singularities of X are rational, a contradiction. Therefore, Y is irrational.
Running the minimal model program for Y, we may assume that Y is obtained from a
Pl-bundle P (€) — C over a smooth projective curve C' with g(C') > 1 by a sequence
of blow-ups. By the classification of two-dimensional log canonical singularities, the ex-
ceptional divisor f~!(P) cannot be mapped to a point of C. Indeed, every non-rational
two-dimensional log canonical singularity is either a simple elliptic singularity or a cusp
singularity. Hence f~'(P) dominates C. It follows that C is either an elliptic curve or
P!. Since P is non-rational, we have

R'f.0y #0.

Thus (4.1) implies that
dim H'(Y, Oy) # 0.

Therefore g(C') = 1, and consequently
dim H'(Y, Oy) = 1.

Again by (4.1), the sheaf R!'f,Oy is supported only at P. Hence X has at most one
non-rational singular point.
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Step 2 (Goodman). We prove that X is projective.

By Step 1, there exists an affine open subset U C X such that every point of X \ U is
a rational singularity. In particular, every irreducible component of X \ U is a Q-Cartier
Weil divisor. Then, by the same argument as in the proof of [Goo69, Theorem 2|, one
can construct an effective Cartier divisor D on X such that

SuppD = X\ U
and D is ample. Therefore X is projective.
This completes the proof. 0
Step 1 in the proof of Theorem 1.2 establishes the following corollary.

Corollary 4.1. Let X be a complete log canonical algebraic surface over an algebraically
closed field. If k(X, Kx) = —o0, then X has at most one non-rational singular point.

We conclude this paper with a remark on Nagata’s example.

Remark 4.2. In [Nagh8, Example 1|, Nagata constructed a non-projective complete
surface S*. By construction, S* is birational to P? and is not log canonical. Furthermore,
HY(S*, Og+(Kgs+)) # 0, which can be verified by an application of the Leray spectral
sequence as in the proof of Theorem 1.2.

REFERENCES

[Fuj12] Osamu Fujino, Minimal model theory for log surfaces, Publ. Res. Inst. Math. Sci. 48 (2012),
no. 2, 339-371. MR 2928144

, Minimal model theory for log surfaces in Fujiki’s class C, Nagoya Math. J. 244 (2021),

256-282. MR 4335910

, On minimal model theory for algebraic log surfaces, Taiwanese J. Math. 25 (2021),
no. 3, 477-489. MR, 4298910

[Goo69] Jacob Eli Goodman, Affine open subsets of algebraic varieties and ample divisors, Ann. of Math.
(2) 89 (1969), 160-183. MR 242843

[Har77] Robin Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, vol. 52, Springer-Verlag,
New York-Heidelberg, 1977. MR 463157

[KM98] Janos Kollar and Shigefumi Mori, Birational geometry of algebraic varieties, Cambridge Tracts
in Mathematics, vol. 134, Cambridge University Press, Cambridge, 1998, With the collaboration
of C. H. Clemens and A. Corti, Translated from the 1998 Japanese original. MR 1658959

[Kol07] Jénos Kollar, Lectures on resolution of singularities, Annals of Mathematics Studies, vol. 166,
Princeton University Press, Princeton, NJ, 2007. MR 2289519

[Mor26] Nao Moriyama, A note on Q-Gorenstein surfaces, 2026, arXiv:2602.00732.

[Nagh8] Masayoshi Nagata, Existence theorems for nonprojective complete algebraic varieties, Illinois J.
Math. 2 (1958), 490-498. MR 97406

[Sch99] Stefan Schréer, On non-projective normal surfaces, Manuscripta Math. 100 (1999), no. 3, 317-
321. MR 1726231

[Sta26] The Stacks Project Authors, The Stacks Project, https://stacks.math.columbia.edu, 2026.

[Tan14] Hiromu Tanaka, Minimal models and abundance for positive characteristic log surfaces, Nagoya
Math. J. 216 (2014), 1-70. MR 3319838

[Fuj21al

[Fuj21b]

DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, KyoT0O UNIVERSITY, KYOTO
606-8502, JAPAN

Email address: fujino@math.kyoto-u.ac. jp

DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, KyoTO UNIVERSITY, KYOTO
606-8502, JAPAN

Email address: moriyama.nao.22s@st.kyoto-u.ac. jp



8 OSAMU FUJINO, NAO MORIYAMA, HIROSHI SATO

DEPARTMENT OF APPLIED MATHEMATICS, FACULTY OF SCIENCES, FUKUOKA UNIVERSITY, 8-19-1,
NANAKUMA, JONAN-KU, FUKUOKA 814-0180, JAPAN
Email address: hirosato@fukuoka-u.ac. jp



