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ABSTRACT. We show that a toric Fano contraction associated to an extremal ray whose
length is greater than the dimension of its fiber is a projective space bundle.
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1. INTRODUCTION

Let X be a smooth projective variety defined over an algebraically closed field k of
arbitrary characteristic. In his epoch-making paper (see [Mo]), Shigefumi Mori established
the following famous cone theorem

NE(X) = NE(X)xyz0 + »_ Rj,

where NE(X) denotes the Kleiman—Mori cone of X and each R; is called a Kx-negative
extremal ray of NE(X). By the original proof of the above cone theorem, which is based
on Mori’s bend and break technique to create rational curves, we know that for each K x-
negative extremal ray R there exists a (possibly singular) rational curve C' on X such that
the numerical equivalence class of C' spans R and

0<—-Kxy -OC<dimX +1

holds.
Let X be a Q-Gorenstein projective algebraic variety for which the cone theorem holds.
Then for a Kx-negative extremal ray R of NE(X), we put

I(R) := [gél}%<_KX -C)

and call it the length of R. We have already known that [(R) is an important invari-
ant and that some conditions on [(R) determine the structure of the associated extremal
contraction.

In this paper, we are interested in the case where X is a toric variety. We note that
NE(X) = NE(X) holds when X is a projective toric variety. This is because NE(X) is
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a rational polyhedral cone. We also note that the cone theorem holds for Q-Gorenstein
projective toric varieties without any extra assumptions.

From now on, we will only treat Q-factorial projective toric varieties defined over an
algebraically closed field k of arbitrary characteristic for simplicity.

For a Q-factorial projective toric n-fold X of Picard number p(X) = 1, there exists the
unique extremal ray of NE(X). In this case, the following statement holds.

Theorem 1.1 ([F1, Proposition 2.9] and [F2, Proposition 2.1]). Let X be a Q-factorial
projective toric n-fold of Picard number p(X) = 1 with R = NE(X). Then, the following
statements hold.

(1) If I(R) > n, then X ~ P,

(2) If (R) > n and X # P", then X ~P(1,1,2,...,2).

For the case where the associated extremal contraction is birational, we have the follow-
ing estimates which are special cases of [FS2, Theorem 3.2.1].

Theorem 1.2. Let X be a Q-factorial projective toric n-fold, and let R be a K x-negative
extremal ray of NE(X). Suppose that the contraction morphism pg : X — W associated
to R is birational. Then, we obtain

I(R) <d+1,

where

= im g (w) <n—1.
d glead/(dHn(pR (w) <n

When d =n — 1, we have a sharper inequality

[(R)<d=n-—1.
In particular, if [(R) = n — 1 holds, then ¢ : X — W can be described as follows. There
exists a torus invariant smooth point P € W such that pr : X — W is a weighted blow-up

at P with the weight (1,a,...,a) for some positive integer a. In this case, the exceptional
locus E of pg is a torus invariant prime divisor and is isomorphic to P71,

This estimate shows that the extremal ray R with [(R) > n — 1 must be of fiber type.
In this case, we can determine the structure of the associated contraction ¢ as follows.

Theorem 1.3. Let X be a Q-factorial projective toric n-fold with p(X) > 2, and let R
be a Kx-negative extremal ray of NE(X). If [(R) > n — 1, then the extremal contraction
or : X — W associated to R is a P"'-bundle over P

Remark 1.4. Theorem 1.3 holds for projective Q-Gorenstein toric varieties (without the
assumption that X is Q-factorial). For the details, please see [FS2, Proposition 3.2.9].

As a generalization of Theorem 1.3, we prove the following theorem about the structure
of extremal contractions of fiber type. More precisely, we will prove a sharper result in
Section 3 (see Theorem 3.1). Theorem 1.5 is a direct easy consequence of Theorem 3.1
(see Corollary 3.3).

Theorem 1.5 (Main theorem). Let X be a Q-factorial projective toric n-fold. Let pg :
X — W be a Fano contraction associated to a Kx-negative extremal ray R C NE(X) such
that the dimension of a fiber of or is d, equivalently, d = dim X — dim W. IfI(R) > d,
then g is a P4-bundle over W.

We show that this result is sharp by Examples 3.2 and 3.5. We note that Theorem 1.5
is nothing but Theorem 1.1 (1) if dim W = 0. Therefore, we can see Theorem 1.5 as a
generalization of Theorem 1.1 (1).

Acknowledgments. The authors would like to thank the referee for useful comments.
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2. PRELIMINARIES

In this section, we introduce some basic results and notation of the toric geometry in
order to prove the main theorem. For the details, please see [CLS], [Fu] and [O]. See also
[F'S1], [Ma, Chapter 14] and [R] for the toric Mori theory.

Let X = Xy, be the toric n-fold associated to a fan ¥ in N = Z" over an algebraically
closed field k of arbitrary characteristic. We will use the notation > = >y to denote
the fan associated to a toric variety X. It is well known that there exists a one-to-one
correspondence between the r-dimensional cones in ¥ and the torus invariant subvarieties
of dimension n — r in X. Let G(X) be the set of primitive generators for 1-dimensional
cones in . Thus, for v € G(X), we have a torus invariant prime divisor corresponding to
.

For an r-dimensional simplicial cone o € ¥, let N, C N be the sublattice generated by
o N N and let 0 N G(X) = {vy,...,v,.}, that is, 0 = (vy,...,v,), where (vy1,...,v,) is the
r-dimensional strongly convex cone generated by {vy,...,v.}. Put

mult(o) := [N, : Zvy + - - - + Zv, ]

which is the index of the subgroup Zwv; + --- + Zv, in N,. The following property is
fundamental.

Proposition 2.1. Let X be a Q-factorial toric n-fold, and let 7 € ¥ be an (n — 1)-
dimensional cone and v € G(X). If v and T generate a mazximal cone o in 3, then
mult(7)

mult(c)’

where D is the torus invariant prime divisor corresponding to v, while C is the torus
mvariant curve corresponding to T.

D.-C=

Let X be a projective toric variety. We put
Z1(X) := {1l-cycles of X},

and

Let
Pic(X) x Z1(X) — Z
be a pairing defined by (£, C) — deg. L. By extending it by bilinearity, we have a pairing
We define
NY(X) := (Pic(X)®R)/ =
and
Nl(X) = Zl(X)R/ =,

where the numerical equivalence = is by definition the smallest equivalence relation which
makes N' and N; into dual spaces.
Inside Ny (X) there is a distinguished cone of effective 1-cycles of X,

NE(X) = {Z ] 2= aC; with q € ]RZO} C Ny(X),

which is usually called the Kleiman—Mori cone of X. It is known that NE(X) is a rational
polyhedral cone. A face F' C NE(X) is called an extremal face in this case. A one-
dimensional extremal face is called an extremal ray.
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Next, we introduce a combinatorial description of toric Fano contractions which are main
objects of this paper. Let X = Xy be a Q-factorial projective toric n-fold and pr : X — W
be the extremal contraction associated to an extremal ray R C NE(X) of fiber type. Put

d:=dim X — dim W.

Up to automorphisms of N, ¥ is constructed as follows:

For the standard basis {ej,...,e,} € N = Z", put N’ := Zey + -+ + Zey, while
N" :=Zegi1+- - -+Zey, that is, N = N'@&N". Then, there exist {vq,...,vq41} C G(X)NN’
such that {vq,...,vg11}\{vi} generates a d-dimensional cone o; € ¥ for any 1 <7 < d+1,
and o1 U---Uogy1 = N'®R. Namely, we obtain the complete fan X in N’ whose maximal

cones are oy,...,0q4+1. 2 is associated to a general fiber F' of g, and the Picard number
p(F) is 1. Moreover, for any {yi,...,yn—a} C G(X) \ {v1,...,va41} which generates an
(n — d)-dimensional cone in X, {vy, ..., V411, Y1, -, Yn—a} \ {v;} generates a maximal cone

in ¥ for any 1 < i < d+ 1. Thus, the projection N = N’ & N” — N” induces pg.

Remark 2.2. This description shows that for a toric Fano contraction pr : X — W,
the dimension of any fiber is constant. As we saw above, the general fiber F' of ¢g is a
projective Q-factorial toric variety of Picard number p(F) = 1. Moreover, it is known that
the fiber (pgl (w)rea With the reduced structure is isomorphic to F' for every closed point
w € W (see [CLS, Proposition 15.4.5] and [Ma, Corollary 14-2-2]).

3. FANO CONTRACTIONS
The following result is the main theorem of this paper.

Theorem 3.1. Let X = Xy, be a Q-factorial projective toric n-fold. Let o : X — W be a
Fano contraction associated to a Kx-negative extremal ray R C NE(X), andd = n—dim W
be the dimension of a fiber of wr. If a general fiber of pr is isomorphic to P and
d+1

2

holds for any curve C' on X contracted by @g, then ¢ is a P -bundle over W.

—Kxo>

Proof. We may assume that ¢ : X — W is induced by the following projection:

N=z0 A
Y W
(X1, xn) > (Tap1, ..., Tp).

Let {e1,...,e,} be the standard basis for N = Z". We put
vy i=e1, ..., Ug:=e€q, and vgy:=—(e1+ -+ eq).

Then ¥ contains the d-dimensional subfan X5 corresponding to a general fiber F ~ P9
whose maximal cones are

{vr, .. vgm b \{w}) A <i<d+1).

Let V, C N ®z R be the linear subspace spanned by ¢ for any (n — d)-dimensional cone
o in ¥ such that (¢ N G(X)) N{vy,...,var1} = 0. Then it is sufficient to show that

(3.1) V,nz" L 7

is bijective. This is because the restriction of ¢ : X — W to the affine toric open subset
U corresponding to an (n — d)-dimensional cone p(c) is the second projection P? x U — U
if p in (3.1) is bijective. The injectivity of (3.1) is trivial. Therefore, we will show the
surjectivity of (3.1).
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Let y1,. ., Yn—a € G(X) \ {v1,...,v441} be the primitive generators for any (n — d)-

dimensional cone in 3 such that p({y1,...,yn_q)) is also (n — d)-dimensional. Put
y1=(b11,---,ba1, 011, n-a1),
Yn—d = (bl,n—d7 s 7bd,n—d7 1 n—dy - - 7an—d,n—d)~
For any (21, ..., 2,_q) € Z" %, we can take (c1,...,c,_q) € R" ¢ satisfying

plaiyy + -+ Cn—a¥n—a) = 1p(y1) + -+ + cnaP(Yn—a) = (21, - -, Zn—d)-
We note that the matrix

a1 e A1,n—d
A= :
Ap—d1 .- Qn—dn—d
is regular as a real matrix because p(y1), . . ., P(yn—a) generates an (n—d)-dimensional cone.
Therefore, (c1,...,c,—q) is uniquely determined by
C1 <1
=A" : cQ
Cn—d Zn—d

Thus, all we have to do is to show that
Clbr,l + -+ Cn—dbr,n—d €L

forany 1 <r <d.
By considering the principal Cartier divisors of the dual basis of {ey, ..., e,}, we obtain
the relations

( Dy — Dgy1 + b1 By + -+ bipaBna+H = 0,

Dy—Dgyq +bg 1By + -+ bip—alrn—qg+ Hy = 0,

3.2
(3:2) a By + o ayp—gBn_qg + Hopn = 0,
\ an—d,lEl + 1+ a'n—d,n—dEn—d + Hn = 0
in NY(X), where Dy,...,Dg1, E1, ..., E,_q are the torus invariant prime divisors corre-
sponding to vy, ..., Vi1, Y1, - - -, Yn—d, respectively, and Hy,..., H, are some linear com-
binations of torus invariant prime divisors other than Di,..., Dg.1, Ey, ..., E,_4. Let
C = C, (1 <r <d) be the torus invariant curve corresponding to the (n — 1)-dimensional
cone
v, sva, vy Ynat \ {or}) -
Since H; - C'= 0 for any 1 <1 < n, we may ignore Hy, ..., H, in the following calculation.
Since the matrix A is regular, we have
Ey-C=---=E, 4, C=0,
and
Dl'O:Dg'C:"':Dd+1'O

by the above equalities (3.2) in N'(X). Thus, we obtain
—Kx-C=(d+1)D;-C
forany 1 <i<d+ 1.
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Put
a:=mult ({v1,...,04,y1, -, Yn—a} \ {vr}))
and
B =mult ({v1,..., 04, Y1, Yn—a})) -
Then we get
a
D, -C = 3

by Proposition 2.1. We note that o | 8 always holds. Obviously, § = |det A|. On the
other hand, « is the product of the elementary divisors of the n x (n — 1) matrix

1 bin ... bina
1 br—l,l ce br—l,n—d
0 «+ 00 -+ 0 by ... brna
" tV ¢ ¢ t 1 br+1,1 s - br+1,nfd
Viyewey Upyovny Udy Y1y-vvy Yn—q | = .. . .. . )
1 bd71 R bd,n—d
a1 ... QAin-d
Qp—d1 --- Opn—dn—d

where v stands for the transpose of v. By interchanging rows of this matrix, one can easily
check that « is also the product of the elementary divisors of the (n — d + 1) X (n — d)
matrix

br,l ce. br,nfd
— ai . A1.n—d
A= ,
Qp—d1 --- Qn—dn—d

Suppose that D, -C' < 1 holds. Then, more strongly, we obtain the inequality D, -C <
by the relation « | 5. Thus, the following inequality

1
2

d+1
—KX{%:M+QDWC§—%—

holds. However, this contradicts the assumption that d%l < —Kx - C. Therefore, the
equality

2=Dp, Cc=1

/8 T
must always hold. Since the general theory of elementary divisors says that « is the greatest
common divisor of the (n — d) x (n — d) minor determinants of A, the (n — d) x (n — d)
determinant

br,l s br,n—d

a1 ... QAip—d
a;—11 -+ Ai—1n—d
Qijy11 -+ Aipln—d
Qp—d1 --- Qn—dn—d
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is divisible by det A for any 1 <7 <n —d. Let

a1 ... QAin—d

A=
Zin—d,l cee an—d,n—d
be the cofactor matrix of A. Then,

Clbr,l + -+ Cn—dbr,n—d

1 ~ ~ -
= 1ot A (@121 + -+ a1n-dZn—a) bri+ -+ dot A (@p-ag121+ -+ Gn—an—d?n—d) brn—a
_ al,lbr,l + -+ /dnfd,lbr,nfd X 2y e EL/l,nfdbr,l + -+ fdnfd,nfdbr,nfd < 2
det A ! det A nd
is an integer. This completes the proof. U

The following example shows that Theorem 3.1 is sharp.

Example 3.2. Let {ej,...,e,} be the standard basis for N = Z" and p : N — Z"? be
the projection

(T1y oy Ty Tty T) > (Taats ooy Tn)
for 1 <d < n. Put
Uy =€, ..., Ugi= eq, Vay1 = —(e1+ -+ eq),
YL 7= €441y + vy Yn—d—1 = €n_1, Yn—d = €1+ €q41+ + €1+ 2€,.
Let ¥ be the fan in N whose maximal cones are generated by {v1, ..., Va1, Y1, - Yn—a} \

{v;} for 1 <i < d+ 1. In this case, X = Xy, has a Fano contraction whose general fiber
is isomorphic to P4. Moreover, every fiber with the reduced structure is isomorphic to P?
(see Remark 2.2). However, X does not decompose into P? and a toric affine (n — d)-fold,
because

py) + -+ P(Yn—d)

5 —eqp + e, €2

while .
+ ot Y
s 5 y"dzﬁel+ed+1+---+en§zzv,
From this noncomplete variety, one can easily construct a projective toric n-fold which
has a Fano contraction associated to an extremal ray of length % (for example, add the

generator ¥,_q+1 1= — (€441 + - - - + €5,) and compactify X).

If we make the inequality in Theorem 3.1 stronger, then the assumption that a general
fiber of a Fano contraction is isomorphic to the projective space automatically holds as
follows.

Corollary 3.3. Let X = Xy, be a Q-factorial projective toric n-fold. Let pr : X — W be a
Fano contraction associated to a Kx-negative extremal ray R C NE(X), andd = n—dim W
be the dimension of a fiber of pr. If —Kx - C' > d holds for any curve C' on X contracted
by g, then pr is a Pi-bundle over W.

Proof. Let F' be a general fiber of i and let C' be any curve on F'. Then, by adjunction,
we have
Therefore, by Theorem 1.1 (1), F ~ P? holds. Since <1 < d, we can apply Theorem

2
3.1. U

As an easy consequence of Corollary 3.3, we obtain:
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Corollary 3.4. Let X = X5 be a Q-factorial projective toric n-fold and let A be any
effective (not necessarily torus invariant) R-divisor on X. Let pp : X — W be a Fano
contraction associated to a (Kx + A)-negative extremal ray R C NE(X) with d = n —
dimW. If —(Kx + A)-C > d for any curve C' on X contracted by pgr, then pr is a
Pe-bundle over W.

Proof. We can easily see that D-C > 0 for any effective Weil divisor D on X and any curve
C on X contracted by g since pr : X — W is a toric Fano contraction of a Q-factorial
projective toric variety X. Therefore, we get

d<—(Kx+A)-C<—Kx-C

for any curve C' on X contracted by pr. Thus, we see that ¢p : X — W is a P%bundle
over W by Corollary 3.3. U

The following example shows that Corollary 3.3 is sharp.

Example 3.5. Let F' :=P(1,1,2,...,2) be the d-dimensional weighted projective space
and W a Q-factorial projective toric (n — d)-fold. Then, the length of the extremal ray
corresponding to the first projection ¢ : X = W x F' — W is d (see [F2, Proposition 2.1]
and [FS2, Proposition 3.1.6]).
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