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1.1. Lengths of extremal rays. In this subsection, we discuss esti-
mates of lengths of extremal rays. It is indispensable for the log min-
. . . C
imal model program with scaling (see, for e%ﬁ}){%&%‘%b B 51;@%03&%(110‘%}_1(31101
geography of log mos(lilgl_saﬁsee, for example, [Shokurov| and [SC]). See
also the splysaghion gl hdow. The yesuits i s, sybpection werg ob-
tained in [Kollar2], [Kollar3|, and [KaZ], [Shokurov[, [Sh2[, and [Birkar]
with some extra assumptions.

Let us recall the following easy lemma.

ho-7
Lemma 1.1 (cf. ;SEOZ, Lemma 1)). Let (X, B) be a log canonical pair,

where B 1s an R-divisor. Then there are positive real numbers r;, ef-
fective Q-dwvisors B; for 1 < i <, and a positive integer m such that
22:1 ri=1 Kx+B= 2221 ri(Kx + B;), (X, B;) is log canonical for
every i, and m(Kx + B;) is Cartier for every 1.

Proof. Let Y, Dy, be the irreducible decomposition of SuppB. We
consider the finite dimensional real vector space V' = @RD;. We put
3

Q={D eV | Kx+ D is R-Cartier} .
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Then, it is easy to see that Q is an affine subspace of V' defined over
Q. We put

L={D e Q| Kx + D is log canonical} .

Thus, by the definition of log canonicity, it is also easy to check that £
is a closed convex rational polytope in V. We note that £ is compact
in the classical topology of V. By the assumption, B € L. Therefore,
we can find the desired Q-divisors B; € £ and positive real numbers
T;. ]

amata ho—

The next result is essentially due to \k&az and [ \T Jroposition
1]. We will prove a ore ggneral result in Theorem ose proof
depends on Theorem

Theorem 1.2. Let X be a normal variety such that (X, B) is lc and
let m: X — S be a projective morphism onto a variety S. Let R be a
(Kx + B)-negative extremal ray. Then we can find a rational curve C

on X such that [C] € R and
0< —(Kx +B)-C < 2dim X.

Proof. By shrinking S, we can assume that S is quasi-projective. By
replacing 7 : X — S with the extremal contraction ¢g : X — Y over
S, we can assume that the relative Picard number p(X/S) = 1. In
particular, —(Kx it B).is m-ample. Let Kx + B = 22:1 ri(Kx + B;)
be as in Lemma hj._VVe assume that —(Kx + Bj) is m-ample and
—(Kx + B;) = —si(Kx + B;) in N'(X/S) with s; < 1 for every i > 2.
Thus, it is sufficient to find a rational curve C such that 7(C) is a point
and that —(Kx +Bp)-C < 2dig Xy, 59, we can assume that Kx + B is
Q-Cartier and lc. By Theorem [77* There is a birational morphism f :
(V, Bv) — (X, B) such that Ky + By = f*(Kx + B), V is Q-factorial,
and (V, By) is dlt. By %KEZ,_Theorem 1] and [Matsuki, Theorem 10-2-
1], we can find a rational curve C’ on V such that —(Ky + By ) - C' <
2dimV = 2dim X and that C’ spans a (Ky + By )-negative extremal
ray. By the projection formula, the f-image of C’ is a desired rational
curve. So, we finish the proof. O

Remar }4§ It is conjectured that the estimate < 2dim X in The-
orem . 2%hould be replaced by < dim X + 1. Wihl— X is smooth

projectiyve, it is true by Mori’s famous result (cf. . See, for ex-
amEuu M f?%e%ram 1.13]. When X is a toric Varlety, 1t is also true

by [F3]and [F5].

Ld1t blow-ups
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ropl46
Remark 1.4. In the proof of Theorem E_.T,Dw_eneed Lawamata’s esti-
mate on the length of an extremal rational curve (cf. é 2, Theorem 1]
and %Vﬁts_uki, Theorem 10-2-1]). It depends on Mori’s bend and break
technique to create rational curves. So, we need the mod p reduction
technique there.

Remark 1.5. Let (X, D) be an lc pair such that D is an R-divisor.
Let ¢ : X — Y be a projective morphism and H a Cartier d1v1sog7
on X. Assume that H — (Kx + D) is f-ample. By Theorem F"??_
Ri1¢p,Ox(H) = 0 for every ¢ > 0 if X and Y are algebraic varieties.
If this vanishing theorem holds f; erlwaunaatlé/tic spaces X and Y, then
Kawamata’s original argument in %ks directly for lc pairs. In
that Gase, we do not need the results in M] in the proof of Theorem

We consider the proof of %%I%t_uskulki, Theorem 10-2-1] when (X, D) is
Q-factorial dlt. We need R'¢.Ox(H) = 0 after shrinking X and Y
analytically. In our situation, (X,D — eLDJ) is kit for 0 < ¢ < 1.
Therefore, H — (Kx + D — eLDJ) is ¢-ample and (X, D — e D) is
klt for 0 < ¢ < 1. Thus, we can apply the analytic version of the
relative Kawamata—Viehweg vanishing theorem. So, we do not need
the analytic version of Theorem 77.3~

Remark 1.6. We give a remark on ﬁf}lﬁlnM] We use the same notation
as in HM, 3.8]. In the propf,of [BUHM, Corollary 3.8.2], we can
assume that KX + A is kIt by M, Lemma 3.7.4]. By perturbing
the coefficients of B slightly, we can further assume that B is a Q—
divisor. By applying the usual cone theorem to the klt pair (X, B), w

obtain that there are only finitely many (Kx + A)-negative extrernal
rays of NE(X/ ()., We note that M, Theorem 3.8.1] is only used
in the proof of FFBC’HM Corollary 3.8.2]. Therefore we do not need the
estimate of lengths of extremal rays in HM In particular, we do

nof need mod p reduction arguments for the proof of the main results
HM].

The final result in this subsection is an estimate of leng oslf)afrgx—
}%%qqlaar% rays which are relatively ample at non-lc loci (cf. [Kollar2],

ollar

Theorem 1.7. Let X be a normal variety, B an effective R-divisor
on X such that Kx + B is R-Cartier, and 7 : X — S a projective
morphism onto a variety S. Let R be a (Kx + B)-negative extremal

2Kawamata—Viehweg for lc pairs
3Kawamata—Viehweg for lc pairs
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ray of NE(X/S) which is relatively ample at Nle(X, B). Then we can
find a rational curve C on X such that [C] € R and

0< —(Kx+B)-C < 2dimX.

Proof. By shrinking S, we can assume that S is quasi-projective. By
replacing 7 : X — _§ with the extremal contraction pp : X — Y
over S (cf. Theorem %"74), we can assume that the relative Picard num-
ber p(X/S) = 1 and that 7 is an isomorphism in a neighborhood, o
Nle(X, B). In particular, —(Kx + B) is m-ample. By Theorem [77]
there is a projective birational morphism f : Y — X such that

(i) Ky+By = f"(Kx+B)+ >, (a(F,X,B)+1)E, where

a(B,X,B)<—1
By=fB+ Y E

E: f-exceptional
(ii) (Y, By) is a Q-factorial dlt pair, and
(i) D = By + F', where F=— > (a(E,X,B)+1)E > 0.
a(E,X,B)<—1
We note that Ky + D = f*(Kx + B). Therefore, we have

f«(NE(Y/S)ky1D20) € NE(X/S)ky1p20 = {0}
We also note that
F(NE(Y/S)ie(v,p)) = {0}

Thus, there is a (Ky + D)-negative extremal ray I/ &f?l,\f E(Y/S) which
is relatively ample at Nlc(Y, D). By Theorem §7 : I7is spanned by a
curve CT. Since —(Ky + D) - CT > 0, we see that f(CT) is a curve. If
CT C SuppF, then f(CT) C Nlc(X, B). It is a contradiction because
7o f(C7) is a point. Thus, CT ¢ SuppF. Since —(Ky + By) =
—(Ky + D)+ F, we can see that R is a (Ky + By )-negative extremal
ray of NE(Y/S). Therefore, we can find a rational curve C’ on Y such
that C’ spans R’ and that

0< —(Ky+By) C' <2dimX

146
by Theorem W By the above argument, we can easily see that C’ ¢
SuppF'. Therefore, we obtain
0<—(Ky+D)-C'"=—(Ky+By)-C'"—F-C'
Since Ky + D = f*(Kx+ B), C' = f(C") is a rational curve on X such
that 7(C) is a point and 0 < —(Kx + B) - C < 2dim X. O
4cone and contraction theorem

Sdlt blow-ups
6cone theorem

177
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thm-1la
Remark 1.8. In Theorem 1.7, we can prove 0.< =(Kx + B) - C <
dim X + 1 when dim X < 2. For details, see [F ]6, Pr0p051t10n 3.7].

rov-mo

1.2. Shokurov’s polytopes. In this subﬁeﬁtkon we_discuss a very

important result obtained by Shokurov (cf. [Sho uroy%b 2. First Main
Theorem]), which is ap. application of Theorem e closely follow
Birkar’s treatment in lBlrEarQ Section 3.

1.9. Let 7 : X — S be a projective morphism from a normal variety X
to a variety S. A curve I' on X is called extremal over S if the following
properties hold.

(1) T generates an extremal ray R of NE(X/S).
(2) There is a m-ample Cartier divisor H on X such that

H-T =min{H - C},
where C ranges over curves generating R.

We note that every (Ky + A)-negative extremal ray R of NE(X/S)
is spanned by a curve if A is an effective R-divisor on X such that
(X, A) is log canonical It is a consequence of the cone and contraction
theorem (cf. Theorem 777).

Let B be an effective R—lelsor on X such that (X, B) is log canonical
and let R be a (Kx + B)-negative extremal ray of NE(X/S). Then
we can take a rational curve C' such that spans R and that 0 <

—(Kx+ B)-C < 2dim X by Theorem E_ZLL_t I be an extremal curve
generating R. Then we have

(Kx+B)-T —(Kx+B)-C

H-T N H-C

Therefore,

—(Kx+B)-T = (—(KX+B)-C)-ZI—€, < 2dim X.

Let F be a reduced divisor on X. We consider the finite dimensional
real vector space V = @@, RF;, where F' = ), F}, is the irreducible
decomposition. We have already seen that

L={AeV]|(X,A) is log canonical }

is a rational polytope in V', that i L4t ]@ighe convex hull of finitely many
rational points in V' (see Lemmaj'l_llg)i

Let By,--- , B, be the vertices of £ and let m be a positive integer
such that m(Kx + Bj) is Cartier for every j. We take an R-divisor
B € L. Then we can find non-negative real numbers aq,--- ,a, such

that B =) a;B;, > ;a; =1, and (X, B;) is log canonical for every

Tcone theorem
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, lem145 ' ‘
Jj (see Lemma N J. For every curve C' on X, the intersection number
—(Kx + B) - C can be written as

> aii)

a;—

—~ m
j

such that n; € Z for every j. If C is an extremal curve, then we can
see that n; < 2mdim X for every j by the above arguments.
On the real vector space V', we consider the following norm

1B = max{lo, 1}
where B = ). b; Fj.

lshokurov-models
. We _gxplain Shokurov’s important results (cf. \[bhokurovj) following

Bl1rEar2 Proposition 3.2].

say-a0l
Theorem 1.10. We use the same notation as in h_.g._We fix an R-
divisor B € L. Then we can find positive real numbers o and &, which
depend on (X, B) and F, with the following properties.
(1) If ' is any extremal curve over S and (Kx + B) -T' > 0, then
(f(x’+-13>']iﬁ> Q.
(2) IfAe L, |A—B| <6, and (Kx +A) - R <0 for an extremal
curve I', then (Kx + B) -T' < 0.
(3) Let {R:}ier be any set of extremal rays of NE(X/S). Then

Nr={AeL|(Kx+A) R >0 for everyt € T}

18 a rational polytope in V.

Proof. (1) If B is a Q-divisor, then the claim is obvious even if T" is
not extremal. We assume that B is not a @i—éifvisor. Then we can
write Kx + B = >, a;(Kx + Bj) as in T3 "Then (Kx +B)-T =
Zj aj(KX +B]) I If (KX +B) T'< 1, then

1
—2dim X < (Kx + Bj,)-T' < —{=Y a;(Kx + B;) - T + 1}

a; —
JO o

< 2dim X +1

Qjo
for aj, # 0. It is because (Kx + Bj) -I' > —2dim X for every j. Thus
there are only finitely many possibilities of the intersection numbers
(Kx + Bj) - T for a; # 0 when (Kx + B) -I' < 1. Therefore, the
existence of « is obvious.

(2) If we take 0 sufficiently small, then, for every A € £ with |A —
B| < 0, we can always find A" € £ such that

Kx—f—A: (1—8)(Kx+3)+S(Kx+A/)
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with
«

a+2dim X
Since I' is extremal, we have (Kx + A') - I' > —2dim X for every
A" € L. We assume that (Kx + B)-I' >0 Then (Kx + B) -I" > a by
(1). Therefore,

(Kx+A) - T=(1-5)(Kx+B) I't+s(Kx+A")-T

> (1—s)a+ s(—2dim X) > 0.

It is a contradiction. Therefore, we obtain (Kx + B) -TI' < 0. We
complete the proof of (2).

(3) For every t € T', we can assume that there is some A; € £ such
that (Kx + A) - Ry < 0. We note that (Kx + A) - R, < 0 for some
A € L implies (Kx + Bj) - R, < 0 for some j. Therefore, we can
assume that 7' is contained in N. It is because there are only countably
many (Kx+ B;)-negative extremal rays for every j by the cone theorem
(cf. Theorem 77%). We note that N7 is a closed convex subset of £ by
definition. If T" is a finite set, then the claim is obvious. Thus, we can

assume that T = N. By (2) and by the compactness of Ny, we can
take Ay, -+, A, € Ny and 0y, -+, 0, > 0 such that N7 is covered by

Bi={Ae€L||A—-A; <d}
and that if A € B; with (Kx +A) - R; < 0 for some ¢, then (Kx + A;) -
R, = 0. If we put
T,={teT|(Kx+A) R <0 for some A € B;},

then (Kx + A;) - R, = 0 for every ¢t € T; by the above construction.
Since {B;}}, gives an open covering of Nr, we have Nr = (), ,,, N1,

Claim. NT = ﬂlgignNTi'

Proof of Claim. We note that N7 C (), ,-,, N7, is obvious. We assume
that N7 C (i<, N7i- We take A € <, N7, \ N which is very
close to Nr. Since Ny is covered by {B;}",, there is some 4 such that
A € B;,. Since A & N, there is some ty € T such that (Kx+A) Ry, <
0. Thus, ty € T;,. It is a contradiction because A & NTio’ Therefore,
Nr = Micica N3 O

So, it is sufficient to see that each N7, is a rational polytope in V.
By replacing T' with T}, we can assume that there is some A € N such
that (Kx +A)- R, =0 for every t € T..

If dimg £ = 1, then this already implies the claim. We assume
dimg £ > 1. Let £',---,LP be the proper faces of £. Then N} =

8

0<s<

cone theorem
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Nr N L is a rational polytope by induction on dimension. Moreover,
for each A” € N7 which is not A, there is A’ on some proper face of
L such that A” is on the line segment determined by A and A’. Since
(Kx+A)-Ry=0foreveryt € T, if A’ € L', then A’ € Nii.. Therefore,
N is the convex hull of A and all the A%.. Thus, there is a finite subset
T’ C T such that

UNi =N (| £9).

Therefore, the convex hull of A and |J; N is just Nv. We complete
the proof of (3). O

th -a0l irk
By Theorem fT lolri I%S,allemma 2.6 in Bllfrka;r] holds for lc pairs. It

may be useful for the log minimal model program with scaling.

Theorem 1.11 (cf. h%%l%r, Lemma 2.6]). Let (X, B) be an lc pair, B
an R-divisor, and m : X — S a projective morphism between algebraic
varieties. Let H be an effective R-Cartier R-divisor on X such that
Kx + B+ H is m-nef and (X, B + H) is lc. Then, either Kx + B is
also m-nef or there is a (Kx + B)-negative extremal ray R such that
(Kx +B+AH)-R=0, where

Ai=inf{t > 0| Kx + B+ tH is m-nef}.
Of course, Kx + B + AH is w-nef.

Proof. Assume that Kx + B is not m-nef. Let {R;} be the set of
(K x + B)-negative extremal rays over S. Let C; be an extremal curve
spanning R; for every j. We put p = sup{y;}, where

J

—(Kx +B)-C;
Hj = :
H-C

Obviously, A = pand 0 < p < 1. So, it is sufficient to prove that
i = for some [. There are positive real numbers ry,--- , 7, such that
>, = 1 and a positive integer m, which are independent of j, such
that

l
T4
—(KX+B)-Cj:Z#>O

=1

(see Lemma %eorem Fl)rzo,p ;%Gd Eag) .aob‘11nce Cj; is extremal, n;; is an
integer with n;; < 2mdim X for every i and j. If (Kx+B+H)-R; =0
for some [, then there are nothing to prove since A = 1 and (Kx + B+
H)-R =0 with R = R;. Thus, we assume that (Kx+B+H)-R; >0



LENGTHS OF EXTREMAL RAYS 9

for every j. We put F' = Supp(B + H), F = ), Fj is the irreducible
decomposition, V = @, RF},

L={A e V]|(X,A) is log canonical},

and
N={AeL|(Kx+A) R; >0 for every j}.

theorem-al1
Then N is a rational polytope in V' by Theorem [I.10 (%) and B+ H is
in the relative interior of N by the above assumption. Therefore, we
can write

q
KX —|— B —|—H = ZT;(KX —|—Ap),
p=1
where rq, - - -, r; are positive real numbers such that Zp r,=1,(X,4,)

is lc for every p, m'(Kx + A,) is Cartier for some positive integer m’
and every p, and (Ky + A,) - C; > 0 for every p and j. So, we obtain

q T,/n/‘
_ P pJ
(KX+B+111)-C]-_I;W

with 0 < n; = m/(Kx + A,) - C; € Z. Note that m’ and 7, are
independent of j for every p. We also note that

I H-Cj _(KX+B+H)-C']~+1
Hj —(Kx+B)CJ —(Kx+B)CJ

q ! A7
m szl TpTlpj +1

I
/ 3
m Zi:l T§Tij

Since
L
_j>0
: m
=1

for every j and n;; < 2mdim X with n;; € Z for every ¢ and j, the
number of the set {n;;};; is finite. Thus,

1 1
7Ly 2

for some [. Therefore, we obtain = ;. We finish the proof. U

bir-
The following picture helps the reader to understand Theorem Wi
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Kx+B+H=0

R Kx+B+MH =0
Kx+B<0
Ky +B=0

Kx+B>0 *

1.12 (Abundance conjectures), We close this subsection with appli-
Cath%Sk of TT mo eorem o abundance conjectures for R-divisors
(cf. [Shokurov, 2.7. Theorem on log semi-ampleness for 3-folds]).

theorem-al1
T[hﬁ Igol owing Eroposmlon is a useful application of Theorem T.T0

Uurov-.

(cf. [Shokurov, 2. (J ).

proposition—aOQ‘ Proposition 1.13. Let f : X — Y be a projective morphism between

algebraic varieties. Let B be an effective R-divisor on X such that
(X, B) is log canonical and that Kx + B is f-nef. Assume that the
abundance conjecture holds for Q-divisors. More precisely, we assume
that Kx + A is f-semi-ample if A € L, A is a Q-divisor, and Kx + A
1s f-nef, where

L={AeVI|(X,A) is log canonical},

V = @, RFE;, and ), Fy is the irreducible decomposition of SuppB.
Then Kx + B is f-semi-ample.

Proof. Let {R;}ieg, be fhe set of all extremal rays of NE(X/Y). W
consider A as in i g l hen N7 is a rational polytope in £ by Theorem

[.T0 (%i We can easily see that
Nr={A e L|Kx+ Ais f-nef}.

By assumption, B € Nr. Let F be the minimal face of N7 containing
B. Then we can find Q-divisors Dy, --- , D; on X such that D; is in the
relative interior of 7, Kx + B = ), d;(Kx + D;), where d, is a positive
real number for every ¢ and ) . d; = 1. By assumption, Kx + D; is
f-semi-ample for every i. Therefore, Kx + B is f-semi-ample. 0
Reqlark L. (_St&blhty of litaka fibrations). In the proof of Proposi-

propositio
tion [I.13, we note the following property. If C'is a curve on X such that
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birkar‘
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f(C)is apoint and (Kx+D;,)-C = 0 for some iy, then (Kx+D;)-C =0
for every i. It is because we can find A’ € F such that (Kx+A')-C < 0
if (Kx + D;)-C > 0 for some i # io. It is a contradiction. Therefore,
there exists a contraction morphism ¢ : X — Z over Y and h-ample
Q-Cartier Q-divisors Ay, ---,A; on Z, where h : Z — Y, such that
Kx + D; ~q g*A; for every 7. In particular,

Kx + B ~p g*<z dlAz)

Note that ) . d;A; is h-ample. Roughly speaking, the litaka fibration
of Kx + B is the same as that of Ky + D; for every i.

Corollary 1.15. Let f : X — Y be a projective morphism between
algebraic varieties. Assume that (X, B) is lc and that Kx + B is f-nef.
We further assume one of the following conditions.

(i) dim X < 3.

(ii) dim X =4 and dimY > 1.
Then Kx + B is f-semi-ample.

. . L. proposition-aQ2
Proof. Tt is obvious by Proposition T.13 and the log abundance theo-

rems for tjg}eef@%ds aund fourfolds (see, for example, el M, 1.1. The-
ujl inite

orem| and , Theorem 3.10]). O

Corollary 1.16. Let f : X — Y be a projective morphism between
algebraic varieties. Assume that (X, B) is kit and Kx + B is f-nef.
We further assume that dim X —dimY < 3. Then Kx + B is f-semi-
ample.

Proof. 1t B is a Q-divisor, then it is well known that Kx, + B, is semi-
ample, where X, is the generic fiber of f and B, = Blx, (see, for
exggnple, [KeMM, 1.1. Theorem]). Therefore, Kx + B is f-semi-ample
by . Theorem 1.1]. When B is an R—diviSO{ we Ca{l.talge @-divisors
. o proposition—a0l .
Dy, -+, D, € F as in the proof of Proposition [[.13 such that (X, D;) is
klt for every 7. Since Kx + D; is f-semi-ample by the above argument,

we obtain that Kx + B is f-semi-ample. O

L o16
Remark 1.17 (Log surfaces). In FUIIGI,IOSections 6, 7, and 8|, > discyss
the log abundance theorem for log surfaces. The results in F 16 are
much stronger than everybody expected.
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